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PE DAN HQI THAO

TS. Pham Ngoc Hoa !
! Truong khoa Toan va KHTN, Truong Pai hoc Hai Duong

Giang day va nghién ctru khoa hoc (NCKH) 1a hai nhiém vu cét I8i trong bat ky
treong dai hoc nao ¢ Viét Nam ciing nhu ¢ truong Pai hoc Hai Duong. Khoa Toan & Khoa
hoc Tu nhién (Toan-KHTN) xac dinh rang viéc nghién ciu khoa hoc 1a nhiém vu song hanh
va dong vai trd quan trong trong viéc nang cao chit luong gio duc va phét trién khoa hoc,
cdng nghé. Nghién cau khoa hoc gitip giang vién va sinh vién ma rong kién thic, tim kiém
cac giai phdp méi cho cac van dé thuc tidn va déng gop vao su tién bo cua tirng ca nhan. Hoi
thao hay Hoi nghi khoa hoc 1a noi ma cac nghién ctru khoa hoc d6 ¢6 co hdi duoc chia sé. Vi
thé viéc to chuc cac hoat dong ngoai khda, cac budi toa dam cho sinh vién, t6 chic hoi thao
khoa hoc cap khoa hay cép trudng hoic tham gia cac Hoi nghi khoa hoc 1a nhirng nhiém vu da
duoc khoa Toan-KHTN 1én ké hoach trong ndm hoc 2023-2024.

Hoi thao vé “Giang day va nghién ctu Toan hoc nam 2024 duoc t6 chuc vao ngay 15
thang 6 nam 2024 1a hoat dong Khoa Toan-KHTN thyc hién ké hoach chung ciia Truong Pai
hoc Hai Duong, cling la thuc hién mot trong cac nhiém vu NCKH cuia khoa. Day 1a mét hoat
dong s€ dugc duy tri thuong nién, thuong xuyén. Qué trinh chon tén cho Hoi thao da trai qua
nhiéu cudc thao luan va chinh sira, cudi cung da quyét dinh theo hai nhiém vy quan trong nhét
va 0 thé thyc hién hang nam, bao gom: 1) Trién khai va hién thyc héa nhitng nhiém vu giang
day moi, cling nhu nhitng van dé nghién cau ly thuyét hoac thuc tién méi; 2) Tiép tuc lam
viéc trén nhiing van dé da duoc thuc hién nhung van can cai thién hoic chua dat; 3) Két hop
ca hai viéc trén.

Hoi thao trong giang day va nghién ctu todn hoc tai khoa Toan-KHTN nam 2024 thuc
su mang lai nhiéu lgi ich quan trong cho ca giang vién va sinh vién. Hoi thao 1a co hoi dé giang
vién chia s¢ kién thuc, kinh nghiém giang day va nghién cau ciaa minh véi cong dong, dong
thoi ¢ thé tim kiém co hoi hop tac nghién ctiu véi cac dong nghiép khéc, tir do tao ra nhing du
an nghién cru méi va mo rong mang ludi quan hé trong cong dong nghién ctiu toan hoc. Tham
gia hoi thao con gilp giang vién nang cao k¥ ning giang day va truyén dat kién thirc mot cach
hiéu qua hon thong qua viéc thao luan va giao luu véi cac dong nghiép. Thdng qua cac thao
luan va bao cdo, sinh vién c6 co hdi tiép xdc vai nhiing kién thirc va y twdng méi nhat trong
linh vyuc todn hoc. Sinh vién con ¢6 co hdi gap g& cac giang vién va nha nghién ciru & cac co so
khéc, tir d6 tao ra co hoi hoc tap trong twong lai.

T chuc hoi thao nay, Ban t6 chirc mong mudn tao ra mot dién dan dé cac can bo quan
ly, cac giang vién cung cap nhat cac xu hudng nghién ctu Toan hoc mai nhit trén thé gioi
cling nhu & Viét Nam, dong thoi tong két, danh gia, chia sé nhitng van dé, nhitng két qua da
nghién ctu, trong thuc té cong viéc truéc hét Ia ciia chinh minh, sau nira a cia bo mén, cua
khoa trong nam hoc 2023-2024. Thong qua hoi thao nay, hi vong rang ching ta s& thao luan
va tim kiém giai phép cho cac van dé thuc tién trong giang day va nghién ciu toan hoc tai
khoa Toan- KHTN; dua ra cac dé xuit cai tién chuong trinh giang day va phuong phép day
hoc dé dap ng nhu cau cua sinh vién va xa hoi; thic ddy su phét trién chat luong dao tao tai
khoa Toan, ning cao trinh 6 chuyén mon cua giang vién. Viéc tham gia va to chac hoi thao
con gop phan xay dung mot méi trudng hoc thuat ning dong, sang tao va chuyén nghiép,
giang vién va sinh vién c6 co hoi phét trién cac k§ ning mém nhu thuyét trinh, giao tiép, lam
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viéc nhém, va quan ly thoi gian. Hoi thao con ¢6 mong muédn dinh huéng nghé nghiép cho
sinh vién, gitp sinh vién nhan thace 13 hon vé cac hudéng nghién ctru va co hdi nghé nghiép
trong linh vuc Toan hoc; tao diéu kién cho sinh vién gip g& va giao luu véi cac chuyén gia,
nha khoa hoc va nha tuyén dung tiém ning.

Trong qua trinh chuan bi hdi thao, Ban té chirc dd nhan duoc hon 20 bao cdo tham
luan ctaa cac nha khoa hoc tai cac truong Pai hoc trong nudc, cac can bo quan li cua truong
Pai hoc Hai Duong va céc giang vién dang truc tiép tham gia giang day tai khoa. Céc béo co
nay c6 thé chia thanh 3 nhém chu dé chinh.

- Nhém tht nhat gdm 3 bao cdo, ban vé xu huéng nghién ciu va giang day Toan hoc
trong nudc va qudc té, dinh huéng phét trién mdi quan hé hop tac nghién ctu va giang day
cuia cac tac gia GS.TSKH Ha Huy Khodi, ThS.NCS Pham Thi Loan va ThS. Hoang Thé Anh.

- Nhém thtr hai gdm 6 bao céo ban vé phuong phéap giang day Toan hoc, giai phéap
nang cao chat luong day hoc céc hoc phan mon Toan cua PGS.TS Nguyén Phuong Chi - ThS
Vii Thi Hoach, TS. Nguyén Thi Thu Ha, TS. Pham Ngoc Hoa, TS. Pham Thi Trang, TS. Vii
Quéc Tuan va ThS Vii Thi Thao.

- Nhém thir ba gom céc béo céo con lai, trinh bay mot sé két qua nghién cau trong
linh vuc Giai tich Toan hoc nhu bai bao cia Khoai- An- Hoa, NCS Lam Thi Thoa, NCS
Nguyén Ngoc Vién cling cac cong su la giang vién cia cac truong Pai hoc trong nuéc.

Céc tham luan da cho thdy sy phong phu, da dang véi cac goc do tiép can khac nhau
trong viéc nghién ctu va giang day Toan hoc. Véi tinh than khoa hoc nghiém tic, Ban té
chirc Hoi thao tran trong ghi nhan dong gop cia nha khoa hoc tai cac truong Pai hoc trong
nuéc, cac can bo quan Ii caa truong Pai hoc Hai Duong va cac giang vién dang truc tiép tham
gia giang day tai khoa trong qua trinh tién t&i to chic Hoi thao nay.

Véi sy tham gia da dang va diy sang tao cua cac dién gia chinh, chdng t6i hy vong
rang Hoi thao s& mang lai nhiéu kién thc méi meé va kich thich su phat trién toan hoc tai
truong Pai hoc Hai Duong, ddng thoi tao cam hing sang tao va mé ra nhidu hudéng di méi
cho méi ca nhan trong chiing ta trong cong viéc, tir 46 dinh hudng cho con dudng nghién ciru
va giang day cua ching ta sau khi roi khoi Hoi thao nay.

Xin tran trong cam on su tham gia cia cac dién gia va cac nha khoa hoc, céac giang
vién da giri béo céo gop mat trong ky yéu hoi thao, chac chan rang sau day s& 1a mot hanh
trinh dai dé chung ta tiép tuc c6 nhiéu co hoi, tham gia nhiéu dién dan quy mé 16n hon ma sy
dong gop cuia quy vi hém nay 1a mot budc khoi dau co ¥ nghia vo ciing quan trong./



BAO CAO MO
MOQT SO VAN PE NGHIEN CUU VA GIANG DAY TOAN HQC
TRONG THOI PAI CACH MANG SO

GS.TSKH. Ha Huy Khoai *
1Vién Toan va NCKH ung dung, Pai hoc Thang Long
Emai: hhkhoai@math.ac.vn

B4o cao nay dé cap dén nhimg van dé sau:

1) Dg tin cay cua cac chirng minh toan hoc (s dung va khong st dung may tinh)

Do tin cay cua cac chiing minh toan hoc 1a mot van dé quan trong va dugc xem xét tur
nhiéu goc do khac nhau, dic biét khi so sanh cac chimg minh truyén théng véi cac chung
minh sir dung mang may tinh. Ca hai loai chirg minh déu ¢ nhimg wu va nhuge diém riéng.
Chimg minh truyén thong c6 do tin cdy cao nho vao qua trinh kiém chimg nghiém ngat va sy
d6ng thudn ciia cong dong toan hoc, trong khi chimg minh bang mdy tinh co thé xir 1y cac van
dé phue tap nhung phu thudc vao do tin cdy cua cong nghé. Do do, viéc st dung két hop ca
hai phuong phép c6 thé mang lai do tin cdy cao nhat cho cac chimg minh toan hoc, tin dung
vu diém cua timg loai ching minh dé dam bao tinh chinh xac va minh bach.

2) Ly thuyét chirng minh hinh thic

Ly thuyét chirng minh hinh thtrc 1a mot nhanh cua logic toan hoc va khoa hoc may tinh
ly thuyét, nghién ctru cac hé théng hinh thirc va cac chimg minh trong cac hé théng d6. Muc
tiéu ctia Iy thuyét nay 13 phén tich cu trac ciia cac chirg minh toan hoc, phat trién cac cong
cu dé tao va kiém tra chung minh, va hiéu r3 hon vé tinh chat chd va nhét quén cua céac h¢
thong logic.

3) Trién vong su tro gitip ciia may tinh trong nghién ciru toin hoc

Trién vong cta su trg giup ctia may tinh trong nghién ctru toan hoc 1a rat 16n va dang
ngay cang mo rong nho vao nhiing tién bd trong céng nghé may tinh va cac thuat toan thong
minh. Sy trg giup clia may tinh trong nghién ctru toan hoc khong chi 1a mét trién vong ma da
trd thanh mot thuc té quan trong, dinh hinh lai cach ma cac nha toan hoc thuc hién va xac
minh cac nghién ctru ctia minh. Véi su phét trién khong ngimg cta cong nghé, vai tro ctia
may tinh trong nghién ciru toan hoc s& tiép tuc mé rong, mang lai nhitng dét phd méi va mé
ra nhiing chan tro1 maéi trong linh vuc nay.

4) Giang day toan hoc trong thoi Ky cach mang sé

Thoi ky cach mang s6 mang dén nhimg co hoi va thach thirc méi cho viée giang day
toan hoc. Sy phat trién ctia cong nghé k¥ thuat sé khong chi thay d6i cach ching ta tiép can
gido duc ma con tao ra nhitng cong cu va phuong phéap giang day mai, giup nang cao hiéu qua
hoc tap va giang day. Thoi ky cach mang s6 mang dén nhiing thay d6i sau rong trong giang
day toan hoc. Su két hop giirta cong nghé va phuwong phap giang day tién tién gitip nang cao
hiéu qua hoc tap, ca nhan hoa qua trinh hoc tap va phat trién k¥ nang s cho ca gido vién va
hoc sinh. Viéc 4p dung cac chién lugc nay khong chi gitip hoc sinh hiéu sau hon va yéu thich
mon todn ma con chuan bi cho ho nhing k¥ ning can thiét dé thanh cong trong thé ky 21.
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MOT SO GIAI PHAP PHAT TRIEN NANG LUC SO
CUA GIANG VIEN GIANG DAY MON TOAN CHO SINH VIEN
SU PHAM TOAN TRUONG PAI HQC HAI DUONG

ThS. Hoang Thé Anh !
1Khoa Toan va KHTN, Truong Pai hoc Hai Duong

Tom tit

Phét trién ning luyc sé (NLS) cho ddi ngii giang vién (GV) trong giang day mon
Toan cho Sinh vién Su pham Toan ¢ cac truong dai hoc cua nudc ta noi chung, & Pai hoc
Hai Duong ndi riéng 1a xu huéng phét trién tat yéu cua viéc xay dung mot nén giéo duc
hién dai, 1a yéu cau bat budc trong thoi dai bung nd cua cugc CMCN 4.0 nhiam nang cao
chat luong giang day caa GV, hoc tap cua Sinh vién. Bai bdo gop phan xac dinh yéu cau cua
viéc phat trién NLS va mét sb giai phap nhiam phaét trién NLS cua GV giang day mdn Toan cho
Sinh vién (SV) su pham Toén.

Tur khoa: Nang luc S0, gidng vién, Sinh vién suw pham Toan.

Gi6i thiéu/Pit van dé

Sy phét trién caa khoa hoc céng nghé trong cudc CMCN 4.0 di 1am thay d6i hoan
toan phuong thiic gido duc truyén théng. Tuy nhién, thach thic dat ra dbi véi GV, sinh vién 1a
phai nam dugc cac van dé thay d6i d6i véi giang day, hoc tap va co hoi viéc l1am trong bdi
canh chuyén d6i sd, tir ¢6 chu dong thay doi cac thoi quen va lua chon céch tiép can phu hop
dé giang day, hoc tap va 1am viéc trong thoi dai s6. Do d6, dé phat trién NLS cho gi4o vién
ndi chung, gi4o vién Toan nodi riéng, ¢ kha niang thich wng va lam chii cdng nghé 1a hét sic
quan trong.

1. Tong quan nghién ciru

Nang cao NLS cho GV déng vai trd quan trong, dé giai quyét nhiing thach thic trong
bdi canh phat trién va ang dung CNTT trong gido duc ngay nay, bao gém ca cac yéu cau
chuyén ddi s6 qudc gia. NLS duoc hiéu 1a nhitng kha nang phu hop cua ca nhan dé sdng, hoc
tap va lam viéc trong mot x4 hoi s6. Theo d6, NLS khong chi bao gém nhiing ki nang tim kiém
thdng tin truc tuyén, ma con gém céac dich vu doi hoi chuyén mén cao nhu giai quyét van dé,
chia sé va cong tac voi cac dong nghiép trong moi trudng sé.

Hién nay, viéc nghién cau NLS cua GV thudc cac nganh khoa hoc cu thé van con gap
nhiing gidi han do chua c6 su thdng nhat vé khéi niém. Trong khi mot bén coi NLS la mang
tinh k§ thuat, co quan diém khac cho rang, trong linh vuc gido duc, NLS Ia sy két hop giira
cac hoat dong thuc hanh vé cac linh vuc khoa hoc, x& hoi va van héa véi cac hinh thic kién
thirc, sang tao va doi méi cao hon, nghia 1a cac ky nang d6 can dugc xay dung trong bdi canh
thuc hanh cu thé.

Trén thyc té, cac nghién ciru da thiét lap, st dung, danh gia va diéu chinh cac khung
NLS cho pht hop véi bdi canh nghién cau. Chang han, mot nghién ciu cho thay, phét trién
NLS c6 mdi lién hé phu thudc véi tudi tac vi tudi cang tré thi trinh do kién thic cong nghé
cang cao hon. Két qua nghién ctru cho thy, viéc té chic cac khoa huan luyén CNTT-TT can
duoc xem xét trong mdi twong quan véi ndi dung, trinh d6 cua cac hoat dong dao tao duoc
thiét ké, dam bao su pht hop tuong Gng véi tudi caa ngudi tham gia khda hoc. Thong qua do,



GV phét trién cac NLS dé co du kién thuc, ki ning va nhan thirc, phuc vu hoat déng nghién
ctru va giang day mot cach sang tao va linh hoat.

Nghién ctru téng quan ciing cho thay thuc trang NLS tai cac truong dai hoc 14 tut hau
S0 Véi cac linh vuc khac, c6 thé 1a do sy 1anh dao thiéu hiéu qua va nhitng thay doi trong van
hoa, mtrc d6 dbi mai va hd tro tai chinh han ché.

2. Noi dung nghién ciru

2.1. Y8u céu cia viéc phat trién ning lwc s6 cho Sinh vién sw pham

Thu tuéng Chinh phi ngay 25/1/2022 ban hanh di c6 Quyét dinh sé 131/QD-TTg vé
phé duyét Bé an “Tang cuong tng dung cdng nghé thdng tin va chuyén ddi sé trong giéo duc
va dao tao giai doan 2022-2025 dinh hudng dén nam 2030”. Tiép sau d6 Bo GD&PT ngay
10/5/2022 ban hanh Quyét dinh 1282/QD-BGDDT vé ké hoach ting cudng wng dung cdng
nghé thong tin va chuyén doi sé trong gido duc va dao tao giai doan 2022 — 2025. Trong do
yéu cau bd sung quy dinh vé NLS vao tiéu chuan GV, can bo quan Iy giao duc.

Theo Killen (2018), NLS dwoc xem 13 yéu t6 song con dé dat dén thanh cong trong
hoc tap, nghién ctu va phét trién sy nghiép trong tuong lai: da phan, kha ning str dung cong
nghé s 1a doi hoi cua hau hét moi nganh nghé va moi vi tri viéc 1am. Céac nganh céng nghiép
s6 tré thanh nhan t6 then chét cua nén kinh té, cac co so gido duc trg thanh nhitng mé hinh
doanh nghiép s6, GV va SV phai 1a nhimg nguoi tan dung duoc céc loi ich cua cong nghé,
dong thoi hd trg cong dong va thuc day kha nang doi mai, sang tao cua cac thé he ké tiép.

Bén canh do, v4i nhitng trng dung cac cong nghé mai hién nay trong linh vuc giao
duc, nguoi hoc o thé két ndi vai cac ngudn thong tin da dang vé linh vyc, phong phi vé
dinh dang, ngdn ngit, tat ca déu vuot ra khoi khudn vién cia nha truong. Chinh vi vay, yéu
cau dit ra d6i voi doi ngii GV giang day phai lién tuc cap nhat, tim hiéu va trién khai &p
dung nhitng cong nghé méi dang thay doi hang ngay hang gio dé dap ung duoc nhu cau cua
ngudi hoc. Trén nén tang cong ngh¢, ngudi day thuc hién vai tro huéng dan, truyén tai, két
ndi ngudi hoc véi ngudn dir liéu, hoc liéu; GV 1a ngudi day s, phai 1am cha dugc cong
nghé dé san sang hd tro ngudi hoc cach tiép can, chdp nhan sir dung, truyén cam hing cho
ngudi hoc dé ¢ thé sir dung cong nghé, khai thac duoc toi da ngudn tai nguyén vo gia nay.
Ngay nay, viéc str dung cac Apps hd trg hoc tap véi tu cach 1a “nha gido 40”, sir dung cac
cdng nghé tri tué nhan tao (Al), dit lidu 16n (Big Data), két ndi Internet van vat (1oT), may
hoc (Learning machine), hoc sau (Deep learning), Robot day hoc ngay cang tré nén phd
bién. Voi sy hd tro cua nhitng “chuyén gia 40” ndy, dudng nhu ngudi hoc cling ngay cang
tré nén hung tha hon véi viéc hoc tap va nghién ciru, san sang thir trai nghiém va dang ky
str dung cac Apps ho tro thong minh nay.

Vi vay, dé nang cao chat lugng gido duc nghé nghiép doi hoi SV Su pham nhiing
GV trong tuong lai khong chi can kién thuc, k§ ning, ma con phai duoc phét trién NLS dap
tmg duoc véi viéc giang day trong ky nguyén s6. GV nhiing ngudi dao tao ra mot thé hé
cong dan méi véi ki nang sd co ban ciing phai c6 kha ning truy cap, quan ly, hiéu, két hop,
giao tiép, danh gia va sang tao théng tin mot cach an toan, phd hop dé phuc vu cho cong
viéc giang day, phét trién nghé nghiép. SV su pham can dugc phat trién NLS dé dap tng
dugc nhirng yéu cau cua hoc tap, caa cudc séng hién tai va chuan bi hanh trang cho twong
lai. Pay dugc xem 1a diéu kién quan trong gop phan nang cao chét lugng day va hoc trong
co s& gi4o duc trong béi canh méi.



2.2. Niing luc sb cia giang vién giang day mon Toan

Dua trén khung NLS cua UNESCO, tur yéu cau nhiém vu va cong viéc cua nguoi GV
giang day mon toan cho SV ndi chung, SV Su pham Toan néi riéng thé hién trén mot s noi
dung sau:

Ning lwe vin hanh thiét bi va khai thic phdn mém sé: Day 1a ning lyc dau tién va no
ciing 13 k¥ ning co ban nhit trong NLS, gilp moi ngudi sir dung thanh thao cac thiét bi va phan
mém lién quan dén céng nghé thdng tin. Nhat 13, voi cac mon todn cd rat nhiéu cac phan mém
doi hoi GV can phai biét va van hanh thanh thao trong qué trinh giang day .

Ndang lwe khai thdc théng tin va dir liéu so: Day 1a ning luc rat quan trong va can
thiét khong chi véi GV Toan ma trong doi séng hién thuc cua con ngudi hién nay. Dac biét,
trong thoi dai bung nd cong nghé sé thi tat ca moi ngudi mudn tn tai va phat trién déu nhat
thiét can phai ¢ kha niang tim kiém, khai thac, phan tich, xir ly, tmg dung théng tin, dir liéu
chinh x&c, hiéu qua va tin cay tir cc ngudn truc tuyén dé phuc vu cho muc dich cta doi séng
kinh té - x& hoi cua ca nhan hay té chuc.

Ning lwe sdng tao ni dung sé: Day 1a ning luc dic biét quan trong trong thoi dai s6
hién nay. N6 chinh la kha ning tao ra cac san pham s nhu: hinh anh, video, clip, &m thanh va
van ban dé truyén dat y tudng, thong diép va nhan rong gia tri mot cach phd bién, hiéu qua.

Ndang luc giao tiép va hop tic trong méi trwong sé: Giao tiép va hop tac la ban ning
sinh ton vén ¢ caa con nguoi va no ciing 1a k§ ning séng vo cing quan trong. K§ nang nay
khong chi gilp moi ngudi giao tiép tét hon qua cac cong cu truyén théng s6, ma con gidp ho
hop tac, 1am viéc nhém hiéu qua hon va md mang tri thirc, hoan thién cac pham chat nhan
cach can thiét trong moi trudng sb.

Ndang lwc hoc tap, tiép thu va phdt trién kj ndang sé: Dé khong nging cap nhat kién
thirc moi va nang cao ki ning s6, ching ta can hoc céch ty dao tao, ty danh gia, ty rat ra
nhitng bai hoc kinh nghiém va ap dung hiéu qua nhitng kién thirc méi vao thyc tién doi song
xa hoi.

Ndang lwc bdo dim an toan thong tin mang va an sinh sé: Dé bao vé thdng tin va tai
san sb cuia ca nhan, t6 chirc, trudc hét GV can hiéu biét su sic cac nguyén tic an toan mang
va an sinh sb, ddng thoi phai biét sir dung cac céach thirc dé phong chdng, ngin chan céc rui
ro, cac méi de doa tir thong tin mang, moi truong sé.

Khi duoc trang bi day du cac NLS trén, chiing ta méi c6 thé thich tng v6i nhirng thay
ddi trong cudc séng hién dai va cong viéc mot cach thanh cong va hiéu qua hon. Dac biét,
chung ta ciing s& co nhiéu co hoi va dé dang tao ra nhidu gia tri hon trong doi sng, cong viéc
va nhiém vu cua minh.

2.3. Panh gia chung viéc phat trién ning lwc s ciia gidng vién trong giing day mén
Toan cho Sinh vién Sw pham Toan ¢ Truwong Dai hoc Hai Duong hién nay

2.3.1. Té chirc khdo sdt thuc trang

Phuong phap nghién ctru dinh luong duoc sir dung trong nghién ctru ndy dé khao sat
thue trang NLS ctua GV. Bang hoi truc tuyén (véi cong cu Google Form) duoc thiét ké va st
dung dé thu thap dir liéu so cdp lién quan dén NLS cua GV Truong Pai hoc Hai Duong.
Nham xéac dinh cac dic diém cta NLS ap dung cho GV, la co s& dé xac dinh mtrc d6 dap ung
cac yéu cau vé NLS.



Cac ndi dung khao sat trong 6 linh vuc chinh véi 15 NLS cu thé duoc ké thira va diéu
chinh cho phu hop véi diéu kién thyc tién ung dung CNTT&TT caa Truong Pai hoc Hai
Duong. Theo d6, mdi nhém ning luc cu thé duge khao sat bao gdm 5 ndi dung thong qua viée
su dung thang do Likert 5 muc d9. Trong do, thang do mirc d6 thanh thao dugc st dung dé
danh gia nhom: (1) trinh 6 CNTT-TT, (2) ning lyc thong tin, dit liéu va truyén thong, (3)
nang luc sang tao, giai quyét van dé va déi méi; thang do muc do thuong xuyén dugc dung dé
danh gia nhom: (4) ning luc giao tiép, cong tac va tham gia trong méi trudng sd, (5) ning luc
hoc tap va phat trién sb, va (6) ning luc nhin dang va dam bao an sinh trong méi truong sb.

2.3.2. Trinh @ cong ngh¢ thong tin — truyén thong cia gidng vién giéng day mon
toan cho Sinh vién Sw pham Toan ¢ Nha truwong

Cu thé duoc danh gia dua trén hai nhém k¥ ning: Mutc do thanh thao va hiéu qua st
dung cac tng dung CNTT — TT. Vé co ban GV déu thanh thao trong viéc “Str dung cac cong
cu s6 dé thyc hién cac hoat dong nghién cau, giang day mon toan”™; it thanh thao nhat trong
viéc “Xem xét cac lya chon nguon mé thay thé cho phan mém tiéu chuan c6 ban quyén”. Mirc
d6 thanh thao trong “Str dung cac phan mém dé thuc hién cac hoat dong nghién ctu, giang
day, Giai quyét cac van dé ky thuat gap phai trong qua trinh sir dung céc cong cu sb, phan
mém/ang dung” va “So sanh tinh nang giita cac cong cu s, phan mém twong tu dé dua ra lya
chon sir dung cai pht hop nhat vai ban than” kha tét. Biém trung binh cua tat ca cac noi dung
dugc dua ra dé danh gia muc do théng thao cong nghé thong tin — truyén théng cua GV 1a
3.43 (mtc 4/5).

Téng hop chung céc ki ning duoc dua ra dé danh gia hiéu qua str dung cac tng dung
cdng nghé thdng tin — truyén thdng caa GV, diém trung binh 1a 3.45 (mwc 4/5). Trong c&c noi
dung dugc dua ra, GV thanh thao nhét trong viéc “Quan |y email bang céch to chuc cac hop
thu dén khac nhau”; it thanh thao nhat trong viéc “Tao va sir dung danh sach s6 cac cong viéc
can lam”. Hiéu qua trong “Quan ly mat khau dang nhap trén céc thiét bi va ung dung khac
nhau” xép tha hai, trong khi cac noi dung vé “Thay doi cai dat cua phan mém/ang dung cho
phu hop véi cach 1am viéc cia minh”, va “Dong bd hda danh ba hoic dit liéu lich trén cac
thiét bj va tng dung” dat mirc d6 thanh thao nhu nhau.

2.3.3. Ning luc tiép nhgn théng tin, xé ly di# liéu va truyén thong cia giang vién
gi@ng day mon toan cho Sinh vién Sw pham Toan ¢ Nha truong.

Vé ning luc tiép nhan thong tin, GV thanh thao nhit trong viéc “Chon loc, tham khao
cac nguon thdng tin truc tuyén dang tin cay, chinh xac va co gia tri”; it thanh thao nhat trong
viéc “Sur dung cac tng dung quan ly tai liéu tham khao”. Cac ndi dung khac: “Str dung cac bo
loc (filters) trong tim kiém truc tuyén”, “Mo rong hodc thu hep két qua tim kiém theo cac pham
vi khac nhau”, va “Lu trit, to chtrc va quan 1y cac dia chi trang Web hiru ich”. Biém trung binh
cua tat ca cac noi dung duoc dua ra dé danh gia nang luc théng tin ciia GV 1a 3.50 (muc 4/5).

V& ning luc xir Iy dir liéu, GV thanh thao nhat trong viéc danh gia duoc cac sé liéu
théng ké duoc sir dung trong cudc tranh luan cong khai; it thanh thao nhat trong viéc “Xac
dinh cac mau va xu hudéng tir phén tich dit liéu”. Cac noi dung khac, nhu: Tim dugc nhiing su
khéc biét c6 y nghia thdng k&, md ta, ma hoa hoic tap hop dit liéu thanh cac loai hoic nhém
khac nhau, va tao biéu db hoic do hoa thdng tin tir dix liéu. Diém trung binh cua tat ca cac noi
dung duogc dua ra dé danh gia muc do thong thao xir ly dit liéu cua GV la 3.45 (muc 4/5).

Vé ning luc truyén thdng cua GV co trung binh 1a 3.40 (muc 4/5). Trong d6, GV
thanh thao nhat trong tao “Bai kiém tra truc tuyén (Online quizzes)”, tao “Video, am thanh



(audio”, “Biéu d6, dd hoa thong tin (Infographic)”, va “Trang web/ blog c4 nhan/ fanpage”; it
thanh thao nhét trong tao “Hoat hinh/ hinh anh dong”.

2.3.4. Nding Iuyc sang tgo, gidi quyét vdn dé va déi méi cia gidng vién giang dgy méon
toan cho Sinh vién Sw pham Toan ¢ Nha truong.

V& ning luc sang tao, GV thanh thao nhat trong viéc “Sir dung ban dd tu duy hoic
cong cu tu duy truc quan khac”, “Str dung cac hiéu ung néng cao trong cac tng dung chinh
stra hinh anh”, “Tao video huéng dan hoic video ghi man hinh (screencast)”, va “Phac thao
bang blt cam ng va may tinh bang”; it thanh thao nhat trong viéc “Str dung may in 3D hoic
cdng cu s6 khac dé xay dung mé hinh”. Biém trung binh cua tat ca cac noi dung dugc dua ra
dé danh gia mirc d6 thdng thao sir dung céc thiét bi s6, phan mém &ng dung co ban cia GV 1a
3.00 (muc 3/5).

V& ning lyc giai quyét van dé&, GV thanh thao nhét trong viéc “Thuc hién khao sét truc
tuyén bang bang hoi”, “Sir dung mét cong cu sd/phuong phéap sb dé giai quyét mot van dé trong
thuc tién nghién ciu va giang day”, “Dat cau hoi truc tuyén trén cac phuong tién truyén thong
x& hoi dé thu thap, ddi chiéu cac ¥ tuong”, va “Su dung phan mém phan tich dit liéu chuyén
dung™; it thanh thao nhét trong viéc “Xu ly van dé phat sinh cho mot du an nghién ctu s6”.
Piém trung binh cua tat ca cac noi dung duge dua ra dé danh gia mic d6 thdng thao trong giai
quyét cac van dé gap phai trong hoat dong nghién cau, giang day sé cia GV la 3.10 (muc 3/5).

Vé nang luc d6i méi, GV thanh thao nhat trong viéc “Str dung cac thiét bi sb, phan
mém/iing dung, mang x& hoi,... dé hoc tap, cap nhat kién thirc, nang cao trinh d6”, “Tim kiém
y tudng tir cac linh vuc khac cho cdng viéc ctia minh”, “Phat hién cac xu hudng mai trong
g dung cdng nghé thdng tin — truyén thong”, va “Hudng dan ngudi khac str dung cac thiét
bi s6, phan mém/ing dung hozc khac phuc cac van dé ky thuat lién quan dén cong nghé théng
tin — truyén thong”; it thanh thao nhit trong viéc “Lam quen va sir dung céc thiét bi hoic tng
dung ma ngudi khac chua ding”. Piém trung binh cua tat ca cac noi dung dugc dua ra dé
danh gia muc do thong thao trong d6i mai sang tao trong qua trinh ng dung cong nghé thdng
tin — truyén théng vao hoat dong nghién ctiu va giang day caa GV 1a 3.20 (mic 3/5).

2.3.5. Ning luc giao tiép, cong tdc va tham gia trong méi trwong sé cuia gidng vién
gi@ng day mon toan cho Sinh vién Sw pham Toan ¢ Nha truwong.

Ning lyc giao tiép, GV thuong st dung nhat “Céc (ng dung nhan tin tryc tiép/chia sé
hinh anh (nhu Whatsapp, Instagram, Facebook, Twitter, Zalo,...)”, Viéc sir dung “Cac nén
tang dao tao truc tuyén (nhu Collaborate, Zoom, BigBlueButton)”, “Cac mang xa hoi dé chia
sé thong tin”, “Céc dién dan thao luan” va it sir dung nhat “Hoi nghi truyén hinh”. Biém trung
binh cua tat ca cac noi dung dugc dua ra dé danh gia mac d6 thuong xuyén trong wng dung
cdng nghé théng tin - truyén théng trong giao tiép so phuc vu nghién ctu va giang day cua
GV la 3.50 (muc 4/5).

Vé ning lyc cong tac, GV thuong “T6 chirc phong hop truc tuyén théng qua cac tng dung
nhu Zoom, Google Meet...” nhidu nhat, “Nhan tin truc tiép dé cong tac trong thoi gian thuc”, “Str
dung phan mém/ ang dung gidp quan Iy du 4n” va “Tao lich 1am viéc va cac tai liéu cong tac truc
tuyén™; it nhét 1a “Chia sé danh sach cdng viéc hoac tién trinh thuc hién cong viéc cua du an”.
Piém trung binh cua tat ca cac ndi dung duoc dua ra dé danh gia mirc do thuong xuyén trong hop
tac s6 phuc vu nghién ctiu va giang day cua GV la 3.30 (muc 3/5).

V& ning luc tham gia, GV thudng “Tham gia cac sy kién truyén truc tiép (live events)
theo thoi gian thuc (tweetups, realtime chat, Microsoft Teams...)” nhat va it dung nhat Ia
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“Péng gop cho cac trang web, blog hoic wiki mé”. Biém trung binh cua tat ca cac noi dung
dugc dua ra dé danh gia mic do thuong xuyén tham gia cua GV 1a 2.80 (muc 3/5).

2.3.6. Ning luc hoc tdp va phat trién sé cia gidng vién gidng dgy mon toan cho
Sinh vién Sw phgm Toan ¢ Nha truong.

Vé ning luc hoc tip, GV thuong “Tham gia mét khéa hoc truc tuyén” nhét; “Tai xuéng
podcast hoac bai giang mo™, “Sur dung cac ing dung hoc ngoai ngit hoac ren luyén tri nao”, va
“Hoc mot tng dung/phan mém hoan toan méi”; it tham gia nhit trong viéc “Dam nhan mot
Viéc/vai tro dé phét trién cac ky ning cong nghé s6”. Biém trung binh cua tat ca cac ndi dung
duoc dua ra dé danh gia mirc do thuong xuyén tham gia ciia GV 1a 3.08 (mc 3/5).

V& ning luc phét trién sb, “Gidi thiéu cac tai nguyén thdng tin sé hiru ich” thuong
dugc GV thuc hién nhiéu nhét va it nhat 1a “Thiét ké cac cau db/bai kiém tra/danh gia truc
tuyén”. Cac k¥ ning: Tao cac bai giang hoic thuyét trinh sb, Huéng dan nguoi hoc tuan tha
ban quyén hoic bao mat thong tin trong méi trudng sd, va Tao cac video giai thich hoic
huéng dan cho ngudi hoc ¢ mic d6 str dung thudng xuyén. Piém trung binh cua tat ca cac
ndi dung duogc dua ra dé danh gia mic do thuong xuyén tng dung cong nghé thong tin —
truyén thong dé hd tro nguoi hoc cua GV 1a 3.29 (muc 3/5).

2.3.7. Néing Iuc nhgn dang va dam bdo an sinh trong méi trwong sé cia giang vién
giang dgy mon toan cho Sinh vién Sw pham Toan ¢ Nha truwong

Vé nang lyc nhan dang, GV thuong “Can nhic vé quyén riéng tu ctia nguoi khac khi
chia sé thong tin” nhiéu nhat va it thyc hién nhat viéc “Lién két cic phuong tién truyén thong
khac nhau (nhu email, Twitter, ResearchGate) dé phat trién s6 ngudi theo doi”. “Cai dit
quyén riéng tu trén tat ca cac tng dung mang xa hoi da tham gia”, “Quan ly, cap nhat cac hd
so khac nhau cho mang x& hoi”, va “Kiém soat anh huong cua c& nhan trén mang xa hoi” cé
murc d6 thyc hanh thudng xuyén. Diém trung binh cua tat ca cac noi dung duoc dua ra dé
danh gia mirc d6 thudng xuyén quan ly danh tinh sé cia GV 1a 3.29 (muc 3/5).

Vé dam bao an sinh trong moi truong sd, GV thuong “Sur dung mang xa hoi dé mo
rong va nudi dudng cac mdi quan hé trong hoat dong nghién ctu, giang day” nhiéu nhat va it
thuc hanh nhat viéc “Lap lich dinh ky ngat man hinh thiét bi dién tu trong khi 1am viéc”. Cac
noi dung khéc, nhu: Pang xuat khoi mang x& hoi khi can dé gilp tap trung vao cong viéc,
Thiét 1ap khong gian 1am viéc dé c6 tu thé lam viéc phu hop, va Str dung cac tng dung lién
quan dén stic khoe hozc thudc dién dan lién quan dén sirc khoe cd mirc d6 kha tét. Biém trung
binh cua tit ca cac noi dung dugc dua ra dé danh gia mic d6 thuong xuyén thyc hanh cac thoi
quen s6 ciia GV la 3.19 (muc 3/5).

Bang 2.1: Bang téng hop trung binh chung cac néi dung danh gid NLS ciia GV mon toan cho
Sinh vién Su phgm Toan

TT Niing luc s6 Piém trung binh | Ghi chu
A | Trinh @ cdng nghé théng tin 3.39
1 | Muc d6 théng thao cong nghé théng tin 3.43
2 | Nang suat/hiéu qua sd 3.35
B | Ning luc thong tin, dir liéu va truyén théng 3.45
1 | Nang lyc thdng tin 3.50
2 | Nang lyc quan ly dir li¢u 3.45
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3 | Nang luc truyén théng 3.40
C | Ning luc sang tao, giai quyét vin dé va déi méi 3.10
1 | Nang luc sang tao 3.00
2 | Nang luc giai quyét van dé 3.10
3 | Nang luc d6i méi 3.20
D | Ning luc giap tiép, cong tac va tham gia trong 3.20
méi trudong so
1 | Nang luc giao tiép 3.50
2 | Nang lyc cong tac 3.30
3 | Ning luc tham gia trong méi truong sd 2.80
E | Ning luc hoc tap va phat trién s6 3.12
1 | Nang luc hoc tap 3.08
2 | Nang lyc giang day 3.16
F | Nang luc nhan dang va dam bao an sinh trong 3.24
mMéi truong so
1 | Nang lyc nhan dang 3.29
Ning luc dam bao an sinh trong méi trudng s6 3.19

2.4. Mot sb giai phap phat trién ning luc sé ciia giang vién day mén Tozn cho Sinh
vién sw pham Toan

Mét Ia nang cao nhdn thizc cho GV vé chuyén déi sé va tam quan trong cua NLS trong
boi canh chuyén doi so.

Chuyén dbi s 1a budc chuyén minh manh mé&, doi hoi su thay doi tir trong tu duy, nhan
thirc ctia modi nguoi. Do vay, can thuc hién cac bién phap nham nang cao nhan thuic, phé cap tam
quan trong cho GV, SV. Tu d6 mai phéi hop cung nhau xay dyng van hoa sO trong gido duc.

Nhan thirc ddy du va siu sic 1a co sé nén tang dé nang cao tinh than trach nhiém va
tao su chuyén bién viing chic trong hanh dong. Phai lam tét cong tac tuyén ruyén, gido duc dé
GV hiéu rd chuyén ddi s6 1a xu huéng tat yéu, la chia khoa vang, 1a sy séng con caa dao tao
dai hoc trong bdi canh hién nay. Giao duc — dao tao va nghién ciu khoa hoc trén méi truong
cdng nghé s khong phai 1a nhat thoi, ma 13 xu huéng khach quan cua sy ton tai va phat trién
ctia nhan loai va Viét Nam khong thé duing ngoai xu huéng dy. C6 nhu vay méi khoi goi, thiic
day nhu cau, cung ¢ dong co, gia ting sy nd lyc tir chinh doi ngli GV trong phét trién NLS
cua ban than. GV trudc hét can khong nging tim toi, tu bdi dudng va phét trién NLS thong
qua nén tang dit liéu ma phong pha vén c6 hién nay. Mat khéc, GV phai ting cudng giao tiép
va hop tac trén nén tang sb va timg budc xay dung vin hoa giao tiép trén khong gian sb, xac
lap méi quan hé hop tac trén phuong dién hoc thuat mang tinh hi¢u qua va van minh. Bén
canh d6, can tich cyc va sang tao bang nhiéu hinh thirc khac nhau khi tham gia xay dung hé
théng co so dir liéu gdm ca noi dung va hinh thicc xay dung kho hoc liéu c6 chét lugng cho
cong dong va nang cao tinh trach nhiém cong dong, tinh than xa hoi hoa khi chia sé, ciing nhu
khai thac thong tin trong méi trudng sb hién nay.

Hai 14 bdo dam tot cac diéu kién tot, té chire nhiéu hoat déng tang cuwong NLS ciia GV
day mon Toan cho Sinh vién su pham Toan
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Nha truong can quan tam, to chirc nhiéu hoat dong ting cudng NLS cho GV, chd trong
trién khai hé théng co s& dir liéu dong bo va thong nhat voi co so dit lieu qudc gia, co so dit
liu nganh, ddy manh sé héa viéc quan ly trén moi phuong dién, trong d6 c6 quan ly day va
hoc. Pau tu co s& ha ting mang va thiét bi thong tin ddng b, hiéu qua phuc vu cho cong tac
day va hoc mén toén cho SV Su pham Toan. Bdng thoi, hoan thién cac quy dinh trong quan Iy
qua trinh day va hoc cho SV Su pham Toan va coi dy 1 hoat dong trung tdm, then chét dé
nang cao chat luong giang day mén toan cho SV noi chung, SV Su pham Toan néi riéng va
tao diéu kién tot nhat, bao dam quyén loi cao nhat nham thic day, tao dong luc cho doi ngii
GV, SV nang cao NLS cua ban than. Bén canh d6, can xay dung khung danh gia ning luc
ngudi day va nguoi hoc, nhat 1 d6i ngii SV phu hop véi phuong thirc dao tao sé thay thé
khung danh gia nang luc SV hién nay.

Nha treong can ddy nhanh qua trinh phaét trién kho hoc liéu s6 phuc vu hoc tap cho SV néi
chung, SV Su pham Toén néi riéng, bao dam dap ung t6t nhat nhu cau cho nguoi day va ngudi
hoc. Tap trung phét trién toan dién, dong bd kho hoc liéu sé nhung co trong tam, trong diém, ¢6 16
trinh va budc di thich hop; dong thoi khac phuc triét dé nhiing bat cap, han ché dang tao ra nhiing
can tré cho viéc nang cao chat luong gido duc - dio tao ciia Nha truong.

Ba 14 Tich hop phat trién NLS vao qué trinh giang day mét sé hoc phan Toan, chudn
hoa, ngi dung gidng day sat véi chudan dau ra cia Sinh vién S pham Toan

Tich hop dugc hiéu 1a sy 10ng ghép cac ndi dung phat trién NLS cho SV vao nhiing
n6i dung von c6 ciia mot hoc phan dya trén viéc phan tich muc tiéu, ndi dung cia hoc phan
d6. Pé c6 thé tich hop cac ndi dung phat trién NLS vao mot s6 hoc phan Toan nham hd trg
SV Su pham Toan phat trién NLS, GV can thuc hién cic budc sau day: Phan tich muc tiéu,
ndi dung hoc phﬁn va céac bai giang; Lua chon ndi dung phat trién NLS c6 thé tich hop vao bai
giang; Xac dinh hinh thtrc, phuong phap day hoc; Panh gia sy phat trién NLS cua SV.

Tich cuc thyc hién chu truong tdng cuong img dung cac thanh tyu cong nghé thong tin
hién dai trong day hoc cua Bo Gido duc va Pao tao. Qua cac két qua nghién ctru cua thé gioi
cho thiy thé giéi danh gia cao tim quan trong va nhiing tac dong tich cuc caa cong nghé
thong tin dén day hoc va da dua ra nhiéu minh chtmg sinh dong cho viéc ung dung céng nghé
théng tin vao day hoc Toan ciing nhu nhirng ki nang cua nguoi GV khi tng dung cdng nghé
thong tin vao day hoc can cé.

Viéc hinh thanh, rén luyén cac ki nang day hoc, trong do c6 ki nang ung dung cong
nghé thdng tin vao day hoc 1a mét trong nhitng muc tiéu va duoc xéac dinh r trong chuan dau
ra ciia chuong trinh dao tao gido vién Toan.

Tu kham pha cic cach thirc va khai thac hiéu qua cac phan mém, Gmg dung web, ing
dung trén cac thiét bi di dong trong day hoc .

Trudc hét, phai khang dinh rang néu GV giang Toan ma khai thac tét Internet, cac
phan mém &ng dung trong qué trinh 1&n 16p thi ngoai viéc truyén thu kién thie, doi méi noi
dung, phuong phap day hoc thi day 1a mot moi treong thuan lgi cho SV 1am quen, hoc hoi
qua tirng gio giang cia GV dé tich lity dan thanh ki nang ki xao cho ban than minh

Trong qué trinh giang day cho SV Su pham Toan, GV nén sir dung cac phan mém
toan hoc nhu GeoGebra, MATLAB, Maple hoic Mathematica... dé day hoc. Vi né gip rat
nhiéu trong viéc giai toan, giup Sinh vién hinh dung cac khai niém phic tap. Khai thac khia
canh minh hoa va thuc nghi¢m cta phﬁn mém toan hoc dong trong day hoc mdt tri thirc toan.
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Véi mot sd trudng hop trong day hoc Toan, ta c6 thé dung phadn mém dé tinh toan
nhanh cac két qua va danh thoi gian cho viéc phan tich két qua, mé rong bai toan hay phat
hién sai 1am trong 10i giai. Hién nay, cac phdn mém Toan hoc bén canh viéc cho phép tinh
toan nhu mot may tinh bo tai thi ciing cung cap cho ngudi sir dung mot hé thdng cac cau 1énh
dé xur 1i tinh toan trong toan hoc... Dé khai thac dugc cac chirc ning nay, doi hoi ta phai c6 ki
nang st dung cac cau I¢nh, cac cong cu cua phén mém.

Tich hop cac ngudn tai nguyén truc tuyén dé SV ty hoc va mé rong kién thic

Két luan va khuyén nghi

T6m lai, chuyén doi s6 trong gido duc — dao tao & Truong Pai hoc Hai Duong néi
chung, ma tiéu diém 1a phat trién NLS cho GV trong giang day mdn toan cho SV Su pham
Toan néi riéng trong béi canh sy tac ddong manh mé cua cudéc CMCN 4.0 13 xu huéng tat yéu
khéch quan. Xay dung duoc doi ngii GV Nha truong c¢6 NLS 1a diéu kién tién quyét dé thuc
hién muc tiéu chuyén doi sd va gop phan nang cao hon nira chat lugng dao tao dai hoc noi
chung va giang day mon toan cho SV Su pham Toén néi riéng. Viéc phat trién NLS cho doi ngii
GV giang day mén toan cho SV Su pham Toan phai dugc xac dinh la yéu cau, nhiém vy vira
mang tinh cip bach, vira mang tinh 1au dai va c6 ¥ nghia quyét dinh dén chat lugng gido duc —
dao tao caa Nha truong. Qua trinh thyuc hién phai duoc tién hanh thuong xuyén, lién tuc va thuc
hién dong bo cac giai phap néu méi bao dam dat chat lugng, hiéu qua cao, gép phan nang cao
chit lugng dao tao ngudn nhan luc chat luong cao cua Nha trudng, dap tng yéu cau doi méi
gi&o duc hién nay.
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TO CHUC CAC HOAT PONG NGON NGU GIUP HQC SINH HQC
TAP HIEU QUA TU VUNG TOAN HQC TRONG DAY HQC
MON TOAN O TIEU HQC

PGS.TS. Nguyén Phwong Chi !, ThS. Vii Thi Hoach ?

! Truong Dai hoc Su pham Ha Noi
2 Trudng Pai hoc Hai Duong

Tom tit

Str dung ngén ngit toan hoc (NNTH) [a mot trong cac ki ning can thiét trong qua trinh
day va hoc toan. Cai thién cac ki ning NNTH 1a mét khia canh thiét yéu cua viéc day hoc
toan, dac biét 1a ¢ tiéu hoc. Qué trinh ndy phai duoc thuc hién lién tuc trong suét qua trinh
hoc tap cua ngudi hoc. Tir vung toan hoc 1a mot phan quan trong cia NNTH, nam viing tir
vung todn hoc gilp hoc sinh (HS) tang cuong kha nang st dung NNTH mét cach chinh xéc,
hiéu qua, qua d6 giap HS hinh thanh cac giac quan logic toan hoc ciia minh. Bai viét nay trinh
bay mot sé cach thuc to chic day hoc théng qua d6 gido vién hd trg HS hiéu va biét cach sur
dung céc tir vung mot cach hiéu qua trong hoc tap va trong thyc tién.

Tir khoa: Tir vieng toan hoc, ngon ngir todn hoc, day hoc mén toan ¢ tiéu hoc.

Pit van dé

Nén tang ctia ngdn ngir toan hoc (NNTH) Ia tir vung todn hoc. Nang luc tir vung la
mot yéu té gop phan quan trong trong viéc hoc va nam viing cac khai niém toan hoc. Tang
cudng phét trién vén tir vung 12 mot yéu té quan trong trong day hoc mén Toan, diéu nay
cang can thiét dbi voi nhitng HS vén kém vé ngdn ngir. Nhing tré em kha ning ngon ngi
thap thi kha nang kha ning giai quyét vin dé khong cao, mot ki ning quan trong trong toan
hoc. Trong trudng hoc, hoc sinh thiéu nén tang kién thuc tir vung s& gap kho khan trong viéc
hiéu nghia khi doc, viét, dién dat bang loi khai niém toan hoc va dua ra cach giai quyét van dé
can thiét trong hoc tap mdn Toan. Hiéu va si dung thanh thao tir vung gop phan quan trong
trong viéc hoc va hoc tap hiéu qua mén Toan caa HS. T6 chtc cac hoat dong ngdn ngir gitp
HS hoc tap hiéu qua la rat can thiét trong day hoc mén Toan néi chung va mén Toén & tiéu
hoc ndi riéng.

1. Vi nét vé tir vang toan hoc

Tir vung toan hoc 12 tap hop cac tir ngit, thuat ngit, ki hiéu, biéu tueong (s dd hinh Ve,
biéu do....), hinh anh toan hoc dugc dung dé mé ta, biéu dién, dién dat noi dung toan hoc.

Thuat ngit todn hoc 1 cac tir, cum tir biéu thi khai niém, cac ddi tuong toan hoc va céc
quan hé thudc linh vuc toan hoc: Sé chdn, sé 1é, dudng thang, goc vudng, mau sb, tir sb, ...

Ki hiéu toan hoc gom céc chir s6, cac dau ki hiéu (,+:., ...). Chir s6 1a ky tu toan hoc phd
bién nhit, dai dién céc s6, ban than ching c6 tinh triru twong cao. Ngoai ra, cd thé st dung mot
chir s6 xac dinh dé dién ta nhiéu nghia khac nhau. Vi du, xem xét chit s 2 trong cac sé sau day:

1 2
52 23 4% - - m°
2 3

Chir s6 2 mang ¥ nghia khac nhau (chit 4, liiy thira, mau sd, tir s6, don vi dién tich) va
¢6 tinh triru twong cao trong tirng ndi dung todn hoc ma né thé hién. Ngoai kha ning tao su
phtec tap, nghia gidng nhau c6 thé dugc trinh bay bing cac ky tu khéc nhau.
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Biéu tuong todn hoc gém so do, hinh v&, biéu dd, d6 thi ...dé biéu dién, biéu dat, thé
hién cac quan hé toan hoc va cac ddi tugng todn hoc cu thé. So dd toan hoc I1a hinh vé mé ta
nhitng dic trung nhat dinh cua déi twong, quan hé va ndi dung toan hoc. Trong noi dung toén
hoc & tiéu hoc ¢6 so dd doan thang, luge d6, mé hinh, hinh v&, biéu dé....

Poan

So } e——
998 }1993
Sobé t |

(2]

Hinh tron

Hinh chir nhat

Hinh anh toan hoc 1a ngdn ngi biéu thi qua hinh anh chira dug néi dung, quan hé va
cac dbi tugng toan hoc ma khdng st dung loi ndi, ki tw vin ban. Chang han, dudi day 1a hinh
anh toan hoc xut hién trong SGK mén Toan 16p 1, bé Canh Diéu.

i k.
A

HF ¥ R

m A
5

O
\ .

Hé thdng tir vung cua mot ngdn ngir 1a thanh phan co ban cia ngdn ngit d6. St dung
thanh thao mat ngdn ngir nao d6 khong thé thiéu hé thong tir vung cling véi nghia cua ching.
Tir vung todn hoc 1a can thiét trong viéc truyén dat ¥ teang, khai niém toan hoc va viéc sur
dung thanh thao hé théng tir vung 12 rat quan trong ddi véi viéc hoc toan cua tre.

2. Cac hoat dgng ngdn ngir toan hoc trong day hec mon Toan & tiéu hoc

Nguyén Ba Kim (2007) di khing dinh rang: “mdi mot noi dung day hoc lién hé voi
nhitng hoat dong nhat dinh”; Hoat dong ngdn ngit 1a mét trong cac hoat dong xuat hién trong
day hoc noi dung mén Toén & truong Phd théng. Hoat dong ngdn ngit dugc thé hién khi yéu
cau HS phat biéu, giai thich mot dinh nghia, ménh dé nao do, dic biét 1a bang loi 1& cua minh
hoic bién dbi ching tir dang nay sang dang khac. Theo do, tac gia da chi ra trong hoat dong
day hoc khai niém can "cha y hudng din va khuyén khich HS dién dat cac dinh nghia mot
cach khac nhau, bang loi 1& caa ban than minh."

Khi nghién ciru vé biéu dién toan hoc Vii Thi Binh (2016) da dua ra 3 hinh thirc hoat
d6ng NNTH: Hoat dong tiép nhan NNTH trén phuong dién tiép nhan tir vyng, cl phap va ngir
nghia; Hoat dong chuyén y thanh tir; Hoat dong chuyén déi ngon ngir tir cac dang khac nhau
cua NNTH, "phién dich" tir ngon ngir ty nhién (NNTN) sang NNTH va nguoc lai.

T4c gia Lé Van Hong khi xem xét NNTH theo nghia mé rong, cliing véi quan diém coi
din ngdn Toan hoc (vin ban ndi hay viét) Ia thé loai da tin hiéu, tac gia néu ra 4 loai hoat dong
NNTH: 1) Chuyén noi dung, ¥ twong toan hoc thanh "vé vat chat”, ¢6 dung loai tin hiéu cua
NNTH; 2) Néu ra noi dung toan hoc tir NNTH nao dé; 3) chuyén d6i cac hinh thicc ngén ngi
git nguyén noi dung, ¥ tuong toan hoc; 4) bién doi mét loai tin hiéu caa NNTH, nhat 12 tin hiéu
vé cac ki hiéu toan hoc, ma van giir nguyén phan nao d6 trong noi dung y tuéng toan hoc.
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Xem xét cac qua trinh t6 chirc cac tinh hudng day hoc Toan dién hinh cho HS tiéu hoc,
bao gom céc tinh hudng dién hinh nhu day hoc hinh thanh khéi niém, biéu tuong, cong thic,
quy tic, tinh chat, thuat toan, day hoc giai bai toan, 6n tap, cang ¢ va hé thdng hoa kién thc,
ki ning... chiing t6i d& xuat mot sé hoat dong NNTH nhur sau:

2.1. Hoagt dgng tiép nhdn NNTH trén phuong di¢n tir vung, ci phap va ngi# nghia todn
hec mét cach chinh x&c, 16 gic, hé thang.

Tir vung todn hoc & bac Tiéu hoc 1a NNTH déu tién duoc trang bi cho hoc sinh theo nghia
chinh xéc cua toan hoc, ngoai ra, tir vung dwoc chuyén biét hda cao, bao gom céc ki hiéu, thuat
ngir ( tir va cim twr), biéu tuong ( hinh v&, so dd, biéu dd, ...), ngdn ngix hinh anh. Cl phap cua
NNTH la céc quy tic két hop cac ki hiéu, biéu twong, thuat ngit toan hoc thanh cong thirc, biéu
thirc, ménh dé toan hoc. Ngit nghia cia NNTH duoc hiéu 13 nghia hodc noi dung cua ki hiéu,
thuat ngit, biéu trong toan hoc. Chang han nhu, thuét ngi “ ba phan tu” trong trong vi du sau:

Vi du I. Bai day vé phan sé cho HS 16p 4:

- Cli phép: =.

- Ngit nghia:

L4 3 phan bang nhau | La thuong ctia phép
O | trong 4 phan bang chia c6 s6 bi chia la 3,
nhau cia mot don vi | s6 chiala 4.

Sy quan tam dén qua trinh hinh thanh va rén luyén cho hoc sinh hiéu va sir dung céc
tir, thuat ngi, ki hiéu toan hoc trong cac dinh nghia, quy tac, tinh chat, céng thtc va biét dién
dat cac ménh d& toan hoc mot cach chinh xéc, logic s& gop phan cho hoat dong NNTH dat
hiéu qua cao hon. Khi HS tiép nhan NNTH theo hoat dong nay gitp HS hoc tap duoc vé y
tuong ndi dung toan hoc ma NNTH s& biéu thi chiing trén phuong dién tir vung, ngir nghia, cu
phép mét cach chinh xac, logic va cé hé thdng.

2.2. Hogt déng dién dat, md ta ngi dung toan hoc tit NNTH nao do

MJ3i mot don vi kién thirc dugc trinh bay trong SGK ban dau 1a nhiing hinh anh, so do,
hinh v& roi méi dén ki hiéu toan hoc, thuat ngir toan hoc, do vay hoat dong mé ta, dién dat noi
dung toan hoc ma hinh anh, so o, hinh vé& biéu thi 1a rat can thiét va quan trong d6i véi qué
trinh dién ra hoc toan cua HS. Khi phat biéu céc quy tic, tinh chit toan hoc, 1am thé nao gidp
hoc sinh hiéu dé van dung cho tét thi trudc hét HS mo ta, dién dat cac quy tic, tinh chat do
bang ki hiéu hoic bang cac ct phap cu thé tai cac gia tri cu thé.

Chang han, khi HS hoc vé quy tac tinh dién tich hinh chit nhat, ta c6 thé thuc hién hoat
d6ng su pham nhu sau dé hoc sinh md ta noi dung toan hoc tir NNTH nao do.

Vi du 2. Bién chit thich hop vao chd chim:

bcem » (S la dién tich hinh chir nhat)

acm

Hoac
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S=axb — ...

(S la dién tich hinh chit nhat)

Dé dién dat, giai thich, md ta lai cac khai niém, biéu twong toan hoc doi hoi HS huy
dong duogc cac kién thirc va c6 kha ning sir dung ngén ngix ndi chung va NNTH noi riéng hop
ly, chinh xac va l6gic. Trong hoat dong nay HS nhé lai ki hiéu, thuat ngix chi khai niém can
didn dat, md ta lai, sau d6 xac dinh dic tinh cua khai niém rdi méi phat biéu, dién dat md ta
lai ddy du va chinh xac. Hon nira, HS lién két duoc giita cac khai niém vai nhau, xét xem méi
quan hé tuong dong gitra ching va phat biéu dinh nghia khai niém, mé ta dbi tuong nay qua
dbi twong twong ddng (cd thé twong ddng mot phan) vai ching.

2.3. Hoat déng chuyén déi ngdn ngi tir cac dgng khac nhau ciza NNTH, chuyén doi
tir NNTH sang NNTN va nguwotc lai

Trong mdi khéi niém, quy tic, tinh chat toan hoc, NNTH luén dugc sir dung phdi hop
cac thuat ngir, cac ki hiéu va cac biéu tuong. Mdi mét phat biéu (n6i) cé nhiéu cach biéu dat
tuong (ng trong céach viét va nguoc lai, mot biéu thi viét twong tng véi nhiéu cach phat biéu
(doc) khéc nhau, chuyén d6i mot phét biéu viét sang mot phat biéu néi va nguoc lai. Trong hoat
dong nay NNTH 1a phuong tién chu yéu két hop véi NNTN tao nén su giao luu tri thirc trong
hoat dong hoc tap toan. Hoat dong dién dat, phat biéu céc quy tac, tich chat toan hoc bang nhiéu
cach khac nhau khdng nhitng HS ghi nhé, hiéu duoc ban chat caa khai niém, quy téc, tinh chat
toan hoc ma con gitp HS rén luyén viéc sir dung NNTH thanh thao, chinh xé&c, 16gic.

Chang han,

Vi du 3. Quy tic tinh dién tich hinh thang c6 thé phat biéu bang cac cach sau:

Céch 1: Dién tich hinh thang bang tong d6 dai hai day nhan véi chiéu cao (cting don vi
do) rdi chia cho 2.

Céch 2: Néu 5 1a dién tich caa hinh thanh; a va b 13 d6 dai cac canh day cua hinh

thang; h la chiéu cao twong ung thi 5 = ﬁ % h.

Céch 3. Néu

thi

D H C
(AB+CD)

-5

Di¢n tich hinh thang ABCD la X AH

Vi du 4. Ta c6 thé dinh nghia khai niém Hinh chir nhat nhu sau:

Hinh chir nhat Ia hinh tir giac ¢6 4 goc vudng va c6 hai canh dai bang nhau, hai canh
ngan bang nhau.

Hinh chit nhat 1a hinh binh hanh c6 mét goc vuéng.

Khi t6 chiic cho HS thuc hién hoat dong chuyén doi hay "phién dich" gitta NNTH,
gitta NNTH va NNTN can dam bao tinh "chinh x&c héa" can tuan tha nghiém ngat trong
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NNTH, dong thoi cho HS thay duogc vai trd va mdi quan hé cua biéu tuong toan hoc, ki hiéu
toan hoc ciing nhu su uyén chuyén cac hinh thirc NN nay.

Viéc day cho HS biét cach "phién dich" tir NNTH sang NNTN va nguoc lai gidp HS
hinh thanh va rén luyén cac kién thtc, ki ning toan hoc dic thi ma con gidp cho HS c¢6 kha
nang van dung toan hoc trong thyc tidn mot cach hiéu qua, dong thoi thdy duoc v nghia toan
hoc trong doi séng.

2.4. Bién doi trén mét logi tin hiéu ciia NNTH, cha yéu la tin higu vé cac ki higu TH,
ma van gii nguyén phan nao trong dé néi dung y twéng toan hoc.

Theo két qua nghién ctru caa Ton Nit My Nhat (2013), chiém dung 16n nhat trong mot
di&n ngdn toan hoc khong phai 1a ngon tir ma 1a tin hiéu ki hiéu. Thay thé ngén tir, cac ki hiéu
chinh 1a phuong tién dé trinh bay méi quan hé nhanh, gon, tiét kiém nhit. Nhu vay, ching ta
khéng thé 1am toan néu chi sir dung ngdn ngir hay néi cach khac, ching ta khong thé 1am toén
néu khdng sir dung hinh v&, ki hiéu toan hoc. Vi vay, thuc hién bién d6i trén binh dién tin hiéu
caa NNTH Ia qua trinh rén luyén va hinh thanh cho HS céch sir dung NNTH trong qué trinh
hoc toan.

Chang han, khi day hoc sinh vé hé théng don vi do cia mot dai luong nao do, dé thiét 1ap
mai quan hé giira cac don vi do, c6 thé thyc hién dang bai toan chuyén doi don vi do nhu sau:

Vi du 5: Dién vao chd tréng:

12345 cm = ....dm=--....m=--...km
100m="--...cm="-_...kn= -

Lap bai toan va bién doi bai toan 1a hoat dong nam trong tinh hubng day hoc giai toan
& tiéu hoc. Lap va bién d6i bai toan gitip cho HS hoan thanh ning lyc khai quéat hoa va ky
nang giai toan, rén nang luc sang tao trong hoc tap. Trong hoat dong nay HS st dung NN
trong viéc dién dat bai toan, lap bai toan mai, viét tiép dé dugc bai toan mai tir bai toan ban
dau bang viéc thay doi dir kién (thuong 12 mot tir vung véi tinh chat ban dau, hoac 1a tir viing
d6 vai tinh chat mai, hoac 1a tir vieng méi vai tinh chat hoan toan mai..).

Vi du 6: Tur chit s6 3va 5, viét 4 sb ¢ hai chix sd.

Tir vi du nay ta c6 thé lap duoc cac bai toan sau:

Bai 1: Tir chit s6 3va 5, viét cac s o 2 chit so.

Bai 2 : Turchir s 0 va 5, viét cac s6 c6 2 chir sb.

Bai 3: Tur cac chit s6 1,3 va 5 dé viét cac sb co 2 chit sb.

Bai 4 : Tur cac chit s6 1,3 va 5, viét cac s6 cd 3 chit sé khac nhau. Mdi sé viét duoc cé
t6ng cac chir s6 1a bao nhiéu?

Bai 5 : Viét cac s6 cd ba chir s6 ma tong cac chirs6 12 8 .

Nhu vay, hoat d6ng NNTH trong céc tinh huéng day hoc trén & Tiéu hoc coi NNTH
vira 1a cdng cy, phuong tién, vira 1a két qua cia hoat dong NNTH. Trong d6, NNTH thé hién
day du cac chtrc nang cua minh trong hoat dong hoc tap doc lap va giao luu.

3. Mt sb bién phap chi yéu gitip HS hoc tap hiéu qua tir vung toan hec trong
day hoc mon Toan & tiéu hoc

Bién phap 1. Té chic cho hec sinh nhdn dign, md td tir vieng toan hec thong qua
qua trinh day hec khai ni¢gm toan hec
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Mot khai niém toan hoc duoc tao thanh tir su lién két gitra cac tir, cum tir, thuat ngir va
cac lién tur trong todn hoc tao thanh. Do vay, qua trinh hinh thanh khai niém toan hoc ciing 1a
qua trinh nhan dién, dinh nghia cac tir vung todn hoc. Trén co s& cdc hoat dong ngdn ngir
dugc thyc hién trong day hoc mén toén ¢ tiéu hoc, dé gidp HS nhan dién, mé ta tir vung toan
hoc thong qua qué trinh hinh thanh khéi niém toén hoc bing céch yéu cau HS thyc hién céac
hoat dong sau:

a) Yéu cau HS doc, viét dung, mo ta cac dic diém cua thuat ngi.

b) Yéu cau HS phat biéu lai khai niém cua thuat ngir bang nhiéu cach néu co thé.

¢)Yéu cau HS dién nhirng tir, thuat ngit, cum tir. doan cau thich hop va chd trong dé
hoan chinh mét dinh nghia khai niém.

d)Yéu cau HS giai thich dé xac nhan (hay bac bo) sy thudc vao pham vi caa khai niém
ciia mot ddi twong da cho. Chang han, trong bai "Puong thang, dudng cong, dudng gap khic”
(Toan 2, tap 1 tr86, Canh Diéu) ching ta cd thé té chirc cac hoat dong khi gisi thiéu thuat ngir
"Puong thang", "Ba diém thang hang", ..

Vidu7.

HD 1: Goi tén, mo ta hinh anh bén? N

HD 2: Gido vién v& dudng thang trén bang, HS quan sat va GV
yéu cau HS goi tén hinh vira vé

HD 3: Gido vién chinh thirc hoa thuat ngit Duong thing. Yéu | Pudng thing
cau hoc sinh goi tén, doc, viet thuat ngir.

HD 4: T6 chirc cho HS nhan dién duong thing qua bai tap Bai 1: Chi ra duong thing

N/l
et Jj

HD 5: GV dua hinh anh tiép theo, yéu cau HS cho biét néi vé
nhitng diéu em biét khi quan sét hinh anh trén. ( C6 thé HS da A B C
mo ta dugce: badiém A, B, C cung thugc mot duong thang, diém
B ndm giira hai diém AvaC, r)

HD 6: Gido vién chinh thirc hoa thuat ngir: Ba diém thing hang | 5. qém A B ¢ cung ndm trén
mot dudng thang

A, B, C la ba diém thdng héng

HD 7: T6 chic cho HS nhan dang vé duong thang, ba diém | Bai 2:
thang hang... Néu tén ba diém théng hang:

HD 8: GV yéu cau HS dung mé ta vé dbi twong vé lai mot dbi
tuong mai.

Hoat d¢ong ngdn ngit dién ra trong Vi du 7: Goi tén thuat ngit gan voi biéu tuong, md
ta dinh nghia cua d6i twong méi, vé duong thang va biéu dién duoc 3 diém thang hang va
khong thiang hang.
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Vi du 8. Khi HS duoc hoc v& Hinh chit nhat, ching ta cé thé té chtc cac hoat dong:

HD 1: Goi tén hinh

HPD 2: Yéu cau HS hay liét ké tat ca nhitng gi em biét vé hinh nay.

HD 3: Yéu cau HS ké tén mot sé vat dung trong doi sdng co trong 16p hoc ¢6 hinh dang nay

HPD 4: Yéu cau HS hay giai thich khi chon nhimg d6 vat trong HP 3

Sau khi hinh thanh khai niém vé hinh chir nhat, dé cung cb biéu twong hinh ta cé thé
xay dung hoat dong sau:

HD 1: Trong cac hinh sau, hinh nao 1a hinh ch@ nhat va hinh nao khdng phai la hinh
chir nhat? Tai sao? (Trong tap hop nhiéu hinh hinh hoc)

HD 2: Hinh bén ¢6 bao nhiéu hinh chit nhat? Hay ké tén céac hinh chit nhat d6?(Trong
mét hinh ¢ nhiéu hinh dang)

HD 3: Ké thém mot duong thang dé c6 hinh chir nhat?

Trong vi du nay, hoc sinh nhan dang dugc biéu twong cua khai niém, tén cua khai
niém (Thuat ngit), giai thich duoc yéu cau cua dé bai.

Vi cac yu cau do tao co hoi cho HS thuc hién cac hoat dong ngdn ngir twong thich
véi qué trinh hinh thanh khai niém todn hoc ma ¢ d6 HS tiép nhan, nhan dang va sir dung tir
vung toan hoc.

Bién phép 2. Té chic cho hec sinh nhdn dién, biéu dién cac tu veng bang nhiéu hinh
thic khac nhau

Dé biéu thi mot dbi twong toan hoc hay mét quan hé toan hoc, ta c6 thé sir dung NNTH &
nhiéu dang: ki hiéu, hinh anh, thuat ngi, biéu tuong toan hoc hozc ki hiéu bang &m thanh.

Vi du 10. N&i ki hiéu, thuat ngix, hinh anh toan hoc va biéu tugng thich hop

Ki hi¢u Thuat ngit Hinh anh toan hoc Biéu tugng
T ——
100 Mot tram
2 3 cong 2 bang 5 il
W
6:2=3 6 chia 2 bang 3
Hinh chir nhat
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Vi du 11. Tim céc thé ghi cing sé luong

V_i du 12. Ghép céc th¢ thich hop

Mot frdm ndm muoi ba 1 1rdm 5 chuc 3 don vi

1 trdm 3 chuc @ .
5 don vi
!
Mot tram ba muo fam 3

Bién phép 3. Té chikc cho hec sinh sik dung cac tir vieng thong qua hoat déng gidi toan

Hoat dong giai toan 1a hoat dong co ban trong day hoc mén Toéan & tiéu hoc. Khi giai
toan, HS sir dung hé thdng tir vung cling vai cac quy tic ngi phap dé biéu dat noi dung toan
hoc mot cach chinh xac théng qua cac hoat dong nhu doc hiéu ndi dung dé bai toan, xay dung
cach thac giai bai toan, trinh bay giai bai toan. Thong qua giai toan, giap HS ren luyén su
dung tir vieng va phét trién nghia cua tir vung. Bang cac yéu cau sau diy c6 thé tao ra cac co
hoi gitp HS thuc hanh, luyén tap sir dung, cung ¢b va co hoi mé rong tir vung toan hoc trong
day hoc mén Toan & tiéu hoc.

a) Y&u cau HS tém tat bai toan bang nhiéu cach khéc nhau.

QLD

¢) Yéu cau HS phat hién 1oi giai sai va stra lai cho dung.
d) Khuyén khich HS giai bai toan bang nhiéu cach khac nhau.
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e) Yéu cau HS phat hién céc bai toan c6 cuing cau trc toan hoc.

f) Khuyén khich HS dat, phat biéu va lap dé toan mai.

Vi du 13. Bai toan: Binh c6 10 nhan vé. Binh c6 nhiéu hon An 3 nhan vo. Hoi An ¢
bao nhiéu nhén vo?

Loi giai caa ban Hoa Loi giai cua Nga
Loi giai Loi giai
S6 nhan vo ctia ban Anla | An c6 tat ca sd nhan nhé 1a
10 — 3 = 7 (nhan vo) 10+ 3 = 13 (nhén vo)
Dao s6: 7 nhan vo Dap s6: 13 nhan vo

Hay chon loi giai dang? Tai sao em lai chon loi giai do?
Vi du 13: Theo em ban nao tinh dting?

An 20— 8:4 X2 =6

Mam: 20— 8:4 X 2 = 16

Hién: 20 —B:4 X 2 = 19
Vi du 14. Poc bai toan va dién phép tinh thich hop vao chd tréng.
Hai 16p 3 Ava 3 B cung tham gia tro choi kéo co, 16p 3 Aco 25 ban, 16p 3 Bco 23

ban. S6 ban tham gia duoc chia déu thanh 4 d6i. Hoi mdi doi c6 bao nhiéu ban?
Bai gidi
S8 hoc sinh I8p 3A va 3B I&:;

I®R]=f]em

Mai ddi ¢ s ban 1&;

? ‘= ) E(bqn)

Dép so: | * %ban.

Vidul5.

Chon déu (+, -, x, ) hodc dbu ngodc () vao vi iri thich hop dé biéu thic

c6 gia in ding
)8! 7 4.7 2=1 b)8. 7 4.7, 2=10
8.7 4.7 2=4 8.7 4.72=30
Két luan

Trong bai viét nay chiing toi hudng toi xay dung mét sb bién phép hixu ich ¢ thé thyuc
hién duoc trong qua trinh day hoc mén Toan cho HS & tiéu hoc nham gitp hoc sinh tiép nhan
hé thong tir vung mot cach hiéu qua. Hiéu biét tir vung cung cp cho HS cac co s& nén tang
toan hoc, giup HS nang cao ning lyc hoc tap mén Toan néi chung va mdn Toan tiéu hoc nodi
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riéng. Do vay tir ving toan hoc phai duoc day mét cach tich cuc, chu dong trong sudt qua trinh
dién ra hoat dong hoc. Ching tdi hy vong mét sé bién phap da trinh bay & trén, néu giéo vién
thuc hién tot s& gop phan ting kha ning ghi nhé va sir dung tir vyng toan hoc cia HS & tiéu hoc.
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STABILITY OF NONLINEAR POSITIVE TIME-DELAY SYSTEMS
IN BAM-COHEN-GROSSBERG NEURAL NETWORKS

ThS. Lé Thi Héng Dung !
! Truong Pai hoc Cong nghiép Ha Noi

Abstract: In this paper, the problems of positivity and exponential stability a BAM-
CohenGrossberg neural networks model with time-varying delays and nonlinear self-
excitation rates are studied. By novel comparison techniques via differential-integral
inequalities, the exponential convergence of state trajectories to a unique positive equilibrium
is established by tractable linear programming conditions, which can be effectively solved by
various convex optimization algorithms. Numerical simulations are given to illustrate the
effectiveness of the obtained theoretical results.

Keywords: Positive systems, BAM-Cohen-Grossberg model, exponential stability,
timevarying delays, M-matrix.

1. Introduction

In various practical models, relevant states like liquid level in controlling tanks,
concentration of chemicals, population size of species or the number of molecules are always
nonnegative. Such models are described by dynamical systems called positive systems [1].
Practical applications of positive systems can be found in a variety of disciplines from
biology, ecology and epidemiology, chemistry, pharmacokinetics to air traffic flow networks,
control engineering, telecommunication and chemical-physical processes [2-5]. Apart from a
wide range of applications, positive systems also possess many elegant properties that have
yet no counterpart in general systems [6]. Moreover, many problems known to be NP-hard, in
general, turn out to be deceptively simple in the context of linear positive systems. Thus, due
to theoretical and practical features, the theory of positive linear systems has received ever-
increasing interest in the past few years.

While the theory of positive systems has been intensively studied for various kinds of
linear systems, this area is still considerably less well-developed for nonlinear systems, in
particular, for models arising in artificial and biological neural networks. Typically, dynamics
of a network is represented by a system of nonlinear differential equations with or without
delay. In the past two decades, the study involving qualitative behavior of nonlinear systems
describing various types of neural networks has attracted significant research attention due to
a wide range of applications [7-16]. However, there has been very little attempt devoted to the
study of positive nonlinear systems in neural networks. On one hand, when a neural network
is designed for application purposes of positive systems, for example, in identification [17],
control [18], monotone-regular behavior implement [19] and various disciplines in the
academia and industries, states of the network should inherit the positivity constraint of
practical models. On the other hand, for neural systems, the nonlinearity of neuron activation
functions makes the study of positive neural networks with delays more complicated and
challenging. Up to date, there have been only a few results concerning the stability problem of
positive neural networks with delays [20]. In particular, in [21], the positivity of solutions and
exponential stability of a unique positive equilibrium was studied for a class of nonlinear
time-delay systems of the form
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x!(t) = —dx,(t) +Z a;;f;(x;(t)) (1)

+) byg(xE— () +J 1 €A (1)

System (1) represents the model of Hopfield neural networks with time-varying
delays. Based on comparison techniques via differential-integral inequalities, explicit
conditions were formulated using the theory of M-matrix and linear programming (LP)
approach. The results of [21] were later extended to the following second-order differential
nonlinear system which describes a modelcalled inertial Hopfield-type neural networks with
multiple delays [22]

d?x,(t dx,(t
B m+z ot (5()
By using the state transformation
?Fi}ri(rj = J + fz z(r) (3)

where 1; and £; are constants, 17; # 0, system (2) can be written in the vector form

{x' (t) = —Dgx(t) + D, ¥(t) .
¥'(8) = =Dy (t) + Dox(t) + DHCF(x(£)) + DF (x, (1)) +1] )

where the notation D4, for a & € R", denotes the diagonal matrix formulated by

stacking components of &. By utilizing the model (4), LP-based conditions were then derived

for the positivity of solutions and exponential stability of the unique positive equilibrium of
inertial neural systems with delays (2).

Bidirectional associative memory (BAM) model of neural networks, introduced by
[23], was first used to study stability and encoding properties of two-layer nonlinear feedback
neural networks. This model possesses many application prospects in the areas of pattern
recognition, signal and image processing, which has attracted considerable research attention.
Another model of neural networks, namely Cohen-Grossberg model [26], has also been
extensively investigated in the past few decades [24,25]. As mentioned in the literature,
Cohen-Grossberg neural networks include many ecological models and neural networks such
as the Lotka-Volterra model in population dynamics and Hopfield neural networks. However,
most existing works in the literature have been devoted to specific types of BAM neural
networks described by the Hopfield model [25, 27-29]. There have been only a few results
concerning stability analysis of BAM neural networks in the Cohen-Grossberg model. For
example, in [30], the problem of asymptotic stability of neutral-type BAM-Cohen-Grossberg
neural networks with mixed discrete and distributed time-varying delays was studied via
Lyapunov-Krasovskii functional method and linear matrix inequalities (LMIs) approach. The
problem of fixed-time stabilization was investigated for impulsive BAM-Cohen-Grossberg
neural networks without delay in [31]. Based on some comparison techniques via differential
inequalities, fixed-time stability and stabilization conditions were derived in terms of matrix
inequalities involving settling time and frequency of impulses.
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Despite of elegant properties and potential applications of positive BAM neural
networks with delays, the study concerning stability analysis and control for this kind of models
Is quite scarce. In [32], the problem of exponential stability was first studied for positive
nonlinear systems which describe a model of BAM-Hopfield neural networks with delays

K@) =~ 0)+ ) afi(n0)+ ) bf (3t -5®)) +1
(5)
yi(6) = =B (v;(0) + Z c;:0: (x,(£) + Z d;g;(x(t—7,(0))) +J;

Based on extended comparison techniques via differential inequalities combining with
Brouwer's fixed point theorem and M-matrix theory, the existence and global exponential
stability of a unique positive equilibrium of the system were derived through tractable linear
programming (LP) conditions. To the authors' knowledge, the problems of positivity and
global exponential stability of positive equilibrium of BAM Cohen-Grossberg (BAM-CG)
neural networks with timevarying delays has not been addressed in the literature. In addition,
it should be mentioned that the proposed methods and existing results developed for
Hopfield-type BAM neural networks cannot be simply extended to BAM-CG neural networks
with delays according to the nature of structure themselves. This motivates the present study.

In this paper, the problem of positivity and exponential stability is first studied for
nonlinear systems modeling BAM neural networks in the Cohen-Grossberg model with time-
varying delays and nonlinear self-excitation rates of the form

x;(t) = a;(x;(t)) | =6, 0; (x,(t)) + Z “i;‘ﬂ'[}’}'(r)) + Z bz‘_;ff;f [}’_;.'(r - f{;‘(r))) +1
| 1 ©
}’;' (t) = 1‘9}' [}’j[t]) _P}'%E’j (}’j[tj) + Z Cis 4 (xi[t]) + Z djz‘ﬂz‘ (xi (t— T:‘[t])) ‘|'f}'

Based on novel comparison techniques via differential inequalities, unified conditions
for the existence and exponential stability of a unique positive equilibrium of model (6) are
derived in terms of tractable LP-based conditions.

The remaining of this paper is organized as follows. Section 2 introduces the model
description and preliminaries. Main results on positivity and global exponential stability of a
unique positive equilibrium of the model are presented in Section 3. A numerical example
with simulations is given in Section 4 to validate the derived conditions. The paper ends with
concluding remarks in Section 5 and cited references.

2. Preliminaries

Notation. R™ denotes the n-dimensional Euclidean space, Il x |l.,= max,.;.,, |x;| for a
vector x = (x;) € R™ and R™"" is the set of m X n-matrices. 1,, € R" is the vector with all
entries equal one. o(4) denotes the set of eigenvalues of 4 €R"*™ and
p(A4) = max{|A|: 1 € g(4)} is its spectral radius. v = vec(vy, ..., v, ) denotes the augmented
vector formulated by stacking components of v, v,, ..., v,.. For two vectors x = (x,) € R"
and v=(v.)ER™ , we write x=y if x, <y, and x<vy if x;, <y, for all
ien] £{12,...n}. R ={x € R™:x = 0} and |x] = (Ix;[) € R} for x = (x;) ER". A

26



matrix A=(a;)e ™" is nonnegative, write A=0 ,
if a;; = 0 forall £, j.C([a,b], R") denotes the set of R"-valued continuous functions on [a, b]
endowed with the norm I| @ llo= sup,.,.; Il @(t) Il fora ¢ € C([a, b].R").

2.1. Model description
Consider the following model of BAM-Cohen-Grossberg neural networks with delays

x{(6) = @, (x,(6) |[-5.0,(x(0 )+Z (r))+z byf; (3t — 9,()) + 1| € [
Yo

t) = JB_;' [}’}'(tj) —p;Y; [}’j(tj) +Z Ci (x; () +Z dj:‘ﬂ':‘ [xi(t - T Etj)) +J;|.J € [m]

where 1, m are the number of neurons in X-layer and Y-layer, respectively. x;(t) and

v;(t) represent the state variables of the i th neuron field Fy and j th neuron field F; a; (x;)
and ;(y;) are neural amplification functions, @;(x,).w;(v;) are nonlinear decay rate
functions and §; = 0, p; > 0 are self-inhibition coefficients. For linear decay rate functions
(i.e. ¢;(x,)=x, and W, [}r}-) = }r}.),ﬂi and p; are the rates at which i th and j th neurons will

reset their potential to the resting state in isolation when disconnected from the network and
external inputs. In system (7), f;,g; are neuron activation functions and

b, c..d;

ijr Mg Syt
connectivity between cell j th in F, and cell i th in Fy.1; and J; are external inputs to the i th

i € [n].j € [m], are connection weights which represent the strengths of

neuron and j th neuron, respectively. :(t) and o j(t) denote the communication delays
between neurons which satisfy
0=r() =7, 0=g(t) =7 (8)
where T and @ are known positive constants. Initial conditions associated with system
(7) are specified as follows
x(ty+8) = x°(8). € [-T.0], y(t, +6) =y°(6).6 € [-5,0] (9)
where x? € C([—%, 0], k") and ¥° € C([—&, 0], R™) are initial functions.
We denote the matrices
a(x) = diag{a, (x,), .., @, (x, )} B(¥) = diag{B,(¥.), ... B ()} ,
Ds = diag{6,,...,8,},D, = diag{p,, ...pn 1 4 = (a;;), B = (b;;) ER™™,C = (c;),D =
(d;;) € ™™ and the vectors I = () € R",J = (J;) € R™. Then, system (7) can be written
in the following form
{X’(t) = a(x())[-Ds2(x(t)) + Af (v(1)) + Bf (v(t— (1)) +1]
V'(8) = B (D) [-D,¥ (v(1) + Co(x(2)) + Dy (x(t —7(£))) +J]

where the vector-valued amplification functions, decay rates, and activation functions
are given by

(10)
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@ (x(t)) = vec(p, (x,(£) ) ¥ (¥(1)) = vec (v;(3,(9)))

) = vee(£,(7,)) f 0t = o)) = vee(£; (3,(t - o, (®)))

g (x()) = vec(g, (x,(£)) ) g (x(t — 7(£))) = vec (g,(x,(t — 7,(1))))

2.2 Preliminaries

Let T be the set of continuous functions ¢: R — R that satisfies ¢(0) = 0 and there
exist positive scalars ¢, ¢, such that

P —e)

< ¢ (11)

Co @

for all u,v € K,u # v. Clearly, the function class T includes all linear functions,
@(u) = c, u, where ¢, is some positive scalar. For system (7), we make the following
assumptions.

(AL) a;( . )andf;( . ]a,recontirmousmtdthereexistsca!arsgi,cii,Ej,ﬁT}- such that
O<a <ea(u)=d,0<p <) <h.
(A2) The decay rate functions ¢;(.)andy; (.)belongtothefunctionclassD.

(A3) Neuron activation functions f;().. g;(.)arecontinuous, f;(0) = 0,g,(0) =0,

and there exist positive constants Lj: , LY such that

0< LW s

D{ﬂ:‘(”) —g:(
u—v 1 - u—v

vji}.’f

foru,v e Bu = v,

Remark 2.1. It follows from condition (11) that any function ¢ € D is continuous and
strictly increasing. Thus, there exists continuous inverse function ¢~* of ¢. Moreover, ¢~*
also belongs to D with ¢ -: = ¢, and é,-: = ¢ *.

The following result will be useful for our later derivation.

Proposition 2.1. With the assumptions (Al)-(A3), for any initial condition defined by
x" € C([-%,0].k") and ¥" € C([—&,0],R™), system (7) possesses at least a solution

x(t) = vec(x(t),¥(t)) on [t,. o), which is absolutely continuous in t.
Let x(t) = vec{x(t),¥(t)) be a solution of system (10). If the trajectory of x(t) is
confined within the first orthant, that is, ¥(t) € RZ*™ for all t = t,, then ¥(t) is said to be a

positive solution of (10). We define the following admissible set of initial conditions for
system (10)

A= {gb = FD] .x°(&) = 0,¢ € [-7,0],y°(6) = 0,6 € [-5, n]} (12)

V]
y
Definition 2.1. System (10) is said to be positive if for any initial function ¢ € -4 and

nonnegative  input  vector wvec(l,J) € RT*™  the corresponding  solution
x(t) = vec(x(t),y(t)) of (10) is positive.
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Definition 2.2. For given input vectors I € R" and feR™ , a vector
¥t =vec(x*,y*) E R"™™  where x* € E” and y¥* € R™, is said to be an equilibrium point
(EP) of system (10) if it satisfies the following algebraic system

—Ds;@(x") +(A+B)f(y")+1=0
{—Dﬁ(}r*)+(6+ﬂjg(xﬂ+1= 0 (13)

Moreover, x* is a positive equilibrium point if it is an equilibrium point and y* = 0.

Definition 2.3. A positive EP y* = vec(x*,¥") of system (10) is said to be globally
exponentially stable (GES) if there exist positive scalars ¥ and A such that any solution

x(t) =vec(x(t),¥(t)) of (10) with initial condition (9) satisfies the following inequality

Iy (t) — x*Il < xllgp —x° ||ce""1':r"rnj, t=t,

2.3 Auxiliary results

A point x € X is said to be a fixed point of the mapping f: X — X if it is unchanged
under the effect of f (i.e. f(x) = x). The following result is a form of Brouwer fixed point
theorem [34].

Proposition 2.2. Suppose that M is a nonempty, convex and compact subset of E" and
that f: M — M is a continuous mapping. Then, f possesses at least a fixed point in M.

We recall here some properties of nonsingular M-matrix [35]. A matrix
A= [ai}-) € R"*" is an M-matrix if it can be expressed in the form 4 = sI, — B, where
B = [bi}.) = 0and s = p(B), the largest absolute value of eigenvalues of B (also known as
the spectral radius of B ). In the aforementioned expression, 4 is nonsingular M-matrix if and
only if s = p(B). The following proposition summarizes widely used properties of
nonsingular M-matrix.

Proposition 2.3. Let 4 E """ be an M -matrix. The following statements are
equivalent.

(i) A is a nonsingular M-matrix.

(ii) All principal minors of A are positive.

(iii) A is inverse-positive, that is, the inverse 4~ exists and A™* = 0.

(iv) There exists a vector { € R",{ = 0, such that A{ = 0.

It follows from Proposition 2.3 that if K = (k;;) € R™" is a nonnegative matrix

whose spectral radius satisfies p(K) < 1, then (I, —K)™' = 0 and there exists a positive
vector ¢ = () such that (I, — K){ = 0. Therefore,

Y kg < iem)
=1

3 Main results

3.1 Positive solutions of BAM-Cohen-Grossberg neural networks with time-
varying delays
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In this section, we will prove that, under assumptions (A1)-(A3), any solution of system
(10) with nonnegative initial states is positive provided that the weighted coefficients are
nonnegative. First, by extending Lemma 1 in [32], we obtain the following auxiliary result.

Lemma 3.1. Let ¢ €D and a« be a continuous function such that
0 < a(x) < a x € R, where @ is a positive constant. Consider the following problem
x'(t) = —a(x(D)e(x(t)) + w(t), t =t (14)
x(ty) = x, (14)
where w(t) is a continuous function on [ty o). If w(t) =0 fort = t, and x, = 0,
then it holds that x(t) = 0 for t = t,.
The positivity of BAM-Cohen-Grossberg neural networks model (10) is presented in
the following theorem.
Theorem 3.1. Let assumptions (A1)-(A3) hold and assume that the augmented matrix
M e [‘4_
c
described by system (10) is positive. Specifically, for any initial condition ¢ € <4 and
nonnegative input vector J = vec(l,J) € R"*™,1 > 0,] = 0, the corresponding solution
satisfies y(t) = (x(t), v(t)) = 0forall t = t,.

DB-] IS nonnegative, M = 0. Then, the BAM-CG neural networks model

3.2 Positive equilibria

In this section, by utilizing the Brouwer's fixed point theorem, we derive conditions by
which model (10) possesses at least one positive EP for a given input vector
J=vec(l,]) ERI™ . First, it can be verified from (13) that a vector

' =wvec(x*,¥*) € R™™™ isan EP of system (10) if and only if it satisfies the algebraic system

{Dgltm +B)f() +1) = 9 (x) s
DH((C+D)g(x) +]) =¥(v")
Revealed by system (15), we define a mapping ' : R**™ — R"*™ py

e _[27HDF (A4 B)f(3) + 1)

o [‘P‘i[ﬂ,;l((t? +D)g(x)+ 1)) 1)

where y = vec(x,v),x € R" and y € R™. The mapping # define by (16) can be
written in terms of componentwise as
H[:Xj = [hl(}rj -IL”[:}F] E’l[x] Em[x]]_

where

L =1

. 1 T
h(yv)=eo 5—(2 f_ai}. + bi}.))‘f}.(}rj) +1. | |.i€[n]

E}'(Ij = '1'!’_:'_1 (Jﬂi(z (C.:"i + d}'t’)gi (x:) +f}') J € [m]

and @; *().-1;* (.) denote the inverse functions of @ (.)andy(.), respectively.
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In regards to equations (15) and (16), a vector y* € R™ ™ js an EP of system (10) if
and only if it is a fixed point of the mapping 7, that is, H (x*) = x*. Based on the Brouwer's
fixed point theorem, we have the following result.

Theorem 3.2. Let assumptions (A1)-(A3) hold and assume that

0 A
P A = 1’ A= |: nxn 1 :| 17
( ) ﬁf umx:n ( )

where the matrices A, = (A}, ) € R™™, A, = (A5;) € R™"" are defined by entries

1 1
Ay; 52_(7@[ [|ﬂ':}| + |bz}|)£’;’ A p;;

(sl + |y L5, & € [m),j € [m]

Then, system (10) has at least one EP for a given input vector J = vec(l,J) € R**™

Remark 3.1. According to assumption (A3), and similar to the proof of Theorem 3.2, it
can be seen that if

M=[éq— DB—]Eﬂand,j=U]iﬂ

then we have

m

1
u, & 3 Z [Zaz-}- + bi}-)}ﬂ-(}rj) + I, | = 0,i € [n]

3 _J=J.

and
l n

i'.J}- L p_ (Z (C}'i + d}'i)-gi (xij +J|r_;|) = 01‘.} € []‘?’1]
I \=

Therefore, h,(v) =@ (u;) = 0,h;(x) =y¢; (y;) =0, for xER"x= 0, and
y €ER™,y =0, Thus, 7 (x) = 0 for any y € RT™™, Consequently, 7 (RZ*™) c RT*™. This
shows that H: B, = B_, where B, = B n RT™™ Since

B, = {X ER™™.0 < y < [Vl]}

Vo
is also a convex compact subset of "™ by the Brouwer's fixed point theorem [34],
the mapping H possesses at least a fixed point ¥ € B., which is a positive EP of system
(10). We summarize this result in the following corollary.

Corollary 3.1. Let assumptions (Al)-(A3) hold. Assume that the matrix
A

ot
input vector J = vec(I,]), system (10) has at least a positive EPy* € R} ™,

M = [ DB-] IS nonnegative and condition (17) is satisfied. Then, for a given nonnegative

Remark 3.2. Let £ = EZI :;] be a block matrix of appropriate dimension. If the

matrix W is nonsingular, that is, there exists inverse matrix W™*, then we have

A IR B 2

Similarly, if U is a nonsingular matrix, then we have
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[—z:‘r:ri ?][g LL;]:[E w_gy—iv] (19)

Thus, it follows from Schur complement identities (18) and (19) that
det(X) = det(U)det(W — ZU V) and  det(X) = det(U — VW™ 1Z)det(W) for

nonsingular matrices U and W, respectively.

Remark 3.3. Let & = Ay A, = (A&;;) € R™*", where

m

1
§ (lagel + b D(Jey;] + |dis )5 L2,5,5 € []
 PiCyy

k=1

— 1
Ay

9 Coi

By the Schur identities, we have
.-:qu _ﬁ1:|

det(AI A, AL

n+m

—A)= det[
= A"d ‘t(.l[ lﬁ)
- e n 1

for any A € C, 2 = 0. Therefore, € a(A) \ {0} if and only if u = A* € g(A)\ {0}
and, consequently, p(A) < 1 if and only if o(&) < 1. By this, condition (17) holds if and only
if p(A) < 1. Similarly, we can also conclude that condition (17) holds if and only if
p(R) < 1, where & = A, = (A;;) € ™™ and

n
_ 1 1 ;o
ﬁi}. Bl P:‘C?IJ[ZI '5:'5'1.9: (lc“| - |d“|)[|a:j| * |bt}.|)L?L}"I’j = [m']

3.3 Exponential stability of positive equilibrium point

In this section, we focus on the exponential stability of positive EP of system (10). By
utilizing novel comparison techniques via differential-integral inequalities, explicit conditions
are derived in terms of tractable LP conditions, which can be effectively solved by various
convex optimization algorithms. For convenience, we denote the following notations

Ty = @i, sp; = BB

; .. .
fJ_-?. = 52:-; [ﬂ’i_;u' + b:-j-)f.._‘:, ;K‘l = ['IC:J_-;I) (= R?!x:n’
Sp.
k_;;i — Bj (C}.i + d}'i)L?r j{‘: = [:k}fi) c Rmx:z!
PiCy;

M = 3,3, = (my,), M = 3,5, = (fy),

™

Ta; “B; .
My = 5 Z o, [ai}- + bi}-)[c}-k + d}-k)LﬁLi,z,k € [n],

Theorem 3.3. Let assumption (A1)-(A3) hold. Assume that the matrix 7 = (‘;1_ DB_]

IS nonnegative and one of the following LP conditions is satisfied:
(i) There exists a vector & € B*, & = (&) = 0, such that

m n

Sp.
Z p-cJ .(a‘?" * b"}')Lj:Z (e + dye L3 <

j=1 Wi k=1

d;c,.
ey e ol (22)

Ll
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(ii) There exists a vector 7 € R™,n = (1,) = 0, such that

0:Co; B

n ™

T, PiCu.
Z - (cjz’ + djz‘)‘!‘giz (a; + bz‘:)L{TF: < n;.J € [m] (23)
i=1 1=1

Then, for any nonnegative input vector J = vec(Z,J) € RZ*™  system (10) has a unicue
positive EPy* € RL™™ which is GES for any delays T, (t),;(t) subject to condition (8).

Remark 3.4. The result of Theorem 3.3 encompasses the results of Theorem 1 in [21]
and Theorem 3 in [32] as some special cases. More specifically, since BAM-CG neural

networks described by system (10) include both BAM neural networks and Hopfield neural
networks, the obtained results in [21,32] can be revoked by significantly simplifying the

derivation process of Theorem 3.3.

Remark 3.5. System (7) can be regarded as a type of nonlinear functional differential
equations. In this regard, certain aspects of the comparison principle are effective and widely
used to derive domination property of solutions [36,37]. However, different from existing

results developed for abstract nonlinear systems, e.g., in [36,37], it is more challenging to

derive both the existence and exponential convergence of positive equilibrium for positive
nonlinear systems in the structure of neural networks with delays.

4 Simulations

1 T T =
_;'; E=
e
7 7
T — — —6_=1.25
i g9
051 7| == 6, =15 |[]
= ’
B 1—exp ( Vi ) 7
[ . i
E g’L (xl ) - 1 ( €Ty )
% o I +exp ‘9',(-] ]
=
=3 /
q) (7
(= 4./ 1—exp (— (:—}
-0.5 | //' f( ) — J n
- 7 y] Y
/'/// 1+exp (— 9/} )
s J
.
— ﬁ‘/
_1 — - — 1
-10 -5 neural state 5 10

Fig. 1: Behavior of neural activation functions

Consider a cooperative-type BAM-CG neural networks model described by system (7)
with Boltzmann sigmoid activation functions
1—exp (— g})

V.
1 —exp (— —%)
_ 6,
1+ exp (— EI'E}L)

f}' [}Fj) - N
1+exp (—E})
where E}f > 0and 87 = 0 are weighted coefficients. An example of neuron activation

i=123,j=12 (24)

rgi(xijz

functions is represented in Fig. 1. The neural amplification and decay rate functions are given by
a;(x;) = 1+ 0.25c0s(0.5x,), B;(y;) = 1 + 0.25|sin(0.5y;)| (25)
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and
;(x;) = 2x; +sin(0.25x,), ¥;(y;) = 2y, — sin*(0.25y;) (26)

respectively. It is clear that assumptions (A1)-(A2) are fulfilled, where a; = 0.75,5; = 1,

@ = ﬁ} = 1.25,¢c, = Cy; = 1.75and &, = E%__ = 2.25. In addition, since

V.

exp —L-}—

2 5‘}.
7 :

fi [}’j) = E?_ ;>0
7 V-
1+ exp (— E-}—)
.
and
5 1
sup —— = —

FE(Qoa) (1 + S]: B 4

it can be verified that assumption (A3) is satisfied with L7 = % and ¢ = —. For
F- J_- - I.

illustrative purpose, the system parameters are specified as follows
F_ _ _ _ _ _
8; =15, 67 =1.25,D; =61, D, = pL,,§ = 1.52,p = 1.66,

225 116 0.52 114
A=1095 131|, B=|148 092],
1.12 1.56 0.64 0.8

C:[EI.E:I] 1.28 1.32] :[1.15 0.58 III.?Z]
1.16 0.47 0.851° 054 1.32 092

Then, we have

0.5785 0.4804
X, =

0.5075 0.455?]’35::[0-3012 0.3201 0.3511]

03676 05096 0.2926 03081 03046

0.3148 0.3332 0.3495
M=%, =|02891 03060 03201
0.2598 0.2747 0.2843

Since

4.4120 3.6098 3.7689
(I, —M)™' =13.1311 43126 3.4577|=0
2.8035 29657 4.0927

by Proposition 2.3, I; — M is a nonsingular M-matrix. Thus, the LP-based condition (22)
is feasible. By Theorem 3.3, for a given input vector J = vec(l,]), where I € R} and ] € R3,
system (10) has a unique positive EP ¥* which is GES for any bounded time-varying delays.

For J = (0.5,2.0,1.5,3.0,2.5)7 , by solving system (13) with Matlab Symbolic
Toolbox, we obtain y* = (0.9573,1.3551,1.1252,1.7193,1.4986)". A simulation result of
20 sample state trajectories for the delays ;(t) = 4[sin(100wt)| and o;(t) = 5|cos(10mt)|

is portrayed in Fig. 2. The corresponding phase diagram is also presented in Fig. 3. Clearly,
the conducted state trajectories of the system are positive and converge to the unique positive
EPy*, which validates the obtained theoretical results.
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Fig. 2: Convergence of state trajectories to the positive EP y* with the input vector
J =(0.5,2.0,1.5,3.0,2.5)" and delays 7,(t) = 4|sin(10mt)|, o;(t) = 3|cos(10mt)|

5. Concluding remarks

The problem of exponential stability of positive nonlinear systems representing BAM-
CohenGrossberg neural networks with time-varying delays has been investigated in this
paper. A novel approach based on comparison techniques via differential-integral inequalities
has been presented. By utilizing the proposed method and the theory of M-matrix, the
existence and exponential stability conditions of a positive equilibrium have been derived in
term of tractable LP conditions, which can be effectively solved by various convex
algorithms. A numerical example with simulations has been presented to demonstrate the
effectiveness of the obtained theoretical results.

The results presented in this paper can be regarded as some extensions of existing ones
in the literature [21,32,38]. However, it seems that the obtained results cannot be simply

extended to certain models of BAM-Hopfield or BAM-CG inertial neural networks with
delays. How to extend the proposed method in this paper to nonlinear systems involving
BAM-CGinertial neural networks proves to be an interesting and challenging issue. This will
be further investigated in future works.

1 1 .25 Vi, 1T.5 17719 =

() zra > 2=

Fig. 3: Convergence of state trajectories to the positive EP x* in phase space
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KHAI THAC MQT SO YEU TO LICH SU TOAN HQC
TRONG DAY HQC MON TOAN O TRUONG PHO THONG

TS. Nguyén Thi Thu Ha !
1Ph6 Hiéu trudng Truong Pai hoc Hai Duong
Email:uhdhanguyenthu76.edu@gmail.com

Pit vin dé

Toan hoc (TH) 1a mdn hoc c6 vai trd quan trong trong chuong trinh gido duc phé théng,
gilp hoc sinh phat trién nang lyc va pham chét tri tug, rén luyén tu duy trira twong, tu duy chinh
X&c, hop logic, cling nhu phuong phap khoa hoc trong suy luan va hoc tap. Tuy nhién, day cling
Ia m6n hoc mang tinh triru twong cao va kha khd khan. Nhiém vu cta gido vién day toan la lam
cho gio giang thém sinh dong, thu hit su chd y va kich thich nhu cau kham phé tri thirc cua hoc
sinh. Bé thuc hién diéu ndy, khi giang day ting van d& cu thé, gi4o vién c6 thé danh mot vai
phut dé giai thiéu vé lich sir cua van dé va cac nha toan hoc lién quan.

Lich sir toan hoc (TH) Ia khoa hoc vé cac quy luat khach quan cua su phat trién toan
hoc TH: xac dinh rd cac phuong phap, cac khai niém, tu twong, ly thuyét TH khac nhau da
dugc phat sinh, hinh thanh nhu thé ndo trong lich sir; nghién ctu phat hién cac méi lién hé
gitta TH vai nhu cau va hoat dong thuc tién cia con ngudi; voi sy phét trién cua cac khoa hoc
khac;... Mdi kién thae TH déu mang nhitng yéu t6 lich sir vé ngudn goc phat sinh, phat trién,
nhu cu phat sinh, ngudi phat minh, ...

Tuy nhién, thuc trang day hoc toan & trudong pho théng hién nay cho thiy cac gido
vién it quan tam dén khia canh nay. Kién thirc cua giao vién pho thong vé van dé nay con han
ché; ho chua c6 co hoi tiép can, nghién cau, hay tim hiéu sau vé lich st toan hoc, mic du day
la mot khia canh quan trong ddi véi ngudoi hoc, giang day, va nghién ciu toan hoc.

Nghién ciru quan tam dén 3 van dé: Vai trd cua khai thac tri thic lich sir toan trong qua
trinh day hoc toan & truong phd théng; Thuc trang viéc khai théc lich sa TH trong day hoc
moén Toan & mot sb truong phd thong trén dia ban thanh phé Hai Duong va mot sé giai phap
khai théc lich st toan hoc trong day hoc mén Toéan & truong pho thong.

2. N9i dung nghién ciu

2.1. Vai tro cia khai thac tri thic lich sir todn trong qué trinh day hec toan &
truong pho thong

2.1.1. Péi véi giéo vién

Ddi véi nguoi 1am cdng tac giang day, viéc hiéu rd cac su kién lich sir co ban cua bd
moén minh giang day, hiéu rd cac quy luat phét trién cua khoa hoc lién quan dén bo mén Ia rat
can thiét.

MGi chiing ta khi doc mét tai liéu vé TH déu thay thich thi v6i nhitng nét phéc hoa vé lich
sir phét trién ciia van dé, vé nhiing ung dung cia nd vao viéc giai quyét cac bai toan duoc dat ra
trudc xa hoi loai ngudi, vé ¥ nghia ctia nhitng van dé trong thuc tién doi song ddi véi su phét trién
ctia TH. Va chiing ta da biét rang cac bai toan ma nguoi xua di giai hang trim nim trude ddy ciing
| nhitng bai toan rat 1y thii d6i voi HS.

Thay gido day toan can biét duoc cac van dé nhu: con ngudi da lao dong nhu thé nao
dé sang tao ra cac khai niém TH? Céc hinh anh cu thé truc quan I can thiét nhu thé ndo trong
cac bude dau tién? Cac ly thuyét TH triru twong va cac chung minh chat ché da duoc xay
dung va tich luy nhu thé nao?... Lich st TH cho ta thdy mot cach sau sic nhitng kho khan dic
biét ma loai ngudi di phai vuot qua trong qué trinh phat trién TH.
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Lich sa TH c6 thé gitp cho thay gi4o toan trong qué trinh day hoc 1a bién toan hoc
thanh mot mon hoc hip dan, 16i cudn ddi vai HS, 1am cho céc gio hoc toan khong phai 13 mot
ganh nang d6i véi HS, ma 1a mot ngudn vui, mot cai gi dep d&, co thé gidp ich cho HS trong
cudc sbng, trong cong tac sau nay.

Dé gilp HS hiéu rd lich sir toan, ngudi GV c6 thé tich hop vao céc bai giang cua minh
loi gigi thiéu ngan gon, dang lac nhitng nét lich st cua van dé, 1am cho gio hoc thém sinh
dong. Cac budi noi chuyén vé lich sir TH - lich sir phat minh, tiéu s cac nha TH 16n s& ¢6 tac
dung trong viéc khéu goi kha ning sang tao cua HS, dong vién ho, gitp ho cang cé ong tin &
ban than minh.

Vi vay, viéc tim hiéu cac kién thirc vé lich sir toan ndi chung va lich sir cia van dé c6
lién quan dén chuong trinh toan THPT néi riéng 1a mot trong nhirng nhiém vu tu hoc, tu boi
dudng caa mot nguoi GV toan

2.1.2. Péi véi hec sinh phé théng

Trong qué trinh hoc toan, khi tiép can vai cac phan kién thuc toan, hau hét hoc sinh
déu ¢ thé bi dong, HS nam bat van dé mot cach thu dong, may méc ma cé thé khéng biét
duoc ban chat caa van dé, ngudn goc cua van dé dé xuét phét tir dau, khi nao va GV chi yéu
cau HS nam duoc kién thie, khai niém dé giai quyét nhitng bai toan cu thé c6 lién quan.

Vi du: Trong chuong trinh hinh hoc 16p 8, HS phai cdng nhan va thugc cong thic tinh
chu vi duong tron C = 2aR, ¢6ng thic tinh dién tich hinh tron: S = a1R* ma khong can biét
lich sir s6 1. Néu HS co thiac mac thi rat it thay cd giao co thé giai thich duoc. Dén khi HS
hoc dai s6 16p 10, HS dugc 1am quen véi khai niém méi vé sé do goc va cung luong giac la
radian, cong thirc d6i s6 do tir 46 sang radian va nguoc lai. Khi dan dit HS dén cong thirc nay,
GV phai st dung dén cong thirc tinh chu vi dudng tron C = 2aR. Tir cdng thic nay, HS ¢6 thé
d6i s6 do ctia mot goc tir do sang radian, tir radian sang d6 nhung cac em ciing khong biét
duoc ngudn goc cua s 1 Xuat phat tir dau.

Khi hoc vé lugng giac, ngoai nhiing chi dan trong séch gido khoa, néu dugc bo sung
thém céac kién thuc veé lich sir ciia van dé, HS sé& thay rd rang luong giac xuat phat tir nhu cau
cua thyc té va nhitng kién thirc d6 duoc sir dung dé tinh toan trong cac nganh thién van, vat
ly, ky thuat,... qua d6 nay sinh dong co hoc tap cho HS. Nha nhiing kién thirc vé lich sir toan,
HS thay rang TH phat sinh va phat trién do nhu cau thyc té caa con ngudi. Thuc té cho thay
c6 mot s6 HS da 4o tuong cho rang TH 1a doc 1ap véi thyc tai, khong lién hé gi véi thuc té.
Nhu vay, kién thirc vé lich sir TH rat quan trong, khi nim dwoc ngudn gbc xuét phat nhiing
kién thirc, cac em sé& hiéu rang: TH ludn ludn xuat phat tir thuc té, doi séng caa con nguoi va
né quay tro lai phuc vu cudc séng cua con ngudi va TH rat gan giii véi thuc té chir nd khdng
xa roi thuc té nhu chung ta van lam tuong.

2.2. Thuc trang viéc khai thac lich sir todn hoc trong day hoc mén Toan ¢ trwong
phé théng trén dia ban thanh phé Hai Dwong

TH 1a mot mén khoa hoc co ban, nhiém vu cia ngudi GV 1a truyén thu kién thic cho
HS, HS tiép nhan kién thuc, bién kién thirc cia nhan loai thanh kién thirc cua minh. Rét it khi
HS thac mic rang kién thuc ndy xuat phét tir dau, khi nao. Con nguoi GV thuc sy ciing it khi
quan tam dén lich st caa van d&, néu co ciing chi tim hiéu qua nhitng chi dan trong SGK. Do
khuén khé SGK c6 han nén nhitng chi dan trong SGK khdng c6 nhiéu va ciing chwa thuc su
day du ca vé chat 1an vé luong, hau nhu 13 chi néu I&n cht chua néi ré duoc tir diém xuat phat
cho dén sy phat trién cua van dé. Néu mubn quan tdm hay tim hiéu vé lich st toan ciing gap
kho khian trong van dé tai liéu tham khao, hién nay trong cac hiéu sach rat it sach vé lich sir
toan, tim kiém théng tin trén mang thi khong day du, hoac 1 tiéng nuéc ngoai. Con mét ly do
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rat quan trong dan dén viéc day noi dung lich sir toan chua dwoc quan tdm nhiéu trong truong
Phé thong d6 1a thoi lugng trong phan phédi chuong trinh cia B6 GD&DT chi vira di tham chi
1a chwa du dé GV truyén thu kién thuc, t6 chic cac hoat dong cho HS. Vi thé, GV hau nhu
khong c6 thoi gian dé cho HS tim hiéu vé lich str toan trong cac gid hoc.

Dé ¢ thém thong tin, chung toi da tién hanh tham do y kién ciia mot s GV day mon
Toan ctia mot sb truong phd thong trén dia ban thanh phd Hai Duong vé viéc day lich sir toén
trong nha trudng Pho thong va hiéu biét cua HS vé mot s kién thac lich st TH. Tir két qua
tham do, chiing t6i nhan thay:

Hau hét HS khong quan tam (65%) dén lich st TH. Mac di cac em thay rd rang lich
sir TH rat quan trong (45%) d6i voi ngudi hoc toan. Céc thiy cd gido c6 yéu cau HS vé nha
doc chi dan lich sir trong SGK nhung rét it.

Trong cac gio toan, cac thiy co khong thuong xuyén danh thoi gian dé gioi thiéu vé
lich sir cia van dé ma minh dang giang day.

Déi véi nhitng cau hoi vé lich st toén, ti 1¢ tra loi dung ctia HS rat it, mac di nhiing cau
hoi ndy rat don gian va c6 noi dung nam trong cac chi dan lich sir cia SGK.

Qua d6 cho thdy GV toan ¢ truong phd théng hién nay tuy c6 quan tdm dén viéc
truyén thu tri thic vé lich sir toan cho HS nhung rat it, thuong bo qua hoic chi don thuan la
din HS vé nha tu doc, tu tim hiéu, rat it khi danh thoi gian trén 16p dé néi vé lich sir cua van
dé ma HS dang hoc. V& nguyén nhan, c6 thé do diéu kién khach quan tac dong nhu nodi dung
chuong trinh kha nang, khudn kho SGK c¢6 han, ¢ thé do nguyén nhan chi quan nhu nguoi
GV chua thyc su thdy dugc tam quan trong cua lich sir toan, chua c6 ¥ thic tu hoc, tu boi
dudng kién thirc vé& van dé nay; Viéc doi mai SGK va doi méi kiém tra danh gia chua dong
bo; Viéc d6i mai PPDH & mot bo phan GV con hinh thie, chwa hiéu qua, chua phat huy dugc
tinh ty gi4c, sang tao, tinh than ty hoc, tu tim hiéu caa HS.

Vé nguyén nhan, y kién cac GV cho rang:

- Do khéng c0 thoi gian: 25%

- Do khong ¢6 tu liéu: 30%

- Do chua biét cach: 60%

Vi thé nén chlng ta can phai trang bi tri thirc lich sir toan cho GV va tich hop tri thic
lich sir todn vao cac gio day toan va cac hoat dong khac.

2.3. Mt sb giai phap khai thac lich sir toan hec trong day hoc mén Toan ¢ truwong
phé thong

2.3.1. Cung cdp nguén tai liéu va dwa vao ndi dung sinh hogt té chuyén mon

Trudc hét, GV phai doc ki cac chi dan lich sir, cac bai doc thém trong SGK, ngoai ra cac
thay cd cd thé tim hiéu thém trong cac tai liéu, cac sach tham khao, tim kiém théng tin trén mang
dé mo rong thém vé nhitng van dé do. Mdi nguoi GV ngoai viéc cap nhat thong tin, st dung
thanh thao may tinh dé phuc vu cho viéc giang day, trau ddi kién thirc con co thé khai thac thong
tin trén Internet kién thtrc vé lich sir ton hoc, str dung phan mém h trg cho viéc giang day.

Thong thuong céc bai chi dan lich sir hay cac bai doc thém trong SGK rét ngin gon,
chua ddy du thong tin, chwa no6i rd hét dwoc ngudn goc va su phat trién cua vain dé. Nguoi GV
phai c6 nhiém vu tim hiéu thong tin dé 1am sang to nhitng diéu do.

Pong thai, trong nhiém vu cua ndm hoc, hang tuan GV phai sinh hoat t6 chuyén mén,
ngoai viéc té chirc dy gio, thim 16p, trao dbi kinh nghiém, danh gia 1an nhau, cac GV ciing c6
thé trao doi, hoc hoi 13n nhau dé c6 thém kién thuc vé lich st TH, vé lich st van d& ma minh
dang giang day.
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MJ3i mét thang danh mét budi sinh hoat to chuy&n mén vé chu dé lich sir TH. T6 truong
can cu vao tién do thuc hién chuong trinh, giao cho GV chuén bi. Tai mdi budi sinh hoat t6
chuyén mén, GV trao ddi vé cac ndi dung lich sir ton sé& c¢6 trong chuong trinh giang day trong
nhiing tuan ké tiép. Chia t6 thanh cac nhdm: Nhom GV giang day toan I6p nao thi cé nhiém vu
tim hiéu V& lich st vin dé hay cac nha TH c6 lién quan dén cac van dé toan cua chuong trinh
I6p d6. Trong budi sinh hoat t& chuy@n mén vé lich st TH, cac GV c6 thé thao luan, dé cap dén
lich str cua cac vin d& TH ma cac GV dang giang day trong ting thang tir I6p 10 d&én 16p 12 va
cung cép cac tu liéu dé dan dan xay dung thanh ngan hang théng tin dung cho ca to.

2.3.2. Djng vién gido vién ding ki dé tai, tim hiéu swu tam vé tri thitc lich sir toan
c6 lien quan dén chwong trinh todn phé thong.

Vao dau nam hoc, cac GV trong té toan ding ky dé tai, sang kién kinh nghiém vé viéc
swu tam kién thic lich sir toan c6 lién quan dén chuong trinh toan phd théng hoic céc giai
phap truyén thu tri thic lich str toan cho HS, cudi nim nghiém thu dé tai. Khac véi viéc trao
d6i ¢ t6 chuyén mon, dé 1a cac dé tai vé lich sur toan lién quan dén chuong trinh, SGK toan
pho thong doi hoi GV phai c6 mot qué trinh 1am viéc nghiém tuc, khoa hoc.

Két qua cua dé tai sé l1a cac béo cdo tri thirc lich st toan mot cach hé thong, day du voi
luong thong tin phong phu, da dang khéng chi van ban ma 1a ca cac tranh anh vé cac nha toan
hoc. Pay s& 12 tai liéu bo ich khong chi cho ca nhan ma cho cac ddng nghiép, hd trg nguon tai
liéu cho giai phéap 1.

2.3.3. Long ghép tri thirc lich si toan vao céc gior hec toan trén lép

Nhu trong phan thuc trang day hoc lich st toan & truong Pho thong da néu, thoi luong
ma phan phdi chuong trinh ciia B dd dua ra chi du dé GV truyén thu kién thic, to chic cac
hoat dong nham cing cé kién thac, rén luyén ky ning cho ho sinh, tham chi con bi thiéu thoi
gian dbi véi nhitng 16p ma trinh d6 caa HS chua cao, tinh tich cuc cua HS chua dugc phat
huy. Nhung néu nguoi GV thuc sy quan tdm va hiéu rd dugc vai tro cua lich sir toan déi Véi
ngudi hoc toan thi van c6 thé danh mot chit thoi gian dé noi vé lich sir van d& ma minh chuan
bi day. Hozc trong khi giang day mot van dé nao do, ngudi GV c¢6 thé két hop gidi thigu vé
lich str ra doi va su phat trién cua van dé ma HS dang duoc hoc. Trong mdi phan day, GV yéu
cau HS doc van tit chi dan lich sir trong SGK, ngoai ra, ngudi GV ciing can phai tim hiéu ky
vé van dé do dé bd sung thém kién thirc cho HS ngoai nhitng diéu ma SGK di néu.

Vi du nhu HS d3 dugc 1am quen véi sé © & THCS khi cac em hoc cdng thie tinh chu
vi va dién tich hinh tron, 1&n 16p 10 cac em lai gap lai s6 = trong nhiéu phan kién thic ca dai
Idn hinh, cac em cdng nhan va sir dung né mot cach may moc ma khong hiéu dugc nguon
géc, lich sir ra doi va su phat trién cta sé © . Khéi niém sé © c6 xuat phat tir thuc té doi song
hay khong? N6 ra doi khi ndo? cach tinh s6 © nhu thé nao? C6 ung dung trong thuc té nhu thé
nao? Ngudi GV c6 thé tranh tha thoi gian gidi thiéu vé sb ©t, su ra doi va phat trién cua s6 ,
nguoi GV 6 thé tra 11 duoc tat ca cac cau hoi d6 trén co so da tim hiéu vé sé 7.

2.3.4. Té chirc cac hoat déng ngogi khoa toan hoc, cdc tro choi cho hoc sinh trong
nhéng hoat dgng ngoai gio' 1én lép

Hoat dong gidao duc ngoai gio Ién 16p 1a mot bo phan cua qué trinh gido duc & nha
truong THPT, gop phan vao nhiém vu ddi méi chuong trinh va thuc hién chi chuong “xay
dung nha truong than thién, hoc sinh tich cuc” ctia bo gido duc. Do la nhitng hoat dong giao
duc duoc t6 chirc ngoai gio hoc trén Iép, do 1a su tiép ndi, bd sung, hd tro, hoat dong day hoc
trén 16p, 1a con duong gan ly thuyét voi thuc tién, tao nén su théng nhat gitta nhan thac va
hanh dong, gép phan hinh thanh tinh cam, niém tin dang din cua HS. Viéc té chic cac hoat
dong ngoai khoa TH ciing khong ndm ngoai muc dich d6. Hon nita, hoat dong nay gidp cho
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cac em c6 thém kién thuc vé toan hoc ndi chung va vé lich sir toan noi riéng, gidp cho cac em
thém yéu mon toan hon, tao hung thd trong cac gio hoc toan.

Vé céc cong tac ngoai khoa vé TH néi riéng, viéc giang day TH trong noi khoa can
duoc bd sung bang céc hinh thie cong tc ngoai khéa nham cac muyc dich cha yéu sau day.

+ Tang cuong cho HS 1ong ham thich, hao hing hoc toan, gay mot khdng khi hoc toan
s0i Noi trong nha trudng.

+ Cung cd cac kién thuc noi khoa, bd sung mot sé dién can thiét va trong chirng muc
nao do, co thé mé rong pham vi cac kién thirc trong chuong trinh. Cang ¢é va bd sung mét sb
kién thtrc vé lich str toan, gitp cho HS thém yéu mén toan hon.

+ Tang cudng gido duc theo hudng ky thuat tong hop.
+ Tang cudng gido duc cho hoc sinh théi quen cong tac doc lap (Poc sach, thuyét trinh, tu
nghién ctiu), gido duc dirc tinh va tu tedng xa hoi chu nghia (tinh than tap thé, théo vat...)

+ Bdi duding cac HS gioi nham phét trién, dao tao nhan tai, giup d& cac HS kém vé TH.

Ngoai ra, dé khai thac cac tri thic lich st TH trong day hoc Toan & phé théng, GV
toan co thé két hop véi cac GV khac dé to chire cac tro choi TH trong cac gid hoc tu chon,
trong cac hoat dong cim trai, cac gio sinh hoat Poan, cac hoat dong nham vao céc ngay 1§, . .
. két hop vai GV chu nhiém cua céc 16p dé to chire cac budi hoat dong gido duc ngoai giod 1én
l6p theo chu dé cua ting thang, xen k& cac tro choi toan hoc vao cac hoat dong, gidp cho budi
ngoai khoa thém sinh dong, phong phu va bé ich hon ddi véi HS.

3. Két luan

Khai thac cac tri thic lich sit TH trong day hoc Toan ¢ pho thong la van dé cap thiét.
Nghién ctru nay di phan tich va khang dinh vai trd cua viéc khai thac cac tri thic lich sit TH
trong day hoc Toan & phd thong va néu Ién thuc trang cia ndi dung nay trong day hoc mén
Toan & trudng phd thong tai thanh phd Hai Duong. Nghién ctru ciing da dé xuat mot sb giai
phap nham gitp GV thuan lgi, chu dong thu thap, chu dong trién khai day hoc bai hoc hoac
cha @& mdn Toan nang cao hiéu qua day hoc mdn Toan cua minh tai truong phd thdng.
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GIANG DAY GIOI HAN CUA DAY SO TRONG HQC PHAN GIAITICH1 O
CAC TRUONG SU PHAM THEO PINH HUONG MON TOAN TRONG
CHUONG TRINH GIAO DUC PHO THONG 2018

TS. Pham Ngoc Hoa !
1Khoa Toan va KHTN, Truong Pai hoc Hai Duong

TOM TAT

Khéi niém gigi han la mot trong nhirng khai niém co s& caa Giai tich todn hoc, ciing
c6 thé néi giai tich bat dau bang khai niém gigi han. Theo Chuong trinh giao duc phé théng
2018, ndi dung gidi han cua ddy s6 va gisi han caa ham sé duoc giang day & 16p 11. C6 mot
kho khin nhét dinh vé mat tdm Iy khi hinh thanh khéi niém giéi han cho hoc sinh va ciing
nhu vay khi giang day noi dung vé gigi han cho sinh vién nganh Su pham Toan hoc trong
hoc phan Giai tich 1. Vi vay, viéc t6 chtc giang day noi dung vé gidi han caa day sé nhu thé
nao trong hoc phan Giai tich 1 12 mot van dé can dugc quan tdm nghién ciru. Dudi day, toi
dé xuat quy trinh té chirc giang day Gidi han cua day sb trong hoc phan Giai tich 1 cho sinh
vién nganh Su pham Toan hoc theo dinh huéng moén Toan trong chuong trinh gido duc phd
théng 2018.

ABSTRACT

The concept of limit is one of the basic concepts of mathematical analysis. It can be
said that analysis begins with the concept of limit. According to the 2018 General Education
Program, the content of limits of numerical sequences and limits of functions is taught in
grade 11. There is a certain psychological difficulty when forming the concept of limits for
students and The same is true when teaching content about limits to students majoring in
Mathematics Education in the Analysis 1 module. Therefore, the organization of teaching
activities related to the content about limits of number sequences in the Analysis 1 module is
an issue that requires attention and further research. In this article, | propose a process for
organizing the teaching of Limits of Sequences in the Analysis 1 module, aligned with the
Mathematics curriculum of the 2018 general education program.

1. N§i dung toan hoc va cach trinh bay trong chwong trinh sach giao khoa hién
hanh vé giéi han cta day s6

1.1. So lwoc lich sw

Trong toan hoc, gidi han cia mot day 1a gia tri ma cac s6 hang cua day "tién t6i". Néu
mot gidi han ton tai, day dugc goi 1a hoi ty, néu khong, day dugc goi 1a phan ki. Gidi han cta
mot diy s6 1a mot khai niém quan trong trong giai tich. Gidi han c6 thé duge dinh nghia trong
bat ky khdng gian metric hay tdpd nao, nhung thuong duoc st dung trudc tién vai sb thuc.

Bai toan xuat phat ctia khai niém gii han da xuat hién tir nhiing nim truéc Cong
nguyén. Gan 2.500 nam trudc, triét gia 16i lac Zeno cia Hy Lap c6 dai viét mot cudn sach vé
cac nghich 1y. Ban chat ctia nghich 1y 14 khé hiéu, nhung may mén thay, ta van cé “Achilles
va con Rua” thudc hang dé hiéu nhét. Dudi day 1a nhing yéu td co ban ma Zeno néu lén, du
da dugc hang thé hé ké lai dudi nhiéu dang khac nhau nhung van con luu duoc gia tri thuo
ban dau. Nguoi hing ndi tiéng ctia Cudc chién thanh Troia, Achilles (ching ta van biét toi
anh va "got chan A-sin" oan nghiét) chay dua véi mot con rua thip kém. Ngao nghé,
Achilles cho phép ruia chay trude. Ching dua khong ¢ gi khé khin voi mot chién binh diing
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manh va nhanh nhen, nhung moi chuyén khong dé dang thé: dé chay vugt dugc con rua, anh
phai bit kip né trudc da. Khi Achilles rat ngan khoang cach giita minh va ria, con vat chim
chap lai tao ra mot khoang cach méi. Du khoang cdch méi nhd hon khoang cach gitia rua va
Achilles, Achilles phai chay thém ca khoang cach mai dé dudi kip dugc rua.

Anh tiép tuc chay, nhung trong khodng thoi gian do, con rua lai tao ra mot khoang cach
nita rdi, ép Achilles phai chay nét ca khoang cach méi nhat dé dudi kip. Pay 1a mot vong lap
vo tan, cho thy Achilles ching bao gior dudi kip duoc con riia. Du tée do chay ctia Achilles c6
cao toi dau, khoang cach méi van ludn xuét hién; di nho hon nhiéu nhiing 1an truéce, nhung
day van la khoang cach cho phép con rua ludn chay truéc Achilles. Vay nghich 1y trén sai &
dau nhi? Ngay c4 Zeno ciing da cong nhan la Achilles chay nhanh hon rua ma. Va chinh
Augustin-Louis Cauchy (1789-1857) da cho nhan loai cu tra 16, lai mot 1an nita, bi mat cua
cau d6 nam tai su ky di¢u cua toan hoc, cu thé d6 chinh 1a chudi s6 hoi tu va phan ky.

Truéc Cauchy dd c6 Archimedes (287-212, TCN) phat trién phuong phap vét
can (method of exhaustion), ding chudi v6 han xap xi dé xac dinh mot dién tich hay thé tich.
Archimedes di thanh cong trong viéc tinh tong mot dang ddy sd goi 1a chudi hinh hoc.
Newton (1642-1726) sir dung diy s trong nhitng cong trinh Giai tich diy vo han (Analysis
with infinite series, viét nam 1669, luu hanh qua ban viét tay, xuét ban nam 171 1). Pén thé
ky 18, cac nha toan hoc nhu Euler thanh cong trong viéc tinh tong ctia mot s6 chudi phan ky
bang cach dimg ding luc; ho khong quan tdm liéu gidi han co ton tai hay khong, mién 1a no
tinh dugc. Cubi thé ky 18, Lagrange trong Théorie des fonctions analytiques (1797) cho rang
su thiéu tinh chit ch& ngan chin sy phat trién cua giai tich. Gauss trong qua trinh nghién ciru
nhitng ddy siéu hinh hoc (1813) 1dn diu tién xem xét mot cach chit ché dudi nhimg diéu
kién nao thi mot day s6 hoi tu dén mot gidi han.

Pinh nghia hién dai cua gigi han (dinh nghia (& &)) duoc dua ra bdi Bernard
Bolzano (Der binomische Lehrsatz, Prague nim 1816, it duoc chi ¥ tai thoi diém do)
va Karl Weierstrass trong nhirng ndm 1870.

1.2. Ngi dung toan hec vé gidi hgn cia day sé
Ly thuyét giéi han cua ddy s ngay nay dugc dua vao cac cudn Giai tich hién dai da
sir dung dinh nghia (s, §), va theo quan diém dugc cho 1a budng binh ciia Cauchy thoi by

gi0, d6 1a toan hoc 1a mot thé gidi riéng v6i nhitng suy luan chit ché, day du va doc lap. Vi
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thé, cac ndi dung vé gi6i han cua diy s dugc xay dung mot cach chit ché va logic. Pau tién
la dinh nghia day $6 (thuc) 1a mot ham $6 gia tri thye voi tap xéac dinh 1a tap cac s6 tu nhién
khac 0. Khai niém giéi han cua diy sb sir dung dinh nghia (&, 8):

Cho day s6 thuc {u,}. S6 a € R duwoc goi la gidi han cua day {u,} néu véi moi € = 0
cho trude bao gio' ciing ton tai mot sé ny (phu thudc € ) sao cho véi moi n = ny ta déu cé
lu, — al < . Khi d6 ta néi rang day {u,} héi tu dén a hay tién dén gidi han a va ta viét
u, = a(n —co) hay lim,_,_u, = a Mot ddy khong co gioi han dwoc goi la day phan ki.

Tiép theo 13 cac khai niém vé day bi chin, diy con va gi6i han riéng. Céc tinh chét
cta day hoi ty gdbm co:

(1) Moi day hoi tu déu c6 giéi han duy nhat.

(2) Moi day con cua day hdi tu la day hdi tu va c6 cung gidi han cua day.

(3) Néu {u,}, 1a diy hoi tu va lim___u_ = a thi {lu |}, ciing 1a diy hoi tu va
lim,_ . lu,| = |al.

(4) Moi day hoi tu la day bi chan.

Sau d6 trinh bay cac phép tinh tong hiéu, tich, thuong cac diy hoi tu; dinh 1y vé tién
qua gi6i han trong bat dang thic va nguyén 1y giéi han kep gitta. Pong thoi ciing trinh day
hai nguyén 1y quan trong ctia 1y thuyét gisi han 1a nguyén 1y Cantor va Nguyén ly Bolzano —
Weierstrass.

Mot phan khong thé thiéu trong 1y thuyét vé giéi han cta day s6 d6 1a dau hiéu hoi tu
ctia ddy s6 cho bai Nguyén ly Cauchy ma y nghia co ban ctia dinh 1y nay 1a ¢ chd dé khao
sat sy hoi tu cua mot day ta chi can cin ¢t vao quy luat bién thién cta ban than day do dé xét
xem tiéu chuan trén dy c6 dugc thoa man hay khong ma khong can biét trude gioi han cua
day (néu dya vao dinh nghia ta can biét trudce gidi han cua day, viéc nay nhiéu khi khong dé
dang). Hon nita ta ciing dung dinh 1y nay dé ching minh sy phan ky cia day.

Ngoai ra, trong hau hét cac gido trinh giai tich cling dua vao cac kién thirc vé gioi han
riéng, gidi han trén va giéi han dudi, gidi han v6 han (néu lim__,_x, =+ hodc
lim, _, . x, = — thi theo dinh nghia {x,}, la ddy phan ky).

1.3. Trinh bay trong cac bé sach gi4o khoa hign hanh vé gidi han cia day sé

Theo chuong trinh Gido duc phd thong 2018, gidi han cua diy s6 duoc dwa vao 16p
11, trong hai chuong: Chuong II- Diy sb. Cép sé cong. Cap s6 nhan va Chuong III- Gi6i
han. Ham sb lién tuc.

Trong chuong II- Day sb. Cép s6 cong. Cap sé nhan véi cac ndi dung chu yéu vé khai
niém day sd, day sb ting, day sé giam, diy sb bi chin, gidi thiéu 2 diy sb dic biét 1a cap sb
cong va cap sb nhan.

Chuong III- Gii han. Ham s6 lién tuc c¢6 trinh bay vé gii han cua ddy sd, gidi han
ctia ham s va ham sé lién tuc.

Co thé théy khai niém vé day s6 duoc dinh nghia mdt cach co ban dung nhu cach
trinh bay trong cc gido trinh Giai tich 1, sau d6 gidi thiéu mot sé day s6 dic biét nhu cép s6
cong va cp sé nhan dé hoc sinh c6 thé thay dugc ing dung ciia cac diy sd dac biét nay
trong thuc té, ngoai ra cling dé xay dung mot ) gi61 han co ban sau nay phuc vu cho viéc
tinh giéi han cua day sb theo quy tic. Nhu chiing ta da biét, phan 16n cac ndi dung toan hoc
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déu xay dung mot hé théng cac khai niém va cac quy tic lam viéc trén hé thong cac khai
niém do. Trong céc khai ni€ém, chiing ta lai phan loai thanh khai niém nguyén thuy khong
dinh nghia con dugc goi 1a khai niém co ban. Trong cac khai niém c6 dinh nghia & cac cép
phé thong lai co thé phan loai thanh khai ni¢m ddi tugng (tam giac, dudng tron, hinh vuong,
...), khai niém quan hé (hai duong thang song song, hai phuong trinh trong duong,...), khai
niém quy tic (bdi chung, udc chung, bdi chung nho nhat, ,...). Khai niém giéi han cua diy
s6 cung thudc loai khai niém quy tic, d6 1a dinh nghia khai niém chinh 14 chi ra quy tic tim
gia tri ctia gigi han d6 (néu ton tai). Vi thé, khai niém gidi han cua day sb trong cac sach gido
khoa hién hanh duoc trinh bay theo con duong quy nap qua cac vi du cu thé roi khai quat
hoa, mé ta thudc tinh cua day s6 dé hinh thanh khai niém: tir ddy sb ¢ gii han khong, dén
day 6 c6 gidi han hiru han, sau do 1a day 6 c6 gidi han vo cuc. Cac quy tc tinh gidi han
cta diy s ciing duoc kiém tra v6i cac vi du cu thé rdi tong quat thanh quy tic ma b qua cac
ching minh dé thyuc hién viée giam tai cac kién thirc, ki nang han 1am khong can thiét ddi
voi cép Trung hoc phé thong.

2. T6 chirc day hoc ndi dung Giéi han ciia ham sb trong hec phan Giai tich 1 ddi
V6i sinh vién nganh Sw pham Toan hoc

2.1. Tich hep lich si¢ vé gidi han

Déi voi sinh vién nganh Su pham Toan hoc thi truéc khi hoc Toan can phai yéu thich
va say mé mon Toan that nhiéu. C6 nhiing sinh vién, viéc hoc toan va giai toan nhu mét nhu
cau thiét yéu, tuy nhién bén canh d6 co biét bao nhiéu ban sinh vién hoc Su pham Toan chi
vi do b me da dinh hudng, da chon nghé giup. Do d6, viéc dwa hoc phan Lich st Toan hoc
thanh hoc phan bat budc va dugc day ngay hoc ki 2 cia nam thi nhat nhu mot yéu cau tat
yéu cua chuong trinh. Tuy vay, ta ¢d thé thay lich su toan hoc ciing nén dugc mdi giang vién
tich hop vao tirng hoc phan, vao ting bai giang mot cach ph hop dé kich thich nhu cau tim
hiéu vé mon Toan hon nita d6i Véi sinh vién, dé ho ting budc bién viéc hoc thu dong sang
hoc toan, tim hiéu thém vé toan mot céch chi dong hon nira.

Déi vai noi dung giéi han cua day sé ciing vay, chi nguyén nghich 1y Zeno thdi ciing
da c6 rat nhiéu cau chuyén xoay quanh nd. R6 rang 1a & cap Trung hoc co s& (THCS), hoc
sinh da tiing giai toan chuyén dong trong d6 c6 nhitng bai toan vé hai chuyén dong ciing
chiéu ma vat chuyén dong sau c6 van téc nhanh hon s& dudi kip vat chuyén dong trudc do.
Vay thi ddi vai hoc sinh 16p 11, cac em c6 thé chic chian d6 1a mot nghich Iy, mét nguy bién,
nhung sai 1am trong 1ap luan do 1a do dau? Néu nhu trude ddy, sinh vién di timg duoc chi ra
sai l1am thi ho c6 cam thay thoa man vé cau tra 10i hay khong? Va viéc tu minh tim céc cau
chuyén xoay quanh nghich 1y Zeno théi ciing chi ddn dén bao nhiéu cau chuyén lich st toan
hoc thu vi khac nira.

2.2. Thuc hign déi chiéu va so sanh khi day hec cac khai nigm trong ngi dung vé
gidi han

Nhu d3 trinh bay ¢ trén, khéi niém day s duoc dua vao chuong trinh sach khoa phd
thdng méi theo ding quan diém ham cua nodi dung toan hoc vé day sé. Ta c6 thé so sanh
cach dinh nghia cua gi4o trinh giang day & dai hoc: Cho tdp hop $6 nguyén dwong
N*={1,2,3,..}. Mgt &nh xa u: N* = R duoc goi la mét day sé thuc. Néu dat u, = u(n)
thi ta c6 thé biéu dién day sé thue do duwdi dang iy, iy, ..., 1, ... Ta ki hiéu day dé bang
{u,}. Phan tir u,, duwoc goi 1a sé hang tong quéat cua day.

Va trong séch gi4o khoa Toén 11 (bo Cénh Diéu):
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- M4i ham sé u:{1;2; 3; ...;m} = R(m € N*) dwroc goi 1a mét day sé hiu han. Do
MGi $6 nguyén dwong k(1 < k = m) fwong iing Véi diing mgt s6 u,, nén ta co thé viét day sé
dé duwéi dang khai trién: wy,us, 1y, .. i, . S6 uy goi 14 s6 hang dau, sé u,, goi 14 sé6 hang
cudi cua day sé do.

- Méi ham sé u: N* = R duoc goi 1a mét ddy so vO han. Do madi $6 nguyén dwong n
twong 1Ng VoI ding mét so u, nén ta co thé viét ddy sé dé duwéi dang khai trién:
Uy, U, Usg, e, Uy, o, DAY SO d6 con duwot Viét tat 12 (u,,). S6 1, goi 12 s6 hang th nhdt (hay
s6 hang dau), sé u, goi 14 sé hang thi hai, ..., $6 u,, goi 1a s6 hang thii n va 1a sé hang tong
quét cia day sé do.

2.3. Thuec hign doi chiéu va so sanh khi day hec cdce dinh 1i vé gidi han

Dbi voi hoc sinh THPT, muc tiéu chinh Ia gidp ho nam viing cac khai niém va ky
nang co ban vé giGi han, trong khi ddi véi sinh vién Pai hoc Su pham Toan, muc tiéu 1a di
sau vao ly thuyét va phat trién kha ning phan tich, chitng minh va @ng dung cac dinh ly vao
nhitng van dé phic tap hon. Phuong phap giang day ciing can phai diéu chinh dé phi hop
Véi timg dbi twong, dam bao hiéu qua hoc tap cao nhat.

Déi chiéu cy thé mot sb dinh Iy

Dinh Iy vé gigi han caa tong, hiéu, tich, thuong:

- Toan THPT: Céc dinh 1y nay thuong duoc gidi thigu thdng qua cac vi du don gian
va tryc quan. Hoc sinh hoc cach &p dung truc tiép cac dinh 1y dé giai cac bai toan cu thé.

- Giai tich 1: Céc dinh ly nay khdng chi dugc ching minh mot cach chi tiét ma con
dugc md rong cho cac tinh hudng phic tap hon. Sinh vién hoc cach sir dung cac dinh Iy nay
trong cac ching minh toan hoc Ion hon va trong cac tinh hudng triru twong hon.

binh ly Bolzano-Weierstrass:

- Toan THPT: Thudng khong duge dé cap dén do tinh phuc tap cua dinh ly.

- Giai tich 1: La mét dinh 1y co ban trong phan tich todn hoc, dugc chitng minh chi
tiét va 4p dung trong nhiéu bai toan va ly thuyét khac nhau.

binh ly Heine-Borel:

- Toan THPT: Thuong khéng nam trong chuong trinh giang day.

- Giai tich 1: La mot phan quan trong cua chuong trinh giang day, dic biét trong céc
khoa hoc V& giai tich thuc va giai tich ham.

Két luan

Ly thuyét gidi han 1a mot phan khéng thé thiéu cua toan hoc hién dai, voi mot lich st
phét trién 1au dai va phong phu, tir nhitng nghich ly c¢6 dai dén nhing Iy thuyét triru twong
cua thé ky 20 va tiép tuc dén ngay nay. N6 1a nén tang cho nhiéu khai niém va ang dung
trong toan hoc ciling nhu cac linh vuc khoa hoc khac.

Viéc giang day cac dinh ly vé gigi han & cidp THPT va Toan cao cap c6 sy khac biét
rd rang vé mirc 4o phirc tap, phuwong phap tiép can, va muc tiéu giang day. Trong khi chuong
trinh THPT tap trung vao viéc xay dung nén tang va tng dung thuc tién, thi chuong trinh
Toan cao cap hudng toi phat trién hiéu biét sdu sic va ki nang 1y luan toan hoc. Hiéu duoc
su khac biét nay sé& gilp gi4o vién to chic giang day hiéu qua va phd hop véi trinh d6 va
muc tiéu caa hoc sinh & mdi cap do.
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OPTIMAL GUARANTEED COST CONTROL OF 2D SYSTEMS

TS. Nguyén Thi Lan Huong *
1Khoa Toan Tin, Truong Pai hoc Su pham Ha Noi

Abstract The problem of guaranteed cost control in this paper for a class of two-
dimensional (2D) systems described by the Roesser model with mutiplicative stochastic
noises. A convex optimization problem with linear matrix inequality constraints is formulated
to show the guaranteed cost controller which minimizes the guaranteed cost of the closed-loop
uncertain systems.

Keywords: stochastic 2D systems, Roesser model, uncertain systems, guaranteed cost
control.

1. Introduction

Various dynamical systems control engineering are determined by the information
propagation which occurs in each of the two independent directions. Such models are
typically described by (2D) systems. For instance, 2D systems have found various
applications in areas such as iterative learning control, gas absorption, thermal processes,
digital filtering [1.2,3]. Thus, due to a wide ranging of applications, theory of 2D systems has

received significant research attention in the recent years.

In addition, exogenous disturbances are also unavoidably encountered in engineering
systems because of the inaccuracy of data processing, measurement errors or linear
approximations [4, 5]. Various results concerning the

Contact Nguyen Thi Lan Huong, e-mail address: ntlhuong@hnue.edu.vn
analysis and control of dynamical systems involving certain types of additive stochastic
noises have been reported recently [6]. However, the aforementioned works are not applicable
to multiplicative stochastic noisy systems (MSNSs) due to the nature of the model
themselves. Multiplicative noises exist in many practical models such as medical ultrasound,
synthetic aperture radar and tomography images [7]. Technically, in MSNSs, stochastic
signals get multiplied into relevant system states. This makes the analysis and design of
MSNSs more complicated and challenging.

Moreover, the guaranteed cost control technique for 2D uncertain systems aims to
design a controller such that the closed-loop system is asymptotically almost sure stable and
the closed-loop cost function value is not more than a specified upper bound for all admissible
uncertainties. Such researches for 2D MSNSs have received very little research attention and
existing results concerning stability analysis and synthesis guaranteed cost control of 2D
systems are quite scarce. Recently, a few results have been obtained for the guaranteed cost
control of 2D discrete uncertain systems. Optimal guaranteed cost control problem for 2-D
discrete uncertain systems is an important problem [8]. However, to the best of the author's
knowledge, the optimal guaranteed cost control problem for 2-D discrete uncertain systems
represented by the Roesser model with multiplicative stochastic noises. This paper, therefore,
addresses the optimal guaranteed cost control problem for 2D discrete uncertain systems
described by the Roesser model with norm bounded uncertainties.

2. Model description
We consider the uncertain 2D discrete-time linear systems described by the Roesser model
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"+ 1,01 N B
Lv(i,_}' + 1]] N [,,al + ﬁ‘qi}')x(lrﬂ + [5 + ﬂﬂij)u,(z,_jj

Rpe s
where _-x[:;rjj = x (Ir.j') e RH,A,A e Rnxu: B,B c Rux:n’s — ﬁ
“(41) s s

are  known constant matrices. The matrices aAA4.. AB.

o AALAB,s=1,d

ijr
represent parameter uncertainties satisfying the following conditions
[ﬂﬂf}' ﬂBf}'] = JI'r"'Frz'_;l' [M N],
[Ad, AB]]=LF;[M, N]s=1d
Le R™P, M ,M_€RT™N,N_€R?™,s=1,d are known matrices of uncertainty
- - - - - - 1!'
and F;; € RP*? is an unknown matrix representing parameter uncertainty satisfying F;; F;; < I.
Moreover, B;; = col{ B, ..., B&}. BS;(s = 1. d) are scalar valued white noises on a complete
probability space (11, F, F), which are independent variables with zero-mean and satisfy
EBEB; = 6y k1=12..,d (2)

We define the following infinite-horizon quadratic cost function associated with
system (7) as a form:

J=E( ) ) xT()Qx(i) + w7 (i)Ru(i.) 3)
i=0 j=0
where @ € 7 ,R € 5] are given matrices representing weights of the cost function,
x(i,j) = [x"7(i,/) x*7(i,j)]" denotes the state vector.
In addition, without loss of generality, we can assume that initial conditions of system
(1) are arbitrary but belong to the set
{x"(0,{) = X, F,,x"(i,0) = XF, FIF, < 1,k = 1,2} (4)
where X,,.X, are given matrices and F;, F, are unknown vectors.

3. Problem formulation and Preliminaries

Definition 3.1. System (1) with initial condition (4) is said to be asymptotically almost
sure stable if

Definition 3.2. System (1) with initial condition (4) is said to be guaranteed cost
stabilizable if there exist a controll law 1*(i,j) and a positive scalar J* such that the closed-
loop system (1) is asymptotically almost sure stable and the cost function (3) satisfies J < J*,
for all admissible uncertainties. [* is said to be a guaranteed cost value and u*(i,j) is a
guaranteed cost control law for the system (1).

Lemma 3.1. Let 6 € R™", L e R™*?, E € R7*" and Q@ = @7 € R™™™, Assume that
there exit a positive definite matrix P and a scalar £ = 0 such that

—P Y 4eLl” G

G* egTE+ 0l <° ®)
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Then
(6 + LFE)'P(G+LFE)+ Q<0 (6)
for all F satisfying FTF < I.

4. Main results

4.1 Stability analysis of 2D uncertain stochatic systems

We design a static-state feedback control law u(i,j) = Kx(i.j) such that the closed-
loop system of (1) is given as

| R +Z AEsx(0.)6 %

where A5 =A+AA4;+ (B+AB)K AT =A + A, + (B, + AB)K,s=T1,d is

asymptotically almost sure stable and for all admissible uncertainties, the cost function (3)
satisfies J = J*, where J* is some specified constant.

Theorem 4.1. Assume that there exists a matrix P = diag(P,,P,) € S} satisfying the
following conditions

wii = (45) PAS, +z (A)'P(45)—P+Q+K"RK <0 (8)

then the closed-loop system (7) is asymptotically stable under controller u(i,j) =
Kx(i,j)andJ < J*, withJ* =T, A (XTP, X,) + TuA .. (XTPX,).

Proof. Consider the following 2D-Lyapunov functional

V(x(6)) = x" (6 ) Ppx™ (0) + 2 (L, /)P (0,]) (9)
Denote
Lx (i), w(ij)) = xT (L) Qx(i.j) + u (i, j)Ru(i,j)
and

AV(i,f) = E(V (x"(i+ L7) + VE(x"(i.f + 1)) | Fiy;) — V(x(i. 1))
C(xra+ LT X (i + 1,5)
—E(Lv(i e dxag(Ph,P,,.JL,,mH)] ) V(e )

( X(IJJ‘FZA *x(1./) BT P(AZx (i, )

where F, . ; is the o-algebra generated by {,ﬁ?k:: (k1) E ﬂe+;—1} and, for each positive
integer x, 0, = {(k,I) € NZ:k + I < x}, that is,

Fiyj =Bk +1<i+j—1,(k1) € N3}, (i.j) € N3

and F, = {@,0}, where @ denotes the empty set and f is the the sample space.
Obviously, F,_, © F, for any k € N. Recall that j5;; is a double sequence of R® -valued
random variables defined on a complete probability space (fL,F,F). Without loss of
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generality, we assume F = a{Us-, F..}. It is easy to see that the state trajectory x(i,j) of
system (7) is F, . ;-adapted.

By the properties of ®#-valued random variable 3. ; and applying Lemma ?? we obtain
from (10) that

AV(i, ) = xT(i,]) ([A?}-)TPA;- + Z (455) PAg - F’)X(I‘J) (11)
Therefore,
AV, j) + Ux (L), (i) = AV(L.j) + x7 (1.7)(Q + KT RK)x(i,])
= xr(i,jj_uijx(i,j]

Under condition (8), we have
AV(L )+ x(ij),u(ij))<0 (12)
which implies
AV(i,)) € —Apin(@+ KTRK) 1| x(i.)) IP
Utilizing Theorem 1 in [11] we obtain
lim W(ij)=0 as

i+ j—+oa
So

lim ||x(i,j) =0 as.
i+ j—+oa

Hence, the closed-loop system (7) is asymptotically stable.
Moreover, by summing up both sides of (12) for any positive integers ;. 5, we get

Y BN + VD) 1 Fy) VD) (13)
+xT(,))(Q + KTRK)x(i,j)} < 0 (13)

Taking expectation both sides of (13), we obtain

”

IE(Z Z xT(1,/)(Q + K"RK) x(i, ) ﬂ;z E(V3(x*(i,0)))

i=0 j=0 i=0
Letr, — oo, — o0, it follows from (14) that

J<TA  (XIP. X))+ T4 (XTP X))

max v

Remark 4.1. Note that LMI (8) can be rewritten as
(A +BK +LF,;(M +NK)) P(A +BK + LF, (M + NK))

d
£ (4, + Bk + 1R, (0, + R,5)) P (4, +B.K+LF,(1, + 0,K))
z=1

We denote
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A=col{A+ BK, 4, +B\K, ... A; + ByK}, £ = diag{L, ...,L},

d+1 blocks
Fy; = ﬁiag{ﬂ}., ---F}}-}, F= diag:{F‘, e P},

S
d+1 blocks d+1 blocks
M = col{M + NK, M, + N,K, ..., M, + N K}.

It follows from (8) that
(A +LF, M) P(A+LF, M)~ P+ Q +KTRK <0
Applying Lemma 3.1, condition (16) holds if the following one does

—Ptters? A }
[ AT e mTa—p+Q+rTRE) 0 (17)

(16)

Therefore, assume that condition (17), which does not depend on i,j, holds then
system (7) is guaranteed cost stabilizable.

4.2 Controller design

Let us denote the following block matrices

M=YMT"+U'NT;B, =AY +BUN =YMI +U'R],s=1d

A=diag{-Y + eLL”,...,- Y+ eLl’}; T = : ;
Bd
T "ﬁr -
Y= QEY]=Q:= Nf 53{1:[1’0% UTR]
RzU ﬁi-
H,=[M N, .. NJ;u=I[AT .. BI]; A=AV +BU

Theorem 4.2. Consider system (1) with initial conditions (4) and cost function (3),
system (1) is guaranteed cost stabilizable if there exist a positive scalar £, a matrix

Y = diag{¥;,¥,} € 7 and a m x n matrix U such that the following LMI is feasible

AT 0 0
0o 1y, -I o0]|° (18)
0 Y, 0 —e
A control law is given by K = U¥Y ™1,

Moreover, a guaranteed cost value is given by

.F = le'max(x?zz-yh_lxhj + Tfj'max(}fi—};_l‘ryj [19]
Proof. The condition (17) can be rewritten as
—P 4Lt - 0 A+ BK
: . : : 0 0
0 o Pl ellT Ay 4+ B.K +[ﬂ E_lMTM+Q+KrRK:|{D (20)

(A+BK) - (d,+B,K)"  —P
By premultiplying and postmultiplying LMI (20) by the matrix diag{I,, ..., I, P

d+1timas
we have
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—¥ 4+ eLLT .- 0 (4 +BK)Y

: - : : 0 0
0 co =Y+l (A, +BK)Y|T ]“iﬂ
0o Vv
V(A+BK)T - Y(d,+B,K) —y-1
where Y=P LVv=c'Y(M+NK)(M+NK)Y +35_, e7'¥(M, +

ﬁ’sf{}r[ﬂs + N_K)Y + YQY + YKTRKY . Applying Schur complement and by (4.2), we get
LMI (18). Moreover, from Theorem 4.1, it is trivial to show (19].

Proposition 4.1. Consider system (1) with initial conditions (4) and cost function (3), if
the following optimization problem

minimize T)a + T, 8 (21)
(). (18),
—al, X
_ (iij.[ neo TR ] <0
subject to X, —¥, (22)

o [BL, Xy ]
(mj.[ x, -, < 0

has a feasible solution @ = 0,8 = 0,0 < ¥V = diag{¥,,¥,} € R**",U € R™"", then
the control law defined by u(i,j) = Kx(i,j) are the suboptimal guaranteed cost control law,

where K = UYL,

Proof. By Theorem 4.2, the control law K = U¥ ! which is constructed in terms of
any feasible solution =,/ and ¥ is a guaranteed cost controller of system (1). To obtain the
e X2 ¥,"1X, ) is changed to
(X7¥,'%,) < a = XY, 'X, < al, and the term A, (X7Y,7'X,) is changed to

optimum value of upper bound of guaranteed cost, the term A

“;l’max
A XTY X )< fea XV i, < BI,,_. Applying Schur complement, we have conditions
(ii) and (iii). Therefore, the minimization of T,& + T, 8 implies the minimization of upper
bound of guaranteed cost J in (19).

5. Conclusions

A solution to the suboptimal guaranteed cost control problem for the uncertain 2D
discrete Roesser with multiplicative stochastic noises has been presented. The sufficient
condition for the existence of a guaranteed cost controller. A convex optimization problem
has been formulated to select the optimal guaranteed cost controller which minimizes the
upper bound on the closed-loop cost function.
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TRUNCATED SHARING OF SUBSETS AND UNIQUENESS
OF L-FUNCTIONS IN THE EXTENDED SELBERG CLASS*

GS.TSKH. Ha Huy Khodi %, TS. Vii Hoai An 2, TS. Pham Ngoc Hoa 3
1Vién Toan va NCKH ung dung, Pai hoc Thang Long
2 Trudng Dai hoc Hai Duong
3 Khoa Toan va KHTN, Truong Pai hoc Hai Duong

Abstract

Let P(z) be a polynomial of degree g without multiple zeros, let 5 be the zero set of
P(z), and let k be the number of distinct roots of the derivative of P. Assume that P(z) is a
strong uniqueness polynomial for L-functions in the Selberg class. We prove that two L-
functions L, and L, in the Selberg class sharing S with multiplicity =m (i. e.
E,_m(5)= EL:J,,,,,[SJ) necessarily coincide if one of the following conditions holds: (i)
m=1landg =2k +5;(i)2=<m<owandg = 2k + 3.

DOI: 10.1134/ S0001434623010224

Keywords: L-function, Selberg class, meromorphic function, truncated sharing.
1. Introduction. Main results
An L-function in the Selberg class & is defined to be a Dirichlet series

=Y

satisfying the following axioms:

(i) Ramanujan hypothesis: a(n) << n* for all positive &.

(i) Analytic continuation: there exists a nonnegative integer m such that
(s —1)™L(=) is an entire function of finite order.

(iii) Functional equation: there exist positive real numbers @ and 4;, a positive integer
K, and complex numbers g; and w with fp; = 0 and |w| = 1 such that A, (5) = wA (1 —3),
where A, (s):= L(s)Q°TIiZ, T (A, s+ ;).

(iv) Euler product hypothesis: L(s) satisfies L(s) = I, L, (s), where

ok
LP(SJZEKP(Z g;))

k=1

with coefficients b(p*) satisfying b(p*) <« p*? for some 8 < 1/2, where the product
is taken over all prime numbers p.

Note that the Riemann zeta function is an example of a function in the Selberg class.

In recent years, the problem of determining an L-function in the Selberg class from its
preimages of subsets has received increasing attention.

On the other hand, an L-function can be analytically continued as a meromorphic
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function in the complex plane C. Therefore, for the problem of determining an L-function by

its preimages of subsets, one of the main tools is the Nevanlinna theory on the value
distribution of meromorphic functions. First, let us recall some basic notions.

Let f be a meromorphic function in C, and let a € C U 2o, Denote the set of a-points
of f by E;(a) (when the points are counted with multiplicities) and by E¢(a) if each a-point
is counted only one time (i.e., E- (@) is the preimage of a under f).

For a nonempty subset 5§ = C U o=, define
E; (5) =Uges E; (a), Ef (5) =Uges Ef (a)

Two meromorphic functions f and g are said to share 5 counting multiplicities (share
SCM) if E;(5) = E,(S), and share S ignoring multiplicities (share 5 IM) if E;(5) = E_(S).

Now let m be a positive integer or oo,

Denote by E; .., (a) (respectively, E ., (a) ) the set of a-points of £ with multiplicities
= m (respectively, = m), each a-point counted as many times as its multiplicity. For
example, E; ;) (a) is the set of simple zeros of the function (f — a). The counting function of
a-points of f with multiplicities = m (respectively, = m ) is denoted by N, (r.1/(f — a))
(respectively, N, (r.1/(f — a))).

If C is some condition, then we denote by N(r, 1/(f — a); C) the counting function of
a-points of £ (counted with multiplicities) at which f satisfies condition C.

It should be noted that

Ef oy (a) = E;(a),Ef 1y (a) € Ep(a), Ny (. 1/(f —a)) = N(r, 1/(f — a)),

and Ny, (r,1/(f — a)) < N(r,1/(f — a)).

For a subset 5 © C U oo, define

Erom) (5) =Vaes Erm) (S), Epm(S) =Vaes Erm (S)

In the last few years, the value distribution and uniqueness of L-functions has been
studied extensively. J. Steuding [1] showed that an L-function is uniquely defined by the
preimage of a single point ¢ €  counted with multiplicity:

Theorem 1. If two L-functions with a(1) = 1 share a complex value ¢ #= @ CM, then
they are identically equal.

P. C. Hu and B. Q. Li [2] pointed out that one should add the condition ¢ = 1.

In 2004, J. Steuding [3] (Theorem 4) showed that two L-functions satisfying some

additional conditions coincide if they share two values IM. In 2011, B. Q. Li [4] was able to
remove these conditions.

Theorem 2. Let L, and L, be two L-functions satisfying the same functional equation
with a(1) = 1, and let a,, a, € Che two distinct values. If L7*(a;) = L3*(a;).j = 1,2, then
L, =L,

Note that the above-mentioned results are concerned with L-functions sharing single

56



points. In 2015, P. C. Hu and A. D. Wu [5] obtained uniqueness theorems for L-functions
sharing a finite subset of C* {1} counted with multiplicities.

Theorem 3. Fix a positive integer n and take a subset 5 = {¢,,"*-,c,} © C\ {1} of
distinct complex numbers satisfying
n+ [:]'1— 1)0’1(61,"',6‘?!) + -+ Eﬂn—f(clf"' Fcu) + l:T:lz—l[:clf"' ,C”) 0

where the o; are the elementary symmetric polynomials

ﬂ:i"(clr"'rc:lz) = (_1)}. Z €; €y " Cial

l=i, <ip<--<izzEn

1, n—1

If two L-functions with a{1) = 1 share SCM, then they are identically equal.

From now on in this paper, an L-function always means an L-function in the Selberg
class with the normalization condition a{1) = 1. It was proved in [6] that if S is the zero set
of a polynomial P without multiple zeros satisfying the condition P(1)P'(1) = 0, then S is a
unique range set for L-functions; i.e., the condition E;, (5) = E;_(5) implies L, = L, for L-
functions L, and L,. Further, a condition to be satisfied by a subset S such that
L7Y(S) = L3*(5) implies L, = L, was also established there.

In the present paper, we study the problem of sharing with truncated multiplicity.
Namely, for a positive integer m = 1 we find subsets 5 such that the condition

EL._,thSJ = Epm (5)

implies L, = L, for two nonconstant L-functions L, and L.

Let us recall some notation.

Let P(z) be a polynomial of degree q. Write

P'(z)=alz —d))%(z—dy)%= - (z —d )%, d; # d}" a#0

The number k is called the derivative index of P(z).

Definition 1 [7]. Let F be a subset of meromorphic functions. A polynomial P(z) is

called a strong uniqueness polynomial for functions in the class F if for two arbitrary
nonconstant meromorphic functions f,g € F the condition P(f) = cP(g),c # 0, implies
f=ag.

The main result of the present paper is the following.

Theorem 4. Let P(z) be a polynomial of degree g without multiple zeros, let S be the
zero set of P(z), and let & be the derivative index of P. Assume that P(z) is a strong
uniqueness polynomial for L-functions. Then L, = L, whenever E; ..,(5) = E;_,,,(5) and
one of the following conditions is satisfied:

(lm=1land g = 2k + 5;
(i2=m<owand g =2k + 3.

Remark 1. Take, for example, P(z) =z" + 1. Then P(z) is a strong uniqueness

polynomial for L-functions by [6, Theorem 1.3]. Here we can take m = 1,4 =7,k =1, and
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S={n;n] =—1,i= 1,---,7} in Theorem 4. Assume that an L -function L(s) has the
following property: @ is a simple solution of the equation L(s) = n, for some i,1 <i < 7, if
and only if there exists a j,1 = j =< 7, such that & is a simple solution of the equation
{(s) =mn;. Then L = ¢. Note that all the zeros of the ¢-function are conjectured to be simple.

2. Some Lemmas

We need some lemmas.

Lemma 1 [8]. For any nonconstant meromorphic function f,
1 1 _

N (r,F) <N (n)—c) + R(rf) +5(r )

Lemma 2. Let f and g be two nonconstant meromorphic functions, and let m be a
positive integer. Set

Suppose that H = 0 and E; ,,,,(0) = E, ,,,,(0). Then

N H) < R () + Ra(1,9) + B (117) + B ()
1
;F:
For the proof, see [9].

_ _ 1
—|-N(r f#ﬂ)+N(r,—,:g?‘—'D).
g

Lemma 3 [9]. In the notation of Lemma 2, if a is a common simple zero of f and g,
then H(a) = 0.

Lemma 4. Let f be a nonconstant meromorphic function. Then

ﬁ(r,i)—I-EN_rE (r,l) —Eﬂ?i}(r,i) EEN(r,E) (2.1)
/o2 YN f/ 2 fro2 f
Moreover, for an integer ! = 4 we have
N (r,i) + N, (r,i) _1 Ny (r, E) < 1 N (r,E) (2.2)
f SAf) 2 flo2 f

Indeed, we have

(e2)+200) - )

Il
[ I I OO S T I O S
=
e
3
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Lemma 5 [1]. Let L be a nonconstant L-function. Then

(i) T(r,.L) = (d /m)rlogr + O(r) , where d, = 2¥_ 4, is the degree of the L-
function and K and 4, are, respectively, the positive integer and the positive real number in
the functional equation of the definition of L-functions.

(i) N(r,1/L) = (d,/m)rlogr + O(r) and N(r,L) = 5(r,L).

(iii) The order of an L-function is not greater than 1 .

Lemma 6 [10]. Let L be a nonconstant L-function, and let a € C. Then the equation
L = a has infinitely many solutions.

Lemma 7. Let P(z) be a nonconstant polynomial. Assume that there exist two
nonconstant L-functions L, and L, such that

1 c
P(L) Py

where ¢,c; € Cand ¢ # 0. Then¢; = 0.

Proof. Consider the equation 1/P(L,) = ¢/P(L,) + ¢,. Suppose the contrary: c; = 0.
Then

P(Ly) _
c;P(Ly) -

P(L,) +ci1
Suppose that P(z) + ¢ /¢, has distinct zeros e,. e, --+, e, with multiplicities
L1, 1, respectively, 1 < k < n,sothat I, + ---+ I, = n. Then we have
P(Ly(s))
c,P(L,(s))
It follows from (2.3) and the relation c/c, # 0 that if a is a solution of the equation

= P(L,(5)) +ci.: (Ly(s) — "31]:""' (Ly(s) — Ek]:k (2.3)

Ly(s) —e; = 0 for some j, then P(L,(a))# 0and ais a pole of L.,. Therefore, since L has
only one possible pole at s = 1, we see that (L,(s)e, )"+ (L,(s) — e, )" has finitely many
zeros. This means that for every i =1,2,---,k the equation L,(s) = e; has finitely many
solutions, which contradicts Lemma 6 .

The proof of Lemma 7 is complete.

3. Proof of Theorem 4
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Recall that
F[:z) = (z - ﬂ.lj wae (Z - ﬂ'l!])’ F"[iz) = q(z — dlj‘T;(z_ d:jq: “ue (z — dqu;{
where d; = d; fori #jand g, + -~ +q, =g — 1.

Set
1 1 F'" G"
F=m, G =m, H=———
First, we prove that H =0 ; then there exists a constant € +=0 such that
P(L,) = CP(L,). Since P is a strong uniqueness polynomial, it follows that L, = L.,
For simplicity, set
T(r)=T(r,L,)+T(r,L,), S(r)=S(r, L)+ 5(r,L,)
Then we have
T(r,P(Ly))=qT(r,L,) +S(r,Ly), T(r,P(L,)) = qT(r.L,) + S(r,L,)
and hence
s(r,P(L))=5(rLy), S(r.P(L,)) =S(r,L,)
because P(L,) and L,, as well as P(L,) and L, have the same growth estimates.
Suppose that H £ 0.

Claim 1. For m = 1, we have

1 1
N(r,H) = kT(r)+ N+ (r,—) +Nis (r,—)
where N, (r, 1/L) is the counting function of those zeros of L. which are not zeros of
any function (L; — a;) or (L; —d;).j € {1.2,-~,q} 1 € {12, ,k},i = 1,2,
Indeed, since H has only simple poles, from Lemma 2 we obtain

N(r,H) < N(r,P(L))+ N(r,P(L,))
1

1
+ Nips (r,—)-I— Nia- (r,—)
imrt P(Llj imd P(L:)

;P(L,) # D) 4N (r,;: P(L,) # '3) +5(r)

+N (r, L)

1
P'(Ly)
where N, (r, 1/L}) is the counting function of those zeros of L'; which are not zeros of
any function (L; — a;) or (L; —d,).j € {12, ,q} 1 € {12, k}.i = 1,2.

On the other hand,
N(r,P(L))=N(r,L,)=5(r)

and a similar relation holds for P(L,); so we have

N(r,H) =N sy (h%ﬂ-‘l]) + Nimsa (r’%}_’.:])

Moreover,
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ﬁ(r,m;pul) + n)

1
r, .
( (L, —d,)9:(Ly —d,)%= ...(L, — d, )L}

In a similar way,

=N

(Ly—ay)..(Ly—a,)+ D)

N (r,m; P(L,)# n) < kT(r,L,)+ N, (r%) +5(r,L,) (3.4)

Therefore, (3.1) follows from inequalities (3.2), (3.3), and (3.4).
Recall that by the hypothesis,

Ny (r,%{qj) =N, (r,%@)

and we denote this common value by Ny, (7). Moreover, if a is a common simple zero

of P(L,) and P(L.), then H(a) = 0 by Lemma 3 . Therefore,
1
N (r) <N (r,E) < T(r,H) < N(r,H) + S(r) (3.5)

because, by the lemma on logarithmic derivatives, we have m(r,H) = o(T(r, H))
and, obviously, also S(r,H) = 5(r).

Next, we prove the following.

Claim 2. For m = 1, we have

(g—k—-1)T(r) < ﬁ(r*p(i1))+ ﬁ(r’P[L))

+ Nimss (r,%{il]) + Nims1 (h%};:)) — Ny (r) +5(r)

Indeed, applying the second main theorem to L, and the values
@y, Gy, 8y, dy, dy, o dy, 00, We obtain

(q+k—DT(r,Ly) < N(r L) +i N [r,

i=1

q
+Z m( ! ) N2+ sy
= r’Ll_az’ ? T“,L,l i

By Lemma 5, we have N(r,L,) = 5(r,L,). On the other hand,

L,—d,

L

Z ﬁ(r,hid_) < kT(r, L)+ S(rL,)

L

Z N (F’Ll i a,z-) =N (r’P[j};l))

Then we have
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(q— 1T(r,L,)=N (r,%{qj) —N, (ri) +5(r, L)

Combining this with the similar inequality for L, we obtain

(@-1T() =N (r,%w% N (F’Pit—:))_ N, (ri) -N, (ri) +5(r)

From this and (3.5), we have

1 _ 1 1 1
(- DT < N(r,mﬂ) +8 (’“*pu.:;)‘ N, (r) N, (r)
Ny (r) + N (1, H) + S(r)

Then Claim 2 follows from this relation and Claim 1.
Now we return to the proof of Theorem 4.
Caseof m=1land q = 2k + 5.

Assume that E;_,,(5) = E;_1,(5).
By Claim 2,

1 1
k=) < B (r ) 48 ()
(@ ) P(L,) P(L,)
Applying Lemma 1, we have

ﬁ,:: (r,%{}ij) = ; ﬂ(: (T":Li i “:') < N( :; )

1 _
r=)+N(Ly) + 50, L)
1
<T(r,L,)+5(rL,)

<N

In a similar way,

Nz ( F[j}; ])ﬁiT(rL )+ 5(r,L,)

Therefore,

N ( F[il])_FN ( P(j}; j):‘:T[rj—FS(rj

On the other hand, for j = 1,2, from Lemma 4 we have

()2 ( i J

Therefore,

N (’“’%@)Jr ”(’”’ﬁ.:)) — Ny ()= %[N (’"’p(ilj)J“ ”(’“’p(t.:))]

(3.7)

62



From (3.6), (3.7), and (3.8), we have
(q—k—1)T(r) < %T[r] +T() + S(r)
which contradicts ¢ = 2k + 5.

Now consider the case of m = 2.

Subcase of m = 2and g = 2k + 3.

From Claim 2, we have
1 1
—k—1DT(r Eﬁ(r,—)+ﬁ(r, )
(q )T(r) P
Obviously,

k

_ 1 _ 1 _ 1 1 1
o) S o) () (o
) P(L,) ; ) Ly—a SN L) 2 Ly

Applying Lemma 1, we have

. ( 1 )‘{ Lol L
= |=N|r.—+
B\ P(L)/ T 2 L

1 1 1 _
<N (r,L—i) +SN(rL) +S(,Ly)

1
EET[rrLlj-I'S(rrLl]
Combining this with the similar inequality for L, we obtain
N ( ! )-I-a"? ( L )ﬂilT +5 3.10
(3 r’P(Llj (3 r-'P(L:) 2 (1‘"] (I‘"j ( . ]
On the other hand, by Lemma 4 we have
7 (raiy)* 3% (rn) 3% () <37 ()
r———— |+ Nl | —Npy|lr——|=N|r.——
P(Ll) 248 P(Llj 2 Y P(Ll) 2 P(Llj
ggT(r,Ll))H(nLlJ
Combining this with the similar inequality for L., we obtain
() () 3% (aag) 3% () -
"pay) TN\ ray) T2 ey) T2 My T M )
It follows from inequalities (3.9), (3.10), and (3.11) that
1
(q—k—1)T(r)£%1"(r)+f(r)+5(r)

a contradiction to g = 2k + 3.
Subcase of m = 3and g = 2k + 3.

Applying Claim 2, we have
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(q—k—1)T(r)<N ( (11))+ﬁ(r’13‘[13])
+N um+1( F‘[Ll ) Im+l( " 11,_.':])_‘”13(?')"'5(?)

By Lemma 4,
7 (ra) + Femen () =390 () <38 (5
Ppay/ T et \py) T2\ P/ T2\ P

ET(:r" L)+ 5(r, Ll])

Combining this with the similar inequality for L ,, we obtain
(a— k= DT(r) € 3T() +5(7)

which contradicts g = 2k + 3.

Thus, we have proved that H = 0. Therefore, 1/P(L,) = ¢/P(L,)+ ¢, for some
constants ¢(# 0) and ¢,. By Lemma 7,¢c, = 0.

Thus, there exists a constant € # 0 such that P(L,) = CP(L,). Since P(z) is a strong
uniqueness polynomial for L-functions, we obtain L, = L.
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TRi TUE NHAN TAO TRONG NGHIEN CUU
VA GIANG DAY PAI HQC

ThS. Pham Thi Loan !, ThS. Nguyén Thi Thanh Tam !
1 Khoa Cdng ngh¢ thong tin - Truong Pai hoc Hai Duong

Tém tat: Tri tué nhan tao (Artificial Intelligence - AI) dang bung nd va c6 kha ning
1am thay d6i moi mit trong doi séng nhan loai. Trong gido duc, Al dang tao ra nhiing phuong
phap day va hoc méi dang duoc thir nghiém trong nhimmg didu kién va & nhiéu quéc gia véi
trinh d¢ phat trién khac nhau va dat nhitng murc do thanh cong khac nhau. Bai bao gidi thi¢u
cac linh vuc cta Al d6i voi viee day va hoc & cac truong dai hoc nédi chung tir d6 dua ra cac
khoé khan va giai phap.

Tar khoa: Tri tué nhan tao, giang day, gido duc, Al

1. Pat van dé

Ngay 25/01/2022, Thu tuéng Chinh pht ban hanh Quyét dinh s6 131/QD-TTg vé viéc
phé duyét DBé an Ting cudng ing dung cong nghé thong tin va chuyén doi sé trong gido duc
va dao tao giai doan 2022-2025, dinh hudng dén nam 2030. Trong do, xac dinh ré muc tiéu
chung 1a: tan dung tién b cong nghé dé thiic ddy d6i moi sang tao trong day va hoc, nang cao
chat luong va co hoi tiép can gido duc, hiéu qua quan 1y gido duc; xay dung nén gido duc mo
thich tmg trén nén tang sd, gop phan phat trién Chinh phu sd, kinh té s6 va xa hoi sb.

Mot trong nhimg cong nghé dugc nhic dén nhiéu trong mot vai nam trd lai day, gop
phén tao ra nhirng budc dot phd manh mé va dem lai nhiing két qua “than ky” chinh 1a AL Al
la linh vyc lién nganh cua Triét hoc, TAm 1y hoc, Khoa hoc than kinh, Toan hoc, Diéu khién
hoc, Khoa hoc may tinh, Ngon ngit hoc, Kinh té [2]. Trong thoi gian sap toi, tri tué nhan tao
s& dong vai tro quan trong nhu mot cong cu manh mé, gitp cong nghé thong tin trd nén phd
bién hon trong doi séng hang ngay va tao ra nhitng tién bo dang ké trong linh vuc nay.

Hién nay, Al dang dugc mg dung trong nhiéu linh vuc khoa hoc va doi song, trong d6
¢6 gido duc. Mot s6 co sd dao tao da ting bude dua Al vao giang day va quan 1y gop phan tao
ra su thay d6i rd nét trong quan 1y, giang day.

Tai hoi thao quéc té vé gido duc voi chu dé "Tri tué nhan tao va tuong lai cua gido
duc" dugc Vién nghién ctru cao cép vé Toan, T chirc The VietNam Foundation d@)ng t6 chirc
cung 2 don vi dong hanh 1a Khan Academy Hoa Ky va Hoi giang day Toan hoc pho thong
Viét Nam, GS. L& Anh Vinh, Vién truéng Vién Khoa hoc Gido duc Viét Nam cho biét, AI da
dugc ap dung trong qua trinh day va hoc toan, chang han nhu Robot TODAI nén tang Got It
cua Hung Tran, phé bién nhét 1a hinh hoc Anpha...

Vi¢c day va hoc toan trén thé gioi dan duge ap dung Al. Vay c6 nén day nhiing th
trudc nay dang day trong khi dang c6 nhiéu ngudi giai toan dudi hinh hai Chat GPT hay Al
dé giup d& con ngudi. Theo GS. Lé Anh Vinh, sau khi hoc Toan, hoc sinh c¢6 thé phat trién
nhiéu k§ ning nhu tu duy phé phén, tu duy phén tich, k¥ ning giai quyét van dé, 1y giai bang
s lidu, k¥ nang 1y giai logic...

Ung dung tri tué nhén tao (AI) trong nghién ctru va giang day & cac truong dai hoc
mang lai nhiéu loi ich dang ké. Nhitng ung dung nay khéng chi giup ting cudng hiéu suit va
hiéu qua trong nghién ctru va giang day & cac truong dai hoc ma con mé ra nhiéu co hoi méi
trong viéc tién xa hon trong sy phat trién tri thic va gido duc.
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2. Két qua nghién ctru

2.1. Tri tué nhan tao trong gido duc

J. McCarthy la ngudi diu tién dwa cum tir “Tri tué nhan tao” tré thanh mot khai niém
khoa hoc. Nghién ctru Al nhdm mo ta chinh x4c cac khia canh cta xit ly tri tu¢ va hoc (dé cod
duoc tri thirc) va tao ra dugc cac hé théng, may mo phong hoat dong hoc va xir 1y tri tué [3].
Tri tué nhan tao trong gido duc (Artificial Intelligence in Education - AIEd) ra doi vao khoang
nhirg ndm 1970 [4] va tip trung nghién ctru, phat trién va danh gia phin mém may tinh dé
cai thién vi¢c giang day va hoc tap. Muc ti€u dai han dugc xac dinh la nham thu thap phan hoi
ctia ngudi hoc, danh gia nang luc ngudi hoc va nguyén nhan yéu kém, ca nhan héa cho mot
ngudi hodc nhém ngudi hoc, va cudi ciing 1 st dung cac ky thut cia AI dé tim hiéu va phat
trién cac 1y thuyét day - hoc [5].

Trong khi AI dit hoc may va tri thong minh giéng con ngudi lam trong tam, thi Gido
duc chu trong boi dudng nang luc hoc tap va tri tué con nguoi. Kién thuc AIEd gitp thu hep
khoang cach nay bang cach cung cip cac k¥ thuat dé thuc day cac tuong tac hiéu qua va thong
minh hon v6i con ngudi nham cai thién két qua, chat lugng giang day trong gido duc.

Trong tuong lai gan, c6 thé chua thy sy xuét hién phd bién cua céc “robot giang vién”
thay thé hoan toan vai trd ctia nguoi day nhung bang viéc nghién ctru, trién khai cac san pham
st dung “tri thong minh may méc” nhu hién nay, qua trinh day va hoc da budc dau c6 nhing
chuyén bién tich cuc

Tri tu¢ nhan tao trong gido duc v6 cung quan trong. Su hop nhét cua Al véi hé théng
hoc tap k¥ thuéat sb ngay nay tao nén khai niém hoc tap hoan toan mdéi. Tri tué nhan tao trong
gido duc d3 cach mang hoa cac phuong phap hoc tip truyén théng. Nhitng tng dung cta Al
trong gido duc khong chi gitip toi wu hoa qua trinh hoc tap va giang day ma con mé ra nhicu
co hoi madi trong vige tao ra moi truong hoc tap da dang, phong phu va linh hoat. Tuy nhién,
can phai can nhic k¥ ludng dé dam bao rang viéc str dung Al ludn mang lai loi ich cao nhat
cho sinh vién va gido vién.

2.2. Hoc Toan nho Al

Viéc day va hoc toan trén thé gidi dan duoc ap dung AL Vay c6 nén day nhiing thir
trudc nay dang day trong khi dang c6 nhiéu nguoi giai toan dudi hinh hai Chat GPT hay Al
dé gitip dd con ngudi.

C6 nhiéu hoc sinh hoc yéu mén toan va khong thé theo dugc nhiing bai tap trén 16p. Véi
nhitng hoc sinh nay thi nhiém vu ciia thiy c6 14 gitp cac em thay toan hoc hap dan hon. Boi, khi
hoc sinh bi 4m anh minh khong gioi toan thi sé tao ra ganh ning tam 1y, mat dong luc hoc.

Dé cap ban khodn ciia nhiéu ngudi vé viée hoc toan nhung khong c6 tu duy sau, GS. Lé
Anh Vinh, Vién truéng Vién Khoa hoc Gido dyc Viét Nam cho biét: “Muc tiéu giang day toan
& truong 1a giup cac em tim dugc tinh yéu voi mon toan va thich hoc mén hoc nay. Nhidu em
dat ra cau hoi “Vi sao em phai hoc toan?” thi muyc tiéu ching ta can lam 1a gitip cac em hiéu tim
quan trong cua hoc toan. Néu cac em dat cau héi ma chung ta khong tra 161 dugc thi cac em s€
di tim cau tra 101 & AL Vi vy, t0i cho rang cau cu tra 11 cia ngudi that phai hay hon AL”.

Gio vién phai gitip cc em phat trién kha nang tu duy, suy luan logic, d& xuat van dé va
giai quyét van de. Trong céc 16p hoc, ching ta ¢6 thé khong quan tim tai sao hoc sinh yéu moén
toan, khong thich mon toan, khong hiéu dugc tAm quan trong clia mon toan nhung chung ta lai
mudn két qua cudi cung phat trién tu duy ndy cho cac em. Diéu nay hoi khé. D6 14 1y do vi sao
t6i cho rang cong nghé co thé tham gia gitip hoc sinh giai duoc cac bai toan, gilp cac em yéu
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mon toan, hiéu tim quan trong ctia hoc toan, tir 46 phat trién tu duy k¥ ning cua céc em.

2.3. l'fng dung tri tué¢ nhan tgo trong nghién cuwu va giang day todan hgc ¢ cdc
truwong dai hoc

Ung dung AI c6 thé mang lai nhiéu loi ich cho gido duc dai hoc, tir cic mé hinh, bai
hoc thyc tién ng dung cong nghé trong doanh nghiép. Al gitp sinh vién hoc tap hiéu qua
hon, hd tro giang vién trong giang day va nghién ctru, trg gitip cac co so gido duc trong viéc
quan ly va van hanh.

2.3.1. Ho tro hoat déng qudn Iy, chuyén mén cho cdc giang vién

Theo cach thtc gido duc truyén thdng, giang vién thudng mat nhiéu thoi gian dé thuc
hién cac cong viéc “lap di lap lai” nhu phan loai bai tip vé nha, danh gia tiéu luan, chAm bai
cho sinh vién. Khong nhiing vay, nhitng cong viéc nay con gay ra cam giac nham chén, mét
moi cho giang vién.

Al gop phﬁn tu dong hoa va thuc hién cac hoat dong quan tri, chuyén modn noi trén cho
céc giang vién, cu thé:

- Hé théng Piém danh Ky thuat s6: V&i hé théng diém danh tu dong, sinh vién co thé
vubt thé ID hodc phin mém nhan dién khudén mat ¢ thé xac dinh ho, 1am cho quy trinh trd
nhanh chéng hon.

- Lén lich Thong minh: H¢ théng Al ¢6 thé t6i wu hoa lich trinh, ddm bao réng cac lop
hoc, phong thi nghiém hodac thu vién khong xung dot, dugc st dung mot cach hiéu qua dua
trén s6 luong sinh vién trong 16p va sinh vién c6 thoi gian phi hop nhat.

- Chdm diém va Phan hoi Thoi gian thuc vé Bai tap: Al c¢6 thé danh gia ngay lap tic
bai tap ctia sinh vién, nhin manh cac van dé dang lo ngai va dua ra phan hoi, giup giang vién
can thiép kip thoi khi mot sinh vién ¢6 dau hiéu khé khin. Phan hoi duge cung cip co thé
tuong ty nhu ciia mot nguoi viét bai tiéu luan gbc dua ra y kién, dam bao tinh rd rang va lién
két trong bai ndp ciia sinh vién.

- Phan tich Dy doan vé Hiéu suét sinh vién: Bang cach phan tich dir lidu, Al c6 thé du
doén nhiing sinh vién c6 nguy co diém thap, cho phép can thiép kip thoi.

- Thong bao va Canh bao Gido vién va hoc sinh: Cong cu ty dong hoa co thé giri thong
béo vé cac ky thi sép td1, han ndp bai tap hodc cac sy kién cua truong truc tiép dén dién thoai
hodc email cua sinh vién.

- Thu thap Phan hoi: Viéc thu thap phan hoi vé cac khoa hoc hodc phuong phap giang
day c6 thé dugc ty dong hoa bang cac cude khao sat ki thuat sb. Piéu nay khong chi don gian
hoa qua trinh thu thdp ma con lam cho viéc phan tich dir li¢u tré nén nhanh chéng va chinh
xac hon.

- Giam sat Ky thi Ty dong: Dé ddi phé vai thach thice cia viée gian 1an trong ky thi
trye tuyén, nhiéu trudng hoc ¢ thé sir dung phan mém giam sat ky thi tu dong. Cac cong cu
nay theo doi sinh vién qua webcam cua ho trong sudt bai kiém tra. Str dung Tri tu¢ Nhan tao,
phan mém co6 thé nhan biét nhitng chuyén dong hodc hoat dong dang ngd, nhu sinh vién
thuong xuyén nhin ra xa khoi man hinh hodc ¢6 nguoi khac vao phong.

- Dich Ngén ngir Thoi gian thuc: Trong mét 16p hoc da dang véi sinh vién dén tir
nhiéu nén ngdn ngir khac nhau, khi mot gido vién giang bang tiéng Anh, cac cong cu duoc
dinh huéng boi Tri tué Nhén tao c6 thé dong thoi ghi am va dich ndi dung thanh nhiéu ngdn
nglr khac nhau.
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- Nhém nghién ctru da tién hanh khao sat trén [6p K13.CNTT cua truong Dai hoc Hai
Duong (mén Pai s6, Giai tich, Toan roi rac), két qua cho thiy viéc giang vién st dung cac
g dung cua tri tué nhan tao (sir dung bai giang ki thuét s, st dung phan mém md phong,
lam bai kiém tra online, ...) gitp sinh vién ting himg thd véi mén hoc, giam ap luc hoc tap va
dat hiéu qua hon so véi viéc sir dung cac phuong phap giang day truyén théng.

2.3.2. Phat trién néi dung

Tri tu¢ nhan tao va may hoc c6 kha nang giup giang vién va chuyén gia nghién ctu
sang tao ra noi dung dé phu hop, thuan ti¢n cho viéc giang day va hoc tap.

Ung dung cong nghé tri tué nhén tao trong gido duc gitp tao ra bai hoc thong qua céc tai
liéu nghién ctru c6 dung lugng luu trit thip, ¢ dinh dang k¥ thuat s6. Bang cach ndy, nguoi ding
tan dung duoc toan b tai liéu nghién ctru ma khong chiém nhiéu dung luong trong hé théng. Al
cling cho phép ngudi dung tao va ding tai thong tin thuong xuyén dé bai hoc ludn cip nhat theo
thoi gian. Nguoi dung ciing nhan duoc thong bao mdi khi dit liéu méi duge thém vao.

2.3.3. Cd nhan hoa viéc hoc tap

Cé nhan hoa hoc tap 1a viéc tao ra mdi truong hoc tap phu hop véi nhu cu va kha
nang cua ting sinh vién. Al c6 thé gitp ca nhan hoda viéc hoc tap theo nhiéu cach khéac nhau,
bao gom:

- Phan tich dir liéu hoc tap: Al c6 thé phan tich dir li€u hoc tap cua sinh vién, bao gém
diém sd, bai tap, thoi gian hoc tap, v.v., dé x4c dinh diém manh, diém yéu va nhu ciu hoc tap
cua tung nguoi.

- P& xudt bai hoc va 16 trinh hoc tap: Duya trén dir liéu hoc tap, Al ¢6 thé dé xuat nhiing
bai hoc va 16 trinh hoc tap phu hgp véi tirng sinh vién.

- Cung cap phan hoi ca nhan: Al ¢ thé cung cap phan hdi ca nhan cho sinh vién vé bai
tap, bai kiém tra va qua trinh hoc tap cua ho.

2.4. Nhitng khé khdn, thach thirc va dé xudt gidgi phdp khéic phuc ciia vige ieng dung
Al trong gido duc dai hoc

2.4.1. Kho khan, thach thirc

Tha nhat, su phat trién cua cac chinh sach lién quan dén Al trong gido duc van con so
khai, chua theo kip dién bién cua thuc tién trong khi day la mdt linh vuc rat co thé sé phat
trién theo cap s6 nhan trong muoi nam téi.

Thir hai, Al ciing c6 thé gop phan tao ra su bat binh dang giita cac nhém dan sb thiét
thoi va yéu thé c6 nhiéu kha ning bi loai khoi gido duc duoc hd tro boi AL Theo Hilbert
(2015), vigc thiéu cac diéu kién ha tﬁng co ban thiéu co so ha tﬁng co ban cling tao ra mot
khoang cach k¥ thuat sé méi trong viéc st dung kién thirc dua trén dir liéu dé dua ra quyét
dinh thong minh.

Tht ba, thé hé giang vién hién dang chua theo kip dugc thoi cudc, chua dap ing duoc
yéu cau st dung cong cu Al Dé co thé st dung cac cong cu co su hd trg cia Al mot cach hiéu
qua, giang vién phai c6 duoc cac k¥ nang mai sau:

- Hiéu 18 vé cach ma cac hé théng voi su hd tro Al co thé tao didu kién va 1am cho qua
trinh day hoc tré nén hi¢u qua hon.

- C6 cac k¥ ning vé nghién ciru, phén tich dit lidu; k§ ning quan 1y méi dé c6 thé quan
1y duge ngudn nhan lyc va Al theo ¥ mubn chi quan.

- Gilip nguoi hoc c6 dugc nhimg k¥ ning va nang lyc ma may méc khong thé thay thé duoc.
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Tht tu, dit liéu 1a mot trong nhimng yéu t6 quan trong dé dam bao tinh chinh x4c cta
cac thuat toan may hoc va kha nang du doan cta AL Tuy nhién, nhidu qudc gia van gip kho
khin trong viéc thu thap dit liéu gido duc. Dit liéu gido duc phai mé va duoc s dung & cip
truong. Ngoai ra, khi thu thap dit liéu phai dam bao dwoc tinh dai dién vé nhan khau hoc (d6
tudi, gidi tinh, nén tang xa hoi) (UNESCO, 2018) nham cho ra nhitng két qua phan tich day
du vé cac nhom yéu thé, d& bi ton thuong. Day 1a mot thach thie 16n trong tng dung Al vao
giao duc.

2.4.2. Giai phap

Dé phat huy duoc nhitng co hoi va khic phuc duoc nhitng han ché cua Al trong gido
duc dai hoc, can luu ¥ cac giai phap sau:

- Vé phia Chinh phit

Chinh pht can sém nghién ciru, ban hanh nhitng quy dinh, khung phép 1y dé kiém soat
va quan 1y cac hoat dong lién quan dén Al Viét Nam uu tién x4y dung, hoan thién chinh
sach, phap luat tao hanh lang phap 1y thong thoang dap g yéu cau thic day nghién ctru, phat
trién va img dung tri tué nhan tao vao gido duc. Tao co ché thong thoang, thic ddy co s& gido
duc tir Trung wong dén dia phuong st dung céc ung dung, dich vu tri tué nhan tao dé tao
nhitng budc dot pha trong quan 1y didu hanh. Thic day chia sé dit liéu phuc vu nghién ctru,
phat trién va ung dung, hinh thanh céc co so dir lidu ding chung, chia sé, mo dé nghién ciu,
phat trién cac ung dung tri tué€ nhan tao.

- Vé phia nganh gio duc

Giang vién can trang bi cho sinh vién cac k§ ning co ban dé st dung Al hiéu qua, giup
ho hiéu duoc tim quan trong cua viéc dat cau hoi va phan tich dir liéu dé tao két qua tin cdy,
ddng thoi can thic day su phat trién k¥ ning tu duy phan bién va kha niang dua ra cac cau hoi
sang tao.

Viéc tiép can v6i Al tir trén ghé nha trudng gitip sinh vién c¢6 duge chuyén mon sau
hon vé cac cong nghé méi nhat. Thong qua cac khéa hoc ddo tao, hdi thao va nghién ciru, sinh
vién c6 thé c6 kién thirc va k§ nang can thiét dé lam viéc véi Al trong tuwong lai. Co thé bét
dau béng cach hoc cac khoa hoc truc tuyén, tim hiéu cac ung dung than thién véi nguoi dung,
dan dan tang cudng k¥ nang va kién thirc ciia minh trong linh vyc cong nghé.

3. Két lun

bdi véi gido duc noi chung va gido duc dai hoc noi riéng, viéc ung dung Al s& la mdt
hudng di can dugc thic ddy manh mé trong thoi gian dén vi nhiing tinh tich cyc ma Al mang
lai, trong d6 ndi bat 1a viéc cong nghé giam thiéu nhimng thu tuc hanh chinh, nhiing cong viéc
chiém nhiéu thoi gian ciia giang vién nhu chdm bai, diém danh. v6i Al, moi viéc c6 thé duge
tu dong hod. Ca nhan hod chuong trinh hoc tap va su xuét hién cia “gia su 40”/’trg 1y 40” s&
gop phan tao ra nhirng su khac biét trong nén gido duc c6 su hd tro cua AL Mot diém nbi bat
khéc chinh 1a viéc Al tao ra sy hing khéi cho nguoi hoc véi nhiing phan hoi thong tin theo
thoi gian thyc, ngudi hoc s& ting thoi gian tuong tac voi hé théng do ¢ cam giac duoc hd trg
nhiét tinh va ngay 1ap tirc. Nhitng két qua nghién ctru, ddnh gia néi trén 13 co s¢ hét sirc quan
trong, tao tién dé cho su nghién ctru va phat trién tiép theo nham dua ra nhitng mo hinh, giai
phap phu hop dé ung dung Al vao gidng day bac dai hoc mot cach khoa hoc va hiéu qua.
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MQT SO PHUONG PHAP BIEU DIEN TRUC TIEP DU LIEU NHIEU CHIEU

PGS.TS. Trin Vin Long !
1Khoa Khoa hoc co ban, Truong Pai hoc Giao théng van tai

Tom tat: Truc quan hod dit liéu nhiéu chiéu dugc ung dung trong nhiéu cac linh vuc
khoa hoc khac nhau dac biét thuong xuyén st dung trong c&c phén tich dix liéu. Truc quan
ho& dir liéu nhiéu chiéu 1a sir dung cac phuwong phap dé chiéu di liéu nhiéu chidu xudng
khong gian biéu dién dir liéu (2D hoic 3D) dé tryc tiép quan sat dwoc dir liéu va bao toan mot
s6 tinh chat ma chdng ta can quan tam. C6 nhiéu phwong phap biéu dién dir liéu khac nhau
nhu: phuong phéap biéu dién hinh hoc, phuong phap biéu dién biéu twong, phuong phap biéu
di&n phan tang, cac phuong phap giam sé chiéu cua dit liéu. Trong bai béo nay, ching ta gioi
thiéu cac phuong phap biéu dién tryc tiép dit liéu dua trén yéu té hinh hoc nhu: phwong phap
SPLOM (Scatter plot matrix), Hé toa d6 hinh sao (Star Coordinates), Hé toa d6 hudng tam
(Radviz), Hé toa d6 song song (Parallel Coordinates). D6i voi mdi phuong phap biéu dién dir
lieu chdng t6i gidi thigu vé y tuéng chinh caa phuong phéap va dwa ra mot vai vi du minh hoa
cu thé cho mot sé dir liéu thyc té.

Tir khéa: Tric quan hod, Dir liéu nhiéu chiéu, SPLOM, Radviz, Hé toa dé hinh sao,
Hé toa dg song song

1. Giéi thiéu

Dit liéu ngay nay da tré thanh mot nhéan t6 quyét dinh trong nhiéu linh vuc cia khoa hoc
k¥ thuat va cudc sdng. Dit liéu duoc sinh ra hang ngay va dugc thu thap lién tuc vai nhiéu loai dir
liéu khéc nhau vai nhiéu thudc tinh khac nhau. Céc dir liéu ndy can dugc xir Iy va phan tich dé tim
thay céc thong tin hitu ich gitip nguoi ding dua ra cac quyét dinh dua trén dir liéu. Truc quan hoa
dir liéu 1a phuong phap dau tién dugc sir dung dé khai pha dit liéu. Phan tich dit liéu nhiéu chiéu
thuong duoc biéu dién trén may tinh dudi nhiéu dang biéu dién khac nhau. Pa co nhiéu nghién
Cliu Vé cac phuong phap biéu dién dix liéu nhiéu chiéu va van Ia bai toan quan trong can tiép tuc
nghién ctru va dua ra cac phuong phap méi dé kham pha cau trlc caa dir liéu [1].

Trong cac phuong phap biéu dién truc quan hoa dir liéu nhiéu chiéu sir dung cac yéu
t6 hinh hoc, cac yéu t6 biéu tuong. B4i véi dit liéu hai hodc ba chiéu ta ¢ thé tryuc tiép biéu
dién dix liéu boi cac diém trén hé toa do Pé-cac Oxy hoic Oxyz thong thudong. DI véi dir liéu
c6 s6 chiéu 16n hon 3 thi ta khong thé biéu dién tryc tiép dugc. Mot phuong phéap biéu dién
dir lieu nhiéu chiéu sir dung cac phép chiéu tryc tiép xudng cac khong gian hai chiéu bang
cach biéu dién tat ca cac mbi lién hé giita hai bién trong dit liéu nhiéu chiéu 1a ma tran biéu do
phan tan (scatter plot matrix hay viét gon SPLOM). Phuong phap SPLOM biéu dién dir liéu
nhiéu chiéu bang cach biéu din nhiéu Iop cac biéu dd phan tan. Nhuoc diém cua phuong
phép nay chi &p dung d6i véi céac loai dit lidu c6 s chiéu khoéng qua 16n vi ta can ma tran
vudng c6 kich thudc bang sé chiéu cua dit liéu.

Trong cic phuong phéap truc quan hoé dit lidu co cac phuong phép biéu dién truc tiép
tir cac thudc tinh cua dir liéu twong tu nhu biéu didn diém trong hé toa do Pé-cac. Phuong
phap hé toa do hinh sao dugc dé xuit nim 2000 [2,3] khi thay hé biéu dién co sé truc chuan
bdi mot hé véc-to trong khong gian biéu dién, mdi véc-to biéu dién sb chiéu tuong tng cua dix
liéu va diém biéu dién 1a to hop tuyén tinh cua hé véc-to biéu dién sé chiéu. Ta c6 thé hinh
dung phuong phap hé toa d6 hinh sao 1a phép bién doi tuyén tinh dit liéu xudng khong gian
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hai chiéu. Han ché cua phuong phap hé toa d6 hinh sao 1a biéu dién khdng duy nhat tuy nhién
su biéu dién trén giir duoc cau trdc tuyén tinh cua dit liéu. Téi uu hé toa do hinh sao trong
biéu dién bao toan cau tric nhdm dir liu dugc nghién cau trong [4].

Hé toa d6 hudng tam duoc dé xuat trong nghién ctu vé dit liéu gene [5] 1a phuong
phap chiéu phi tuyén cua dir liéu xuéng dudng tron don vi dua trén hé can bing cuaa 16 xo va
giit dwoc mdi lién hé cua cac thugc tinh dit lidu véi diém biéu didn. Hé toa 6 hudng tam
tuong tu nhu phuong phap hé toa do hinh sao chi khéc Ia phép chiéu dau tién duoc ap dung la
chiéu xuyén tam 1én don hinh don vi trong khong gian chiéu chiéu [6]. Phuong phap hé toa do
huéng tam duoc sir dung nhiéu trong céc bai todn vé phan tich gene [7, 9]. Mot phuong phap
mé rong hé toa do hudng tim dugc mé rong trong [8] thi thay thé cac diém biéu dién bai cac
cung tron.

Céc phuong phap dé xuit ¢ trén biéu dién boi cac diém c6 nhuge diém chinh 1a biéu
dién khong duy nhat. Phuong phap hé toa d6 song song dwoc nghién ctu trong [10, 11]
biéu dién mdi diém nhiéu chiéu bang mot duong gap khiic di qua cac diém tuong ung vai cac
thudc tinh cta diém nhiéu chiéu dua trén céc truc song song véi nhau. Sy biéu dién nay la duy
nhat nghia 13 biéu dién trén mat phang khong bi mat thong tin. Cau tric cua hinh hoc biéu
didn dugc mé ta théng qua tinh chat ddi ngu giira duong trong hé toa do Dé-cac va diém
trong hé toa do song song. Phuong phap hé toa do song song dugc ung dung trong khai pha
dir liéu nhiéu chiéu [11].

Mot phuong phap khac dugc st dung trong biéu dién dir liéu nhiéu chiéu 1a phuong
phap duong cong Andrews [12]. Phuong phéap nay bién doi mdi diém dit liéu nhiéu chiéu boi
mot ham s6 mot bién va biéu dién thong qua do thi caa ham sé mot bién trén mot khoang nao
d6 cua duong thang thyc.

Trong bai b&o nay ching t6i gidi thiéu chi tiét vé ¥ tuong va cac tinh chat co ban cua cac
phuong phap biéu dién dit liéu nhiéu chiéu truc tiép trong Phan 2 caa bai bao. Trong phan tiép
theo chling t6i gigi thidu mot s6 van dé nghién ciru dbi vai cac phuong phap biéu dién trén.

2. Truc quan hoa dir liéu nhiéu chiéu

2.1. Di# ligu nhiéu chiéu

Trong ca bai bao nay ching tdi sir dung dir liéu nhiéu chiéu gém cé p thudc tinh (s6
chiéu). Gia sir bo dir liéu gdbm c6 n quan sét, cac quan sat duoc té chirc dudi dang mot ma tran
kich thudc ¢d n X p. Ta ky hiéu mdi quan sat gom c6 p thanh phan la x; = (x;y, %5, ... %)

va ma tran dix liéu la ma tran

X1 Xz U Xy

xﬂ- xﬂﬂ e xﬂ

21 22 Zp

X = L B .
Xp1 Xz xup

Cac phuong phap biéu dién dir liéu ma ching tdi giéi thiéu trong bai béo biéu dién n
quan sat hay c6 n dbi twong, mdi déi twong co sé thudc tinh p = 3.

Dir liéu Auto-Mpg gém 398 quan sat véi 7 thugc tinh: mpg, cylinders, horsepower,
weight, acceleration, model_year, origin.

Dix liéu Iris gom 150 quan sét véi 4 thudc tinh: sepal length, sepal width, petal length,
petal width thuoc 3 nhom: Iris Setosa, Iris Versicolour, Iris Virginica.

2.2. Splom
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Déi véi dir lidu c6 sb chidu p = 2 hodc p = 3 thi ching ta c6 thé biéu dién tryc tiép
boi cac diém trén hé toa do dé-cac vudng goc Oxy hoic Oxyz. Di véi dir lidu co s chiéu
p > 3 thi ta khong thé tryc tiép biéu dién tryc tiép boi cac diém dwoc. Phuong phap ma tran
biéu dd phan tan (scatter plot matrix-SPLOM) duoc t chirc bai nhiéu cac biéu do phan tan
hai chiéu. Cu thé ching ta xay dung mot ma tran vudng kich thudc p dé biéu dién dit liéu.
MJi phan tir cia ma tran SPLOM biéu dién dit liéu phan tan caa 2 thudc tinh thir i va tha j
cua dit liéu (i.j = 1,2,...,p ). Riéng phan tir trén duong chéo chinh caa ma tran SPLOM biéu
din sy phan phdi cua di liéu mot chiéu.

Phuong phap SPLOM biéu didn méi lién hé cua tit ca cac cip thudc tinh caa dir liéu.
Tuy nhién ma tran SPLOM la ma tran ddi xtmg theo nghia cac phan tir thar (1,j ) va (j.1) déu
biéu didn mdi lién hé giira hai thudc tinh va duong chéo chinh biéu dién dir liéu mét chiéu. Do
6 ma tran SPLOM bidu dién tat ca 22—

mai lién hé giita cac thuoc tinh.

MPG Cylinders Horsepower ‘Weight Acceleration Year Origin

oug

v T =<0

"end TOO00R ZST0

-a="0

Hinh 1: Phwong phdp biéu dién SPLOM

2.3. Hé tpa do hinh sao

Hé toa do hinh sao (star coordinates) dugc gidi thiéu boi Eser Kandogan. Phuong
phép hé toa do hinh sao 1a mot phuong phap biéu dién tuyén tinh cua dix liéu hay phép chiéu
tuyén tinh cua dir liéu xung khdng gian biéu dién hai chiéu. Tuong ty nhu phuong phép biéu
dién mot diém trong hé toa do dé-cac Oxy biéu dién diém M(x,y) boi diém: xi + vj, voi
i=(1,0).j=(01) va diém trong hé toa do Oxyz diém M(x,y,z) duoc biéu dién bai:
xi+ yj+ zk, voi i = (1,0,0),f = (0,1,0), k = (0,0,1).

Hé toa do hinh sao trong mat phang Oxy thay thé hé co s& chinh tac bai mot hé véc-to
gém p véc-to trong khong gian hai chiéu: V = {V, V4, ..., ¥, }. Mdi véc-to dugc biéu dién cho
mét thuge tinh twong tng cua dir liéu va mot diém M (x,,x,, ..., x, ) dugc biéu dién trong hé

toa d6 hinh sao bai diém
p=x,V -I-x:]}’:-l-"'-l-xp]}{, (1)
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Cr

| ds
) |

a5 Ca ds
Cs dp

Cs

Hinh 2: Phuong phdp biéu dién hé toa dé hinh sao
Dbi véi hé toa d6 hinh sao 1a phuong phap chiéu dir liéu tir khéng gian nhiéu chiéu
xudng khdng gian thap chiéu nén su biéu dién. Hé toa d6 hinh sao déu dugc phan phéi déu trén
duong tron don vi, nghia 1a cac hé véc-to V = {Vi, | L Vp} duoc tinh theo cdng thac sau:
2n(i—1) | 2m(i—1)
,5in
p p

Vi=(cos ),z’=l,2,...,p

1

Hinh 3: Hé toa dé hinh sao biéu dién dif liu Iris.

2.4. Hé toa do hwong tam

Hé toa d6 huéng tdm (Radviz-radial visualization) 1a phuong phéap chiéu phi tuyén cua
dir liéu nhiéu chiéu xudng duong tron don vi. Phuong phap Radviz duoc xay dung tir hé can
bang 10 xo dya trén dinh luat Hooke. Gia sir cac diém dir liéu dugc bién d6i trong doan [0,1],
mot diém trong khong gian p chiéu x = (x,,x, ..., x, ) Vi x; € [0,1],i = 1,2, ...,p. C4C $6
chiéu cua dit liéu duoc biéu dién boi cac diém dugc phan phdi déu trén duong tron don vi

Zmii-1) i 2mii—1)

Vv, = (cc-s ——sin = ),:‘ =12,..,p . Ta xay dung mot hé gom p 10 xo c6 mot dau

gan vao cac diém treo V, véi d6 cung twong tng 1a x;,i = 1,2, ..., p va dau con lai duoc gip
vao mot diém P(x, v) trong duong tron don vi. Biém P(x, ¥) trong mit phang duoc st dung
nhu 13 diém biéu dién cua diém trong khdng gian nhiéu chiéu d6 1a diém can bang caa hé 10
x0. Piém can bang P(x, v) ddi véi hé 10 xo khi tong hop luc cia hé bang 0 , nghia la:

o

ZXE(VE—F] -0

i=1
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Do d6, diém biéu dién duoc tinh theo cdng thirc
2l

1
P=5 Z i
i=1 i i=1
Dbi v6i hé toa do hudng tam, cac thudc tinh cé gia tri 16n thi diém biéu dién P(x, )
s& duoc kéo gan véi s6 chiéu twong tng. Mot trong nhirg han ché cua hé toa d6 hudng tam la
su biéu dién khong duy nhét, d6i véi cac diém ty 1¢ véi nhau thi diém biéu dién tring nhau va
khi cac thudc tinh bing nhau thi diém biéu dién nim ¢ tim duong tron don vi.

V3 V2

V4 Vi

Vs ol Vo

Hinh 4: Hé toa do hwong tdm

pll width

“"fw \

) \
sepal
e

} length

s
N

pe ml width

petal
length

i

Hinh 5: Hé toa dé huéng tam biéu dién diz liéu Iris.
2.5. Hé toa d¢ song song
Hé toa d6 song song (Parallel Coordinates) duoc dé xuat bai Inselberg []. Khac véi hé
toa do dé-cac thong thuong khi cac truc duoc biéu dién vudng goc thi hé toa do song song
duoc biéu dién bai cac duong thang song song véi truc tung Oy trong mat phang hé toa do
Oxy. Dé biéu dién mot diém x = (xy,x,, ..., x,) trong khdng gian c6 p thugc tinh, ta xay
dung cac duong thang x = i — 1,i = 1,2, ..., p trong mat phang Oxy, ta xay dung duong gap
khtc ndi cac diém (i,x,),i = 1,2, ..., p dé biéu dién cho diém x. Sy biéu dién nay la duy nhat
nghia 14 cac thong tin biéu dién duoc bao toan. Trong Hinh 6 mé ta hé toa do song song biéu
didn mot diém € = (c,, ¢,, ¢3, €4, €z ) trong khong gian c6 sé chiéu p = 5.
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P &

e 1
# %

X YQ Yz )—(4 )_(5
Hinh 6: Hé toa do song song

Tinh chat ddi ngiu dwong va diém:

Ddi vai hé toa do song song tinh chat dbi ngau gitta dudong va diém 1a mot tinh chat rat
quan trong. Xét hé toa do dé-cac vudbng goc Ox,x, voi duong thiang c6 phwong trinh
(£):x, = mx, + b khi d6 cic diém trén duong thang nay cd dang (a,ma + b) dugc biéu
dién trong hé toa d6 song song l1a duong thang ndi hai diém A4,(0,a),4,(1,ma + b) co
phuong trinh 13 v = (ma + b — a)x + a. Khi thay d6i cac gia tri tham sb a cac dudng thang
1 b

trén luén ludn di qua mot diém cb dinh 6 toa d¢ 1a (¥) : ( ) piém (#) dugc goi 1a

1-m’ 1-m

diém ddi ngau cua duong thang (£€).

v -
7 \<
/ x - X,
¥, .
% X5
T s ); g
A. £ (l-(—lm ? ]—)m) e 6= mx;+b
Ry o ’?.7“;+,l?,,,,/.,, A
2 T
A ma, + b
I/(ll ]
X B 7
a, a,
l«—— ( —>

X x
Hinh 7: Tinh chdt déi ngdu dwong va diém.

Cac d6i twong hinh hoc co ban nhu hinh vudng don vi, hinh 1ap phuong don vi duoc
biéu dién nhu trong Hinh 8 dudi day. Mot trong nhitng diém han ché cua hé toa d6 song song
la sy chdng l4an Ién nhau gitra cac dudng ndi giira cac doan thang caa hai hé toa d6 song song
lién tiép.

76



C=(1,1)

X

B
(b)

X,

(1,0, 0)

(0,0,0,1,0)
(c)

X

YI X'.! /—\_,l /?4 /?5
Hinh 8: (a) Biéu dién hinh vuéng don vi, (b) hinh lap phwong don vi, (€) Hinh hép don vi Véi
so chiéu p = 5.

Az

4.3 2.0 1.0 0.1
sepal length sepal width petal length petal width

Hinh 9: Hé toa d@é song song biéu dién di liéu Iris.
2.6. Duong cong Andrews
Mot phuong phap khac dé biéu dién dit liéu nhiéu chiéu 1a sir dung phuong phép bién
ddi dir liéu nhiéu chiéu thanh cac ham mat bién dbi voi mot hé co so truc chuan phu hop.
Phuong phap su dung duong cong Andrews st dung hé ham co so lugng giac

1 . .
L,—E, cost,sin t, cos 2t, sin 2t, ]

Mai diém x = (x,,x,, ...,xp) trong khong gian c6 sé chiéu 1a p dugc bién d6i twong

ung thanh ham

fo(t) = x_; + x,cost +xg5int + -

NG

va duoc biéu dién trén mot chu ky [—m,7].
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NONAOO

% = =1 0 1 2 3
Hinh 10: Puong cong Andrews biéu dién diz liéu Iris.
Déi vai cac phép bién doi Andrews c6 mét sé tinh chat co ban nhu:
Tinh chat trung binh: Ham twong Gng cua gié tri trung binh la gié tri trung binh cua
cac ham tuong ung nghia la:

IACEENWAC

Bao toan khoang cach: Khoang céch giira hai ham 1a khoang cach dbi véi chuan
L,[—m, ] dugc xac dinh bai cong thic:

o T o

1@ -5 = [ [ho- 5l

ty 1& v4i khoang cach Euclid gitra hai diém. Cu thé ta luén co:

[1£e(t) = J’}(tJL =x||x —y||?

Tinh chét tuyén tinh: Néu diém z nam giirax vay thi cic ham twong tng £.(t) ciing
nam giita £ (£) va f,.(t).

3. Mt s6 bai toan

Bai toan hoén vi: Bdi véi cac phuong phap biéu dién cua hé toa do hinh sao, hé toa do
huéng tam, hé toa 6 song song viéc thay thi tu cac thudc tinh s& anh huong dén sy biéu dién
dir liéu tong thé. Bé bao toan cau tric cua dit liéu nao d6 ching ta can xac dinh mot hoéan vi
cua dir liéu dé thé hién cau tric cua dit liéu twong ung.

Bai toan t6i wu: D4i vai hé toa do hinh sao 12 phép bién ddi tuyén tinh do d6 viéc xac
dinh hé véc-to ddi véi dir liéu cu thé dugc lva chon sao cho ciu tric cua dit liéu duoc bao
toan. Chang han ddi véi dir liéu khong c6 nhan thi ban dau ta can ap dung phuong phap phan
tich thanh phan chinh va d6i véi dir liéu c6 nhén thi ta can 4p dung phuwong phép phan tich
phan biét dé xac dinh hé toa do hinh sao t6i wu.

Bai toan mo rong: i véi mdi phuong phap biéu dién cac nha nghién cau céac
phuong phap mé rong chang han: hé toa do hinh sao mé rong sang khéng gian ba chiéu; hé
toa do hudng tam thay vi biéu dién boi cac diém thi mdi thudc tinh thay bai mot doan thang,
mot duong cong; dbi Vi hé toa dd song song thay vi cac duong gap khuc ta thay bai cac
duong cong ndi suy; ddi véi phuong phap duong cong Andrews ta thay bai cac hé ham truc
giao khac nhau.

78



4. Két luan

Bai b&o gidi thieu mot sé phuong phap truc tiép biéu dién dit liéu nhiéu chiéu gém
phuong phap SPLOM, hé toa d6 hinh sao, hé toa d6 hudng tdm, hé toa d6 song song, duong
cong Andrews va mot sé cac tinh chat twong tng caa cac phuong phap. Déi véi mdi phuong
phap biéu dién déu c6 cac diém manh va diém yéu khac nhau. Bai bao ciing trinh bay mot sb
bai toan dbi voi cac phuong phap biéu dién dit liéu va duoc Gng dung d6i voi mot s6 16p bai
toan phén tich dr liéu.
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ASYMPTOTIC PERIODIC SOLUTIONS OF NON-DENSELY DEFINED
NONAUTONOMOUS EVOLUTION EQUATIONS

TS. Lé Anh Minht
1 Khoa Toan, Trudng Dai hoc Hong Buc
Email: leanhminh@hdu.edu.vn

Abstract: In this paper, for the bounded solution of the non-densely defined
nonautonomous evolution equation, we present the conditions for asymptotic periodicity by
using the spectral theory of functions on the half line and the extrapolation theory of
nondensely defined evolution equation.

1. INTRODUCTION

Studying the periodicity of solutions is one of the great problems for the qualitative
theory of evolution equations. The existence and uniqueness of periodic solutions have been
proved for several important classes of densely defined evolution equations by using classical
approaches such as the fixed point method [10, 19, 22], the use of ultimate boundedness of
solutions and the compactness of Poincaré map over compact embedding [17,18,20], the
spectral theory of functions [11,15,16], ergodic approach [14]. As indicated in [6], we

sometimes need to deal with non-densely defined operators. For example, when we look at a

one-dimensional heat equation with Dirichlet conditions on [0,7] and consider A =% in
C([0,m], &), in order to measure the solutions in the sup-norm, then the domain

D(A) = {u € c*([0,n],R): u(0) = u(w) = 0}

is not dense in C([0,m], E) with the sup-norm since

D(A) ={u e c([0,7], R):u(0) = u(w) = 0} = C([0, 7], R)

Many results on the existence and uniqueness of periodic solutions of nondensely
defined evolution equations are obtained [7, 8, 1, 10]. Especially, in [9] K. Ezzinbi and M.
Jazar gave a new criterion related to Massera's approach which is more general than the
known exponential dichotomy for the existence of periodic and almost periodic solutions for
some evolution equations in a Banach space of the form

d
Ex(t) =(A+B(t))x(t)+ f(t).fort =0
x(0) = x,

(1.1)

where 4: D(4) © X — X is a nondensely defined linear operator on a Banach space X
which satisfies the Hille - Yosida condition: (M, ) : there exist M, = 1 and «w, € & such that
(wy, +o0) € p(4) and

M,
IR(§, A)" = ——.forn€Nand§ > w,

(& — awy)
where p(A4) is the resolvent set of 4 and R(¢, 4) = (& — A)™*; the function f: R — X
is bounded continuous, 1-periodic or almost periodic ( f is not identically zero); for every
t = 0,B(t) is a bounded linear operator on X
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Recently, in [4], Luong et al studied the densely defined case of Eq. (1.1) when
A(t):= A+ B(t) generates a 1-periodic strongly continuous evolutionary process

(U(t,5)).-.=0 defined on the whole space X and f is asymptotic 1-periodic in the sense that f
is bounded, continuous and lim, . (f(t+ 1) — f(t)) = 0. (see e.g. [2] and its references).
We recall that a function x(-) is an asymptotic solution to Eq.(1.1) if there is a continuous
function (-} such that lim, _, __e(t) = 0 and

x'(t) = (A+ B(£))x(t) + f(t) + €(t), vt = 0

By using the spectral theory of functions on the half line and the induced evolution
semigroups in various spectral function spaces. Luong et al introduced the new condition for
the unique existence bounded solution to be asymptotic 1-periodic on the half line. More
precisely, they showed that a bounded and continuous function g: B — X is asymptotic 1-

periodic if and only if its circular spectrum a(g) (see [11] for more detail of this notion)
satisfies o(g) = {1}. Therefore, the existence of asymptotic 1 periodic solutions is reduced to
that of solutions x(-) such that (x(-)) = {1}. The search for asymptotic solutions x(-} with
og(x(-)) = {1} can be done by using the evolution semigroup associated with the
homogeneous equations x'(t) = A(t)x(t) in appropriate function spaces. In the case that the
operator A is not densely defined, the linear part A + B(t) does not generates a strongly
continuous evolutionary process on the whole space X, so the results obtained in [4] are not
guaranteed. Moreover, the inhomogeneous part f(-) taking value in the whole space X while
the values of mild solution x(-) is exactly in X, = D(A4). To overcome these difficulties, in

this paper we first use the theory of extrapolation spaces to express the mild solution of Eq.
(1.1) in terms of an evolution process (g (t, 5)) ..o defined on closed subspace X, (see [1]

and the references therein for more detail). Then, by using the periodicity and boundedness of
(Ug(t,s)) combined with the circular spectrum of functions we state the conditions for the

unique bounded solution of (1.1) to be asymptotic periodic which fit the case of densely
defined of non-autonomous linear part.

Before concluding this introduction section we give an outline of the paper. We briefly
list the main notations in Section 2. This section also contains the definitions as well as
properties of circular spectra of functions on the half line and extrapolation spaces. Section 3
contains the main result of the paper that deals with the asymptotic periodicity of solutions to
non-densely defined nonautonomous evolution equations of the form (1.1).

2. PRELIMINARIES

2.1. Notations. In this paper B, B¥and T stand for the real line, its positive half line,
and the complex plane. If X denotes a (complex) Banach space, then £(X) stands for the
space of all bounded linear operators in X. The spectrum of a linear operator T in a Banach
space is denoted by o(T), and p(T):=C\o(T). We denote by BC(R*X)
the space of all bounded continuous functions from E*to a Banach space X with supremum
norm, and C,(IR*,X) is the space {g € BC(R*,X):lim.__ g(t) = 0}. Finally, I will stand
for the unit circle {z € C: |z| = 1}.
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2.2. Circular spectra of functions on the half line. Many of the concepts and results in
this subsection are discussed and proved in [4.5].

We consider the translation operator S in BC(R*,X,) defined as

[Sx](&):= x(1+&), £ = 0,x € BC(R™, X;)

Furthermore, we also consider the quotient spaces

Y:=BC(R*,X,)/Co(R*,X,)

Then, 5 induces operators in ¥ that will be denoted by 5. It is well known that § is an
isometry, so a(5) = T.

For each x € BC(R™,X,) let us consider the complex function [Sx](A)inA € C\T
defined as

[x](A):= R(LS)x, AECT\T

Definition 2.2.1 ([5]). The circular spectrum of a function x € BC(R*,X,) is defined
to be the set of all £, € T' such that [$x](4) has no analytic extension into any neighborhood
of &, in the complex plane. This spectrum of x is denoted by o(x]). We will denote by g(x)
the set T\ a(x).

The following lemma justifies the introduction of these concepts of spectra.

Lemma 2.2.2 ([5]). Let x € BC(R*,X,). Then, for each x € BC(R*,X,),

o(@x) c o(x)

provided that @ is an operator in BC(R*,X,) that commutes with 5 and leaves
C,(R*,X,) invariant.

2.3. Mild solutions and extrapolation spaces. It is well known that (see [1] and the
references therein) the part 4, of A in X; generates a C,-semigroup (T,(t)).= ON X,
satisfying IT,(t)l < Me“*,wt = 0. Moreover, for 4 € p(4,) the resolvent R(4, 4,) is the
restriction of R(4,4) to X,. On X, we introduce the norm || x l_;= IIR(4,,4,)xll, where
Ag E p(4) is fixed. A different choice of A, € p(4) leads to an equivalent norm. The
completion X_, of X, with respect to [I-ll_, is called the extrapolation space of X, with
respect to A. The extrapolated semigroup (T_,(t)).., consists of the unique continuous
extensions T_,(t) of the operators T,(t),t =0, to X_,. The semigroup (T_,(t))..q IS
strongly continuous and its generator A_, is the unique continuous extension of A; to
L(X,.X_,). Moreover, X is continuously embedded in X_, and R(4, A_,) is the unique
continuous extension of R(4, 4) to X_, for A € p(4). Finally, 4, and A are the parts of A_, in
X, and X, respectively.

We now give the definition of a mild solution of (1.1) as follows.
Definition 2.3.1. Let x, € X,. A function x € C(R*, X,) is called a mild solution to
(1.1) if it satisfies the integral equation

x(t) = Ty(t — 5)x(s) -I-J T_,(t —h)(B(h)x(h)+ f(h))dh (2.1)
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forallt = s = 0.

We consider the following homogeneous linear equation

dx _ >
[f_t =(A+B(t))x(t),t =0 (2.2)
(0) =x, € X

and assume that
(M,):t = B(t)x is strongly measurable for every x € X,

(M) : The operator B(-) is 1-periodic.

Proposition 2.3.2 ([1]). Let (M,) - (M) be satisfied. Then, there exists a unique 1-
periodic  strongly continuous evolutionary process (g (t.5))....o that satisfies
i) Ug(t,s) E L(X,) forallt =5 =0;

i) Ug(t.t) =1, forevery t € E;

i) Ug(t.s)Ug (s, 7) = Ug(t,r), forallt = s = r;

V) Ug(t+ 1,5+ 1) =Ug(t,s) forallt = 5 = 0;

v) The function (t, s, x) = Uz (t,s)x is continuous in (t, 5, x);

vi) There are positive constants K, § such that

Itg (¢, s)ll < Ke®™%) forallt =5 = 0

vii) Furthermore,

Ug(t,s)x =Ty(t— s)x + Jf T_,(t—h)B(h)Ug(h,s)xdh,t =25 =2 0,x € X,

e, te= Ug(t,0)x,is tfwe unique selution of (2.2).

Theorem 2.3.3 ([1]). Let f € L},.(R*,X) and x, € X,. Then there is a unique mild
solution x(-) € C(R¥,X,) of Eq. (1.1) which satisfies the integral equation

x() = Up (t,5)x(s) + Jim frug(r, h)ER(E, A)f(R)dh fort= 5= 0

Moreover, limg_ f;“uB[t,hjfﬂ(f,.al)f(hjdhEXD exists uniformly for t = s in
compact sets in .

3. MAIN Results

3.1. Asymptotic periodic functions and their spectral characterization. We begin this
subsection by recalling the concept of asymptotic periodic functions on the half line. It is
noted that our definition of asymptotic periodicity is slightly different from the concept used
in many previous works, and period 1 is not a restriction, but just for the reader's convenience.
All results can be easily stated for the general case of period.

Definition 3.1.1 ([4]). A function f € BC(R*,X) is said to be asymptotic 1-periodic if
lim (£(¢ +1) = £(£)) = 0

Remark 3.1.2 ([4]). In [12] the authors considered the concept of asymptotic
periodicity of functions in the sense of our Definition 3.1.1. However, there is an error when it
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is shown that this concept is equivalent to the following definition of asymptotic
1-periodicity that is widely used in the literature: f is asymptotic 1-periodic if and only if

f(t) =p(t) +q(t) (3.1)
where p, g are continuous functions such that p is 1 -periodic and lim. , __g(t) = 0. A

counter-example and some sufficient conditions for the asymptotic periodicity in the sense of
our Definition 3.1.1 are given in [13]. Below, we present a simpler counterexample.

Example 3.1.3. Let f € BC(R*,R) defined as f(t):=sinyt,t €R* . Since
lim, .. (Vt+ 1 —+/t) = 0 we have

lim (f(t+ 1) — f(t)) = lim (sinVt + 1 — sin\/t) =0

t—+oa f—oa

If f(t) = p(t) +q(t), where p is continuous and 1-periodic, lim, _, . g(t) = 0, then
f(n)=p(1)+q(n), neEN

Therefore, the following limit exists:

lim f(n) = lim sinyn=p(1) ER
n—oa

n—*oa

Substituting n = k* into the formula gives
Jlim simk=p(l)eR

An elementary argument shows that this is impossible. In fact, if that is true, then
Jlim (sin(k + 2) — sin(k)) =0

Consequently,

&E};Zsin(ljcns[k +1)=0

It follows that lim, . _cosk =0 . Arguing in the same way we can show that
lim, . sin k = 0. Therefore,

1= il_rg (cos®k + sin* k) =0

This is a contradiction that shows that lim, _, . sin k does not exist, and f cannot be
expressed as (3.1).

Proposition 3.1.4 ([4]). The following assertions are valid:

i) Let x € BC(R*,X,). Then, o(x) = @ if and only if x € C,(R¥,X,);

ii) Let p € Rand x € BC(R*,X,). Then, o(x) € {e'?} if and only if

lim [x(t +1)— ei”x(tj) =0

t—*oa

Lemma 3.1.5 ([4]). Assume that @(t),t € R*is a family of bounded linear operators
in X, that satisfies

(1) The function B x X, 3 (t,x) = Q(t)x € X, is continuous,
(2 Q(t+ 1) =@Q(t) forall t € R,

(3) supg.:.1 I Q1) lI< co.

Then, for each x(-) € BC(R*,X,) we have
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o (Qx(-)) = a(x("))

where @ denotes the operator in BC(R*,X,) defined as

[Qx()](t):= Q(t)x(t), t ERT

3.2. Asymptotic periodic solution.

Definition 3.2.1. A function x(-) € BC(R¥,X,) is said to be an asymptotic mild
solution of Eq.(1.1) if there exists a function e(-) € C,(R*,X) such that

x(t) = Up (£,5)x(s) + im J. Uy (£, h)ER(E, A) [ (h) + e(h)]dh (3.2)

forallt = s =0.

Now, for T is an operator in a Banach space X, we denote o-(T):=a(T)NTI. We
also recall the following well known result on the spectrum of the "monodromy" operators

P(t):=Ug(t+ 1,t)

for each t = 0. When t = 1 we denote P:= P(1). In particular, P = Ug(1.0) if
(U5 (t 5)).2s20 IS @ 1-periodic process. Let us denote by P the operator of multiplication
u = Pu defined as

Pu(t) = P(t)u(t) (3.3)

Lemma 3.2.2. Let (Ug(t,5)),..-5 be a 1-periodic process in X;. Then, foreach t = 0

a(P(t))\{0} = a(P)\ {0}

Proof. See [3, Lemma 7.2.2, p. 197].

The unique existence of asymptotic mild solution of Eq.(1.1) is implied from Theorem
2.3.3, by in fact that f € BC(R*,X) < LL_BC(R*, X). Now we prove the relation between

the spectral of asymptotic mild solution x with spectral of P and f.
Lemma 3.2.3. Let x(-) € BC(R*,X,) be an asymptotic mild solution of Eq. (1.1) and
f e BC(R*,X). Then,
g(x) cao-(P)Ua(f) (34)
Proof. By the definition of asymptotic mild solutions there is a function
e(+) € Co(R*,X) such that, for each t € B
x(t+1) = Ug(t+1,8)x() + Jim J;m Ug(t + 1,h)ER(E,A)(f(h) + e(h))dh  (3.5)

For & = w we set fz = ER(&, A)f. Note that cr[:f%-) c o(f) and f; € BC(R™, X,).

Let us denote
+1

Fg[t]:=f Ug (t + Lh)fr (h)dh
t

Observe that the operator taking f; to F; commutes with S, and it is a bounded linear

operator from BC(IR*,X,) into itself, so by Lemma 3.1.5,

o(Fz) < o(f)
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Moreover, F: € BC(R*,X,) and
t+1

Fe(6) = F(2):= Jim j Up (t + 1, 1) f; () dh € X,
E

which shows that
o(F) € o(F;) € o(f:) € o(f)

Also, if we denote
t+1
g(t) = lim J. Ug(t+ 1L h)ER(E, A)e(h)dh
§=os |,

then e(+) € C,(R¥, X,). Hence, for the function

t+1
w(t):= lim f Ug (t + 1,h)ER(E, A)(F(h) + e(h))dh = F(t) + £(t)

f=e |,

we have

g(w)=o(F) ca(f)

The periodicity of the evolution process (T (t.s))... yields that P(t) is 1-periodic, so
it commutes with the translation 5. Therefore, (3.5) gives

Sx=Pxi+F

Let0 =+ Ay € o-(P) U o(f) and let V" be a fixed small open neighborhood of 4, such that

V(o (P)Ua(f)) =0

Using the identity

R(4,5)5T=AR(A,5)Z—%, for A€V:|A] 1

we have

R(AS)(Px+F)=R(ALS)Sx=AR(ALS)x—x

Together with the fact that B (4, 5)Px = PR(A, 5)x we obtain

Z+R(ALS)F=AR(AL5)%—PR(A 5%

= (A—P)R(ALS)X

Since A € V the operator A — P is invertible and its inverse is determined by R (4, P).
Therefore, for all A € V" such that [4| = 1 we have

R(AS)Xx=R(AP)x+R(ALS)F)

Since R(A,P)x is analytic in V and R(A, §)F is analytically extendable in a
neighborhood of 4, , the complex function R(4,5)x is analytically extendable to a
neighborhood of 4,. That is A; € a(x). This proves (3.4), completing the proof of the lemma.

Theorem 3.2.4. Let (M,) - (M) are satisfied. Let o..(P) {1} and x € BC(R*,X,)
be an asymptotic mild solution of Eq. (1.1). Furthermore, let f € BC(R*,X) in Eq. (1.1) be
asymptotic 1-periodic. Then, x(-) is asymptotic 1-periodic, i.e.,

11_1& (x(t+1)—x(t))=0
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Proof. Since f is asymptotic 1-periodic,

a(f) = {1}

By Lemma 3.2.3,

o(x) € or(P)ua(f) = {1}

Then, by Proposition 3.1.4 we conclude that x(-) is asymptotic 1-periodic.

3.3. Example. To illustrate our results, we consider the following nondensely defined
nonautonomous partial differential equation

-

dx L 7Y = -
at[’g_aqf
x(t,0)=x(t,w) =0, forte R,

x(t,u) — b(t)x(t,{) + g({) - siny/t,for t ER, and { € [0, 7] (3.6)

where b(-) is a 1-periodic function which satisfies 0 < b < b(-) and g is L* -
integrable on [0,m].
We set X:=C([0,x],R), the Banach space of continuous functions on [0,m],
equipped with the uniform norm topology, and we define 4: D(4) € X — X by
{im) = {z € C2([0,7],R): 2(0) = z(x) = 0}
z=z"4z

We have (0,c0) © p(A4),
1
IR(4,A) I< 7, V1 >0

and
X,}:

D(A) = {y € C([0,7], K): ¥(0) = y(w) = 0} # X

Hence, (M, ) is satisfied. We will use the fact that A generates a strongly continuous
exponentially semigroup (Ty(t))..o 0N X, with

IT,()l<e™ vt=0

Moreover, as in [21, p. 414] the eigenvalues of 4 on iR are determined from the set of
solutions of the equations

A—1=—n*n=12,..

Obviously, there is only one root A = 0 that lies on iR, so a(4) n ik = {0}. Since this
semigroup is compact, the spectral mapping theorem yields that & (T, (1)) = e°™4) = {1}.

We now consider the family (B(t)).., defined on X, by B(t) = —b(t)I, for every
t = 0. Since b(.) € L},.(R,),t = B(t)x is strongly measurable. Hence, (M,) is satisfied.
Clearly that B(-) is 1-periodic so (M) is fulfilled. We find that 4 4+ B(t) generates a unique
1-periodic strongly continuous evolutionary process (Ug (t. 5)).~.=p On X, defined by

Ug(t,s) =exp (—J b[r]dr) Ty(t — =)

For the monodromy operator P = U (1,0) = exp (—f:b[rj dr) Ty(1) we have
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ar(P) = {1}

Furthermore, if we assume that g € X, then the function f(t):= sin+/t - g(-) is an

asymptotic 1-periodic function taking values in X (see Example 3.1.3).

Therefore, by applying Theorem 3.2.4 we conclude that every asymptotic solution to

Eq. (3.6) is asymptotic 1-periodic.

10.
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SINH VIEN SU PHAM TOAN - CO HQI NGHE NGHIEP
VA NHUNG THACH THUC TRONG THOI PAI MO

ThS. Nguyén Minh Ngoc *
tHiéu truong truong THPT Quang Trung

Trong bdi canh nén gido duc ngay cang phét trién va cac yéu cau vé chit luong gido
duc ngay cang cao, vai tro cua sinh vién Su pham Toan tré nén ngay cang quan trong. Bao
C40 nay & tap trung vao viée phan tich co hoi viée lam ma sinh vién Su pham Toan cd thé
gap phai sau khi tot nghiép, ciing nhu nhirng thach thac ma ho c6 thé phai do6i mat trong
tuong lai.

I. Sinh vién Sw pham Toan va céc co hdi nghé nghiép

Sinh vién su pham Toan ¢ nhiéu co hoi nghé nghiép trong twong lai, khong chi gidi
han trong viéc gi:élng day t?i cac tru(‘yl:lg hoc. Duéi day 1a mot s6 rlgénh nghé ma sinh vién su
pham Toan c6 thé theo duoi sau khi tot nghiép, cung vai mo ta ngan gon vé tirng nghé:

1. Giao vién Toan hoc

- Cép tiéu hoc, trung hoc co s& va trung hoc phé thong: Giang day mon Todn tai cac
truong ti€u hgc, trung h(_)~c co sO va trung hoc pho thong. Picu nay bao gom viéc 1€n ké hoach
bai giang, cham bai va ho trg hoc sinh trong viéc hoc tap.

- Tru(‘y‘ng chuyén, t{'ubr}g quéc té: Giang day tai cac trudng chuyén, truong quc té voi
murc d§ yéu cau cao hon vé kién thirc va ky ndng su pham.

2. Giang vién dai hoc va cao ding

- Giang day va nghién ciru: Lam viéc tai cac truong dai hoc va cao dang, tham gia
giang day cdc mon Toan cao cap va thyc hién cac dy 4n nghién ctru trong linh vuc Toan hoc.

3. Chuyén vién tw van gido duc

- Tu vén hoc tap: Ho tro hoc sinh, sinh vién trong viéc 1én ké hoach hoc tap, lya chon
mon hoc va phuong phap hoc tap hiéu qua.

- Phat trién chuong trinh gido duc: Tham gia vao viéc phat trién va cai tién chuong
trinh gido duc, tai liéu giang day va phuong phéap danh gia.

4. Chuyén vién phat trién phan mém giso duc

- Thiét ké phan mém hoc Toan: Lam viéc vdi cac cong ty phat trién phin mém dé thiét
ké va xay dung cac ung dung, phan mém va cong cu ho trg viéc hoc Toan.

- E-leaming va gido dl_}C trye tuyén: Tham gia vao cac du an e-learning, phat trién noi
dung va nén tang hoc truc tuyen.

5. Nha nghién ctru Toan hoc

- Nghién ciru Iy thuyét va ung dung: Thuc hién nghién ctru vé cac 1y thuyét Toan th
hodc tng dung ctia Todn hoc trong céc linh vuc khac nhu khoa hoc may tinh, vat 1y, kinh té
hoc, va k¥ thuat.

- Lam viéc tai cac vién nghién ctru: Lam viéc tai cac vién nghién clru hodc trung tam
nghién ctru Toéan hoc.

6. Phan tich dir liéu va khoa hoc dir liéu

- Data Analyst va Data Scientist: Phan tich dir liéu, xay dung mo hinh du doan va
cung cap cac giai phap dua trén dir liéu cho cac doanh nghiép va to chuc.
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- Machine Learning Engineer: Phat trién va trién khai cac mé hinh hoc may, lam viéc
trong cac dy an vé tri tu¢ nhan tao va hoc may.

7. Chuyén vién tai chinh va bao hiém

- Actuary (Chuyén vién dinh phi bao hiém): Sir dung Toan hoc va théng ké dé phan
tich rti ro va dinh gia cac san pham bao hiém.

- Financial Analyst (Chuyén vién phan tich tai chinh): Phan tich dir liéu tai chinh, xay
dung mo hinh tai chinh va cung cap cac du béo tai chinh.

8. K¥ sw va chuyén vién khoa hoc may tinh

- Software Engineer: Phat trién phan mém, Gmg dung va hé thong st dung cac ky thuat
Toan hoc.

- Algorithm Developer: Thiét ké va t6i wu hoa cac thuat toan cho cac tmg dung trong
khoa hoc may tinh va k¥ thuat.

9. Giao vién luyén thi va gia su

- Luyén thi dai hoc: Day céc 16p luyén thi dai hoc, gitp hoc sinh chuan bi cho cac ky
thi quan trong.

- Gia su Toan: Cung cép dich vu gia su cd nhan hoac nhoém nhé cho hoc sinh & nhiéu
cap hoc khac nhau.

10. Khéi nghiép trong gido duc

- Thanh 1ap trung tdm hoc tdp: M& cac trung tdm hoc tdp va day kém, cung cép cac
khoéa hoc bo trg cho hoc sinh.

- Phét trién ndi dung gido duc: Viét sach, tai liéu hoc tap hodc tao ra cac khoa hoc truc tuyén.

Sinh vién s pham Toan, v6i nén tang kién thirc vimg chic va k¥ nang su pham, co thé
linh hoat theo dudi nhiéu nganh nghé khéc nhau tuy theo sé thich va muc tiéu nghé nghiép cua
minh. Sy da dang trong cac co hoi nghé nghiép nay khong chi giip ho phat huy kha nang cua
minh ma con gop phan nang cao chat lugng gido duc va nghién ctru trong linh vuc Toén hoc.

I1. Nhirng thach thirc khi tim kiém co hi viéc lam

Sinh vién su pham Toan c6 thé gip phai mot sb thach thirc va kho khan khi tim kiém
co hoi viéc lam sau khi tot nghi€p. Dudi day 1a mot s6 thach thice chinh cung véi goi § vé
cach vuot qua chung:

1. Canh tranh cao

- Thach thirc: C6 nhiéu sinh vién tot nghiép tir cac chwong trinh su pham Toén, dan
dén sy canh tranh cao trong vi¢c tim kiém cong viéc giang day.

- Giai phap: Tap trung vao viéc nang cao ky nang chuyén mon va su pham, tham gia cac
khoa hoc bo sung va chiing chi nang cao dé tang tinh canh tranh. Ngoai ra, xay dung mang ludi
quan h¢ trong nganh gido duc thong qua thyc tap, cac héi thao va sy kién nghé nghiép.

2. Yéu céu kinh nghiém lam viéc

- Théach thire: Nhidu nha tuyén dung yéu cau Gmg vién c¢é kinh nghiém lam viéc, diéu
ma sinh vién mai tot nghi¢p thuong thiéu.

- Giai phap: Tim kiém co hoi thuc tap, 1am tro giang hodc tham gia cac du an tinh
nguyén lién quan dén gido duc trong qua trinh hoc dé tich liiy kinh nghi¢m thyc te.

3. Thay ddi trong chinh sich gizo duc
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- Théch thtrc: Su thay ddi trong chinh sach gido duc c¢6 thé anh huong dén nhu cau
tuyén dung gido vién Toan.

- Giai phap: Ludn cap nhat va tim hiéu vé cac chinh sach gido duc méi, diéu chinh va
phat trién ky nang dé phu hop voi cac yéu cau mdi cia nganh.

4. Ky nang mém chwa dii manh

- Théach thirc: K§ nang giao tiép, quan 1y 16p hoc va giai quyét xung dot c6 thé chua
dugc phat trién day du.

- Giai phap: Tham gia cac khéa hoc phat trién k¥ ning mém, tham gia vao cac hoat
dong ngoai khoa va cac khoa huan luyén k¥ nang quan 1y 16p hoc.

5. Cong ngh¢ trong giao duc

- Thach thtre: Sy phat trién nhanh chéng cua cong nghé trong gido duc yéu ciu gido
vién phai c6 kha nang st dung cac cong cu va phan mém gido duc hién dai.

- Giai phap: Hoc cach sir dung cac cong cu cong nghé va tham gia cac khoa dao tao vé
cong nghé gido duc. Ap dung cong nghé vao giang day dé nang cao hiéu qua day hoc.

6. Thiéu dinh hwéng nghé nghiép ré rang

- Thach thtrc: Mot s6 sinh vién c¢6 thé thiéu dinh huéng nghé nghiép 16 rang sau khi tot
nghiép.

- Giai phap: Tim kiém su tu van tir cac ¢ van nghé nghiép, tham gia cac budi hoi thao
dinh hudng nghé nghi¢p va cac chuong trinh mentoring dé xac dinh muc tiéu nghé nghiép cu thé.

7. Lwong va phic lgi

- Thach thirc: Mirc lwong va phuc loi trong nganh giao duc c6 thé khong hap din so
v6i cae nganh nghé khac.

- Giai phap: Tim hiéu vé cac co hoi nghé nghiép khac lién quan dén Toan hoc ngoai
giang day nhu phan tich dir li€u, phat trién phan mém gido duc hodc tu van gido duc, noi co
thé c6 muc lvong va phuc g1 tot hon.

8. Di chuyén va dia diém lam viéc

- Thach thtc: Co hoi viée lam c6 thé khong déng déu gitta cac khu vuc, doi héi sinh
vién phai di chuyén dén cac thanh pho hodc ving khéc.

- Giai phap: San sang di chuyén va linh hoat trong viéc lga chon dia diém lam viéc.
Can nhac viéc bat dau sy nghiép tai cac khu vuc c6 nhu cau cao va sau do tim co hoi chuyén
v€ noi mong muon.

9. Chuyén doi giira cac cap hoc

- Thach thwe: Viéc chuyén ddi giang day gitra cac cép hoc (tiéu hoc, trung hoc co sd,
trung hoc pho thong) cé thé gap kho khan do yéu cau khéc nhau.

- Giai phap: Nam viing kién thirc va ky nang giang day phui hop véi timg cip hoc, va
tham gia cac khoa dao tao chuyén sau dé lam quen vdi cac yéu cau cu thé cia tung cap.

Két luan

Trong bo céo nay, chung ta da di qua mot hanh trinh kham pha vé co hdi viéc lam va
nhirng thach thuc ma sinh vién Su pham Toan c6 thé gap phai trong tuong lai. Tt vi¢c phan
tich cac nganh nghé co6 lién quan dén Toan hoc dén viéc dat ra cac gidi phép cho cac thach
thirc tuyén dung va phat trién nghé nghi€p, chung ta da thay rd sy quan trong va da dang cua
linh vyc nay.
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Cac sinh vién Su pham Toan khong chi 1a nhiing nguoi giang day mon Todan tai cac
truong hoc, ma con 13 nhitng chuyén gia c6 thé dong gép vao nhiéu linh vuc khac nhau nhu
nghién ctru, phan tich dir liéu, phét trién phan mém gido duc va nhiéu hon nita. Tuy nhién, ho
ciing d6i dién véi nhiéu thach thirc, tir sy canh tranh cao dén yéu cau k¥ ning mém va ky
nang cong ngh¢ ngay cang cao.

Dé vuot qua nhing thach thirc nay, sinh vién Su pham Toan can lién tuc nang cao ky
ning chuyén mon va su pham, ciing nhu phét trién k§ nang mém va 1am quen véi cong nghé
moéi. Pong thoi, viée tim kiém sy hd tro tir b van nghé nghiép va tham gia vao cac hoat dong
ngoai khoa ciing rt quan trong dé xay dung hanh trinh nghé nghiép thanh cong.

Du ¢6 nhitng thach thirc, nhung khong c¢6 gi 1a khong thé vai su nd luc va kién tri. Cac
sinh vién Su pham Toan c6 mot tuong lai sang lang va day tiém ning trong mot thé gidi ma
To4n hoc ngay cang trd nén quan trong va can thiét hon bao gio hét. Hay tiép tuc dam mé va
khong ngimg hoc hoi, béi chi ¢6 nhu vy, ching ta méi c6 thé thuc su kham pha dugc tiém
nang cta minh va dong gop vao sy phat trién ciia xa hoi va nhén loai./
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SPECTRAL CRITERIA FOR THE ASYMPTOTIC CONSTANCY OF
SOLUTIONS TO IMPLICIT DIFFERENCE EQUATIONS

TS. Bui Xuan Quang *
tKhoa Co ban, Truong DPai hoc Phenikaa

Abstract: This paper deals with spectral criteria for the asymptotic constancy of
solutions to the implicit difference equation Cx(n + 1) = Tx(n) + v(mn) in a Banach space X,

where the bounded sequence {v(m)}, is asymptotically constant. The main result states that,
if 1 is either not in o-(C, T}, or is its isolated element, then the implicit difference equation

has an asymptotic solution that is asymptotically constant, provided it has a bounded
asymptotic solution. In the case of o (C,T) = {1} we prove that every asymptotic solution is

asymptotically constant. Furthermore, we give an application of the result to periodic
evolution equations associated with C-semigroups.

1. INTRODUCTION

In this paper, we study the asymptotic behavior of the implicit difference equation

Cx(n+1)=Tx(n)+y(n), n€N (1)

where x(n) € X, X is a Banach space, T is a bounded linear operator acting in %, C is an
injective operator in L{X), and v(n) € X is a bounded asymptotically constant sequence in X.

Historically, Katznelson-Tzafriri 11 studied the asymptotic behavior of the sequence
{T™},, where T is a power bounded operator in a Banach space X, that is, sup,,. IT"ll < oo,
A famous result of that paper is the following theorem:

Theorem A (Katznelson-Tzafriri 11, Theorem 1]). Let T be a linear contraction on a
Banach space . Then,

lim (T™** —T™) =0 if (and only if) o.(T) © {1}

n—+oa

We can refer to Vu [27] for a short proof of the Theorem A, see also 1, 15, 17, 26] for
discussions related to this result. Recent developments related to Theorem A can be found in
[2, 3,4, 7,16, 23, 28. Theorem A can be expressed as the spectral criterion for all solutions to
the homogeneous equation x(n + 1) = Tx(n) to be asymptotically constant.

For the case of explicit difference equation

x(n+1)=Tx(n)+y(n), neEN (2)

that is, implicit difference equation (1) in the case of C is the identity operator I, by

using the spectral decomposition technique in [8, 20, Minh-Matsunaga-HuyLuong 17] proved
in 2022 that if o-(C,T) © {1} and {v(n)}, is asymptotically constant, then every bounded
solution of v2 is asymptotically constant. Furthermore, Minh-Matsunaga-Huy-Luong [17]
introduced the concept of asymptotic solution (see Definition 3.3 to study the case when the
condition o-(T) © {1} may not hold. The result states that if 1 is either not in o-(T), or is an
isolated point of a-(T), then v2 has an asymptotic solution that is asymptotically constant,
provided it has a bounded solution (see Theorem 3.8). A result of this type is often referred to
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as a Massera-type theorem. Such results play a very important role in studying the periodicity
of differential and difference equations. The reader is referred to [6, 8, 12, 14, 18, 19, 20, 21,
22, 29, 32, see also 10, 13, 17, 24, 25, for more recent developments.

The aims of this paper are to extend the methods and results of Minh-MatsunagaHuy-
Luong 17 to the case of implicit difference equation (1) and to further study the relationship
of the spectrum of a bounded sequence and spectrum of a bounded asymptotic solution (see
the first inclusion in Lemma 3.4. More specifically, we will give a spectral criterion for the
asymptotic constancy of solutions to implicit difference equation (17. Our technique is to use
the spectral definition of the sequences in Definition 2.1 to establish the desired criterion.
Hence, the main difficulty when transitioning to the case of implicit difference equation is
proving the analyticity of the function p(C,T)3 A= R(A,C,T):= (AC—T)"'. This
difficulty is resolved in Lemma 3.2 which gives the openness of the resolvent set p(C,T) in
the complex plane and the analyticity of the function A = R(A, C,T) on the resolvent set.

With Lemma 3.2, our main results are contained in Lemma 3.4. Theorem 3.6.
Theorem 3.7. Theorem 3.8, and Theorem 4.3. We also prove that the spectrum of a bounded

sequence is a subset of the spectrum of a bounded asymptotic solution, see inclusion "
og(y) € a(x)" in Lemma 3.4. Note that, the result " ¢(x) © o(y) U o-(C,T) " in Lemma 3.4

is analogous to Naito-Minh-Shin 20, Lemma 3.2] for the implicit difference equations, see
Remark 3.5 .

This paper is organized as follows: In Section 2, we first list some notations used in
the paper. Then, we recall some background materials on spectral theory. Section 3 contains
the main results, which begins with Lemma 3.2 on the analyticity of the resolvent
R(AC,T):= (A€ —T)~*. Using Lemma 3.4, we describe a necessary condition for implicit

difference equation (1) to have an asymptotic constant solution in Theorem 3.6. A spectral
criterion for any bounded asymptotic solution to be asymptotically constant is stated in
Theorem 3.7. Theorem 3.8 builds a spectral criterion to infer the existence of asymptotically
constant from the existence of a bounded asymptotic solution. Finally, Section 4 discusses an
application to periodic evolution equations associated with C-semigroups.

2. PRELIMINARIES

Notations. For a complex Banach space X, the space of all bounded linear operators
acting in X is denoted by £(X); p(C,T) and o(C, T) denote the resolvent set and spectrum of
linear operator pencil {C.T} , respectively. For A€Ep(C,T) , we denote
R(AC,T):= (AC —T)™1. A sequence in X will be denoted by {x(n)},.

Consider the Banach spaces of sequences

[7(X):= {x = {x(n)}, c X suE Il x(n) < m} (3)

ne

and
6o(X):= {x = {x(m)}, X: lim x(n) = o} (4)

are equipped with sup-norm, Il x ll: = sup,.x Il () l. The shift operator 5 acts in
I"(X)as
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Sx(n) =x(n+1), neM, x € [™(X)

The operator 5 is a contraction (see Minh-Matsunaga-Huy-Luong [17]).

Consider the quotient Banach space ¥:= " (X)/c,(X) with the induced norm. The
equivalent class of x € 1 (X) will be denoted by x. Since 5 leaves cy(X) invariant it induces
a bounded linear operator § acting in ¥. Similarly, each operator T € L({X) induces an
operator T € £L(¥). Moreover, one notes that § is a surjective isometry. As a consequence,
o(§) T, where T denotes the unit circle {z € C: |z| = 1} in the complex plane. We put

o-(C,T):=e(C,T)n{z € C:|z| = 1} (5)

2.1. Spectral Theory. In this subsection, we present some materials on spectral theory,
see detail in 15,17 .

Firstly, the resolvent of the isometry § satisfies

I R(A.S) I= —||A,|1— Tk forall |4] # 1 (6)

Definition 2.1. The spectrum of % € ¥, denoted by (%), is defined to be the set of all

non-removable singular points of the complex function
g(D):=R(A5)F (7)

If x = {x(n)}, €17 (X), then, its spectrum, denoted by & (x), is said to be o (x).

From the definition of spectrum of a bounded sequence x it follows that o(x) is a
closed subset of C.

Lemma 2.2 (Minh [15, Lemma 2.2]). Assume that & € ¥, and &, is an isolated point of
a(x). Then, &, is a pole of first order of the complex function g(4): = R(4,5)x

Definition 2.3. A sequence {x,,}, is said to be asymptotically constant if

lim [x(n+ 1) —x(n)] =0

n—*oa

Proposition 2.4 (see Minh-Matsunaga-Huy-Luong [17]). The following assertions are
valid:

(1) Let x € I=(X). Then, o(x) = @ if and only if x € c,(X);

(2) Let x € I"(X). Then o(x) = {1} if and only if x is asymptotically constant;

(3) Let A be a closed subset of ', and ¥, := {x € ¥: o(x) = A}. Then, ¥, is a closed
subspace of ¥;

(4) Let A=A, UA,, where A, A, are disjoint closed subsets of I' . Then,
¥, =Y, @Y, . Moreover, the projection associated with this direct sum commutes with the
shift operator § and the operator T.

3. MAIN RESUItS

In this section, we present the main results of the paper on spectral criteria for the
asymptotic constancy of solutions to implicit difference equations in a Banach space. We start
with the concepts of resolvent set and spectrum of a linear operators pencil (see Gohberg-
Goldberg-Kaashoek 9, Chapter IV] and references therein for more information on the matter).
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Definition 3.1. A linear operator pencil {C,T}, where C,T € L(X), is said to be regular
if there exists 4 €  such that the linear operator AC — T is invertible. We set

R(A,C,T):=(AC —T)7%, foralld€ p(C,T) (8)
The complement of such A € T is called the spectrum, and is denoted by o(C, T).

Lemma 3.2. The following assertions are valid:
(1) The resolvent set
p(C.T:={lec:3(ACc —T) L (ACc—T)"* € L(XK)} (9)
IS an open subset of C.
(2) The function

p(C,TY3 A= R(LC,T):=(AC—T) ! € L(X) (10)
is analytic.
Proof.
(1) We have
AC—T=(A—A,)C+(A4,C—T) (11)

Therefore, if A, € p(C.T), then A: = (1,C —T) ™! exists as an element of £L(X). It is
easily seen that if 4 € L(X) is invertible, then there exists an open neighborhood of A
consisting of all invertible operators. That means, if A— A4, is sufficiently small,
(A —Ay)C+ (A, —T).
(2) Let A, € p(C,T) and A € B_(4,) with sufficiently small = = 0. We have
(A,C—T) }ACc —T)
= (A=A (A —T) ' C+ (A, —T) HA,C—T)
=(A—2A)(A,c—T)C+1
Therefore, for sufficiently small £, say,
1
= G,c =)l
by Neumann series formula, the operator
[(A=A)@c—T)C+1]7H

- Z (—1)*(A— A,)* (A, —T)7FC*

That means,
[(A,C—T)2(AC —T)] ™t = (AC—T)™}(A,C —T)
exists and is an analytic function of 4 in a small neighborhood of 4, € o(C,T). Since

(A,€ —T) is invertible, this yields that (A —T)™* is well defined and analytic in a small
neighborhood of 4.

The lemma is proved.
Definition 3.3 (see Minh-Matsunaga-Huy-Luong [17, Definition 2.2]). Let u =
{u(n)},, be a bounded sequence in E. Then, u is said to be an asymptotic solution to 11 if
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Cu(n+1) =Tu(n) + y(n) + (n), nEN
where the sequence {=(n)},, satisfies lim,, ., s(n) = 0.
Lemma 3.4. Let x = {x(n)}, be a bounded asymptotic solution to (1) and v =
{v(n)},, is any bounded sequence. Then,
o(y)ca(x)co(y)Ver(CT) (12)
Proof.

(1) We prove that
g(x) Cco(y)Uo(C.T) (13)
Applying the transformation (7) to (1), we have
R(A,5)CSx = R(A5)Tx+ R(AS)y, forall [A] #1 (14)
Since R(4,5)5x = AR(A, 5)x — &, we obtain that
AR(A,85)C5x— Cx=R(AL5)TE + R(AL5)¥ (15)
Suppose thatT" 3 A, € a(y) Vo (C,T). Then, R(A,C,T), by Lemma 3.2 and R(4,5)¥
are extendable to an analytic function in a neighborhood of 4. Therefore,
(AC —T)R(AS)x=Cx+R(ALS)¥ |4 #1 (16)
thus,
R(A5)x = R(AC, T)(CX+R(AS)7). |14 #1 (17)
Therefore, R4, 5)x is analytic in a neighborhood of 4, hence 4, & a(x). This proves 13).
(2) We now prove that
a(y) € o(x) (18)
From 16), we have
(A€ — T)R(AL5)E—Cx=R(ALS)¥, || =1 (19)
If R(A,5)x an be extended to an analytic function in a neighborhood of 4, € T, then so

is the left-hand side of 19). Therefore, R(4,5)¥ is also extendable to an analytic function in a
neighborhood of A; € T, that is, 4, € a(¥). This implies o(v) © o(x), finishing the proof.

The proof is completed.

Remark 3.5. The part " a(x) © a(v) Vo (C,T)" in Lemma 3.4 is an analog to Naito-
Minh-Shin [20, Lemma 3.2] for the implicit difference equations.

Below we will apply Lemma 3.4 to study the asymptotic constancy of solutions to
implicit differece equation (1), where ¥ is assumed to be a bounded sequence.

Theorem 3.6. The necessary condition for (1), where v is assumed to be a bounded
sequence, to have an asymptotic constant solution is

o(¥) = {1} (20)

That is y must be asymptotic constant itself.

Proof. Since Lemma 3.4, we have o(¥) © o(x). If x is an asymptotic constant, then
o(x) < {1}. This finishes the proof.
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Theorem 3.7. Suppose that
(1) {w(n)}, = I1=(X) is asymptotically constant, and
(2) or(C,T) = {1}.
Then, every bounded asymptotic solution to (1) is asymptotically constant.
Proof. By Lemma 3.4, we have
g(x)c o(yv)Uo:(C,T) c {1}
for any asymptotic solution x € I™ () to 11. Therefore, x is asymptotically constant
according to Proposition 2.4
Theorem 3.8. Suppose that
(1) sequence {v(n)}, © I (X) is asymptotically constant;
(2) if either 1 &€ o (C,T), or 1 is an isolated point of o-(C.T);
(3) Equation (2) has a bounded asymptotic solution.
Then, (2) has an asymptotic solution that is asymptotically constant.
Proof. Set A;:={1} and A, = a-(C,T)\ {1}. Then A, and A, are both closed and
disjoint by the assumption. By Proposition 2.4, we have
T=x, + %, (21)
where x,:= Px,%, = (I — P)x, and P is the Riesz spectral project corresponding to
the splitting ¥, = ¥, & ¥,_. Since x is an asymptotic solution to 11,
CSx =Tx+y+e, wheree = {g(n)}, € cy(X) (22)
o)
PCSx =PTx + Py (23)
As o(¥) c {1}, we have
PCSx =PTx+v. (24)
Therefore
CSPx=TPx +7¥
since P commutes with § and T. If we choose z as a representative of P&, then z
satisfies the equation
Cz(n+ 1) =Tz(n) +y(n) +='(n) (25)
where {='(n)},, € ¢,(X). Obviously, {z(n)}, is an asymptotic solution to 11 , and is
asymptotically constant since a(z) — {1}.
4. An Application to Evolution Equations Associated with C-SEMIGROUPS

This section presents an application to evolution equations associated with C
semigroups. The concept of C-semigroups introduced to approach a larger class of evolution

equations which are ill-posed (see, e.g., [5, 30, 31] and the references therein for more
information).

Definition 4.1. A family of bounded linear operators (T(t)).., from a Banach space X
to itself is called 1-periodic C-semigroup if the following conditions are satisfied
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1) T(0) =¢C;

(2) T(t+5) =T(t)T(s)Cforall t,s = 0;

(3) for each x € X, the map t = T(t)x is continuous;

@ T(t+1)=T(t)forallt = 0;

(5) I T(t) I= Ne“* for some positive constants N and « independent of t = 0,

A function f € C(R*, X) is said to be asymptotically 1-periodic if

lim [f(¢ + 1) = f(£)] = 0 (26)
Consider the following linear 1-periodic evolution equation
' =Ax+f(t), t=0 (27)

where x € X, f is an asymptotically 1-periodic function. The homogeneous evolution
equation
x'=Ax, t=0 (28)
of Equation 27) is said to be C-well-posed if it generates a 1-periodic C-semigroup
(T(t))esp IN X
Definition 4.2. A function u € C(R*,X) is a mild asymptotic solution of Equation
(27) if there is a function £ € C(R*,X) such that
lime(t) =0 (29)

E—+oo

Cu®) =T(e— () + | T(e= D@ +e@)1d6, £ 2 0 (30)

We denote P the monodromy operator T(1) of the semigroup (T(t))..o. AS an
application of Theorem 3.7 we have the following:

Theorem 4.3. Assume that the homogeneous evolution equation (28) generates a 1-
periodic C-semigroup (T(t))..q in @ Banach space X such that

a-(C,P) c {1} (31)
Then, every bounded asymptotic solution to (27) satisfies
}i_{]l I Clu(t+1)—u(t))I=0 (32)
Proof. If u is a mild asymptotic solution to 27, then
nt+l
Cu(n+ 1) =T[1]u[n]-|—J- Tn+1—-&)[f($)+ =(&)]d¢ (33)
Put
yoyi= [ T+ 1= O + ()16 (39)

From the 1-periodicity of the C-semigroup (T(t)).., we have T(1)= P. Then, 33
becomes
Cu(n+1)=Pu(n)+y(n), neN (35)
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We will show that {v(n)}, is asymptotically constant. By computing directly, we can
obtain that
y(n+1) - y(n)

ntl

= J. T+2 -+ E(f)]df—_[ T(n+1-3)[f(5) +e()]dd

1+l

= f Tn+1-8[fE+1)+e(E+1)—f(&) —e(D)]de

Since f is an asymptotically 1-periodic function and the limitlim, . _=(t) =0 it
follows that
lim [y(n+1)—y(n)]=0

In other words, {u(n)}, is an asymptotic solution to 35). Under the assumption in

Theorem 4.3, all conditions of Theorem 3.7 are satisfied. Hence, every bounded asymptotic
solution to is5 isymptotic constant,
lim [u(n+ 1) —u(n)] =0 (36)

n—

Denoting n = [t], the integer part of t, we have
Clu(t+ 1) —u(t))

=TE- M+ D - u@]+ [ TE+1-HIE) + (1

—f T(t— &)[f(&) +=(&)]d¢
=T(t—n)[u(n+1)—u(n)]

+f T(t—OMFE+1)+=(E+ 1)) — (F(§) +=(8)]dE

By Definition 4.1, we have the following estimate
IC(u(t+ 1) —u(e)) I

< Ne“ lu(n+ 1) —u(n) | +NE”J IfE+D)+eE+1)—f(E) —=(§) N4

Since lim,_ . =(t) = 0, the asymptotical 1-periodicity of f and the asymptotic
constancy of {u(n)},, it follows that

lim || C(u(t+1)—u(t)) =0

t—* oo

The theorem is proved.
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LOI CUA HQC SINH TRONG GIAl TOAN GIAI TiCH:
NGHIEN CUU PIEU TRA HQC SINH VA GIAO VIEN O BON TRUONG
TRUNG HQC PHO THONG THANH PHO HAI DUONG

ThS. Vii Thi Thao !
1Khoa Toan va KHTN, Truong Pai hoc Hai Duong
Email: uhdthaovu82.edu@gmail.com

Tom tit: Bai bao tuong thuat két qua khao st 13i cua hoc sinh trong giai toan giai
tich. P4i twong khao sat 1a hoc sinh 16p 12, va gido vién day toan ¢ céc 1op duoc khao sat. Két
qua cho thiy 1a hoc sinh pham nhiéu loai 15i khéc nhau trong giai toan giai tich, gi4o vién
ciing cho rang viéc pham céc 16i trén cia hoc sinh 1a thuong xuyén. Két qua thu dugc ciing
tuong hop vaéi cac nhan dinh caa cac chuyén gia trong va ngoai nudc.

Tir khoa: Ldi, phan tich 141, day hoc gidi tich, gidi tich

1. PAT VAN PE

Nghién ctu 18i caa hoc sinh 1a mot cong viéc can thiét cua gio vién day hoc & truong
pho thdng. R. Marzano xem phan tich 15i caa hoc sinh 1a mét bién phap dé mo rong va tinh
loc kién thirc, khi phan tich 15i can chi y: phai xac dinh d6 14 15i gi, nguyén nhan nao dan dén
15i va cach ngin ngira. Ciing ban vé 15i caa hoc sinh, tac gia Nguyén Phi Loc (2008) dic biét
cha y du doan va ngan ngtra 18i cia hoc sinh trong qué trinh day hoc toan. V& thai d6 cua giao
vién dbi vai 13i, tAc gia M. . Lagutko (2008) quan niém rang: (1) gido vién thira nhan quyén bi
13i caa hoc sinh; (2) gi4o vién phai c6 gang hiéu biét 13i cua hoc sinh di xay ra; (3) trong qué
trinh day hoc can day cho hoc sinh céc chién lugc han ché 151 khi lam bai nhu kiém tra lai dap
sb, kiém tra lai cac budc bién dbi, kiém tra lai viéc tinh toan, lién hé véi bdi canh thuc tién, su
dung db thi, giai bai toan bang cac cach khac nhau. Vé hoc tap mén Toan, tac gia Legutko
cling cho rang viéc hoc sinh pham 16i 1a diéu khdng thé tranh. Trong giai toan mon Giai tich,
hoc sinh cudi cap thuong pham nhiing 13i gi?

Y kién cua gi&o vién vé muc do thuong xuyén cua cac 15i cua hoc sinh ra sao?

Dinh nghia va khai ni¢m

Theo tir dién tiéng Viét pho thong (Chu Bich Thu va ctv, 2013) thi 1i c6 nghia 1a: “Chd
sai sot do khong thuc hién dung quy tic; Diéu sai sot, khdng nén, khong phai trong cach cur xi,
trong hanh dong; C6 chd sai s6t vé mat ky thuat; Co diéu sai, trai, khong ding dao 1i” [1]

Trén co s& dinh nghia trén day, trong bai bao nay toi dinh nghia 15i trong loi giai mot
bai toan nhu sau:

Li trong 1o giai mot bai toan 1a chd sai s6t do thyc hién khong dung quy tac, khong
ap dung dung cong thire, dinh Iy hoac do hiéu sai khai niém, dinh 1y, hiéu sai dé bai, hoic I5i
c6 thé do tinh toan nham lan, do khong chinh xéc trong sir dung ngdn ngir va suy luan.

2. NOI DUNG NGHIEN CUU

2.1. Phwong phép nghién ctru va ddi twong khao sat

- Phan tich noi dung: Phan tich bai 1am cuaa hoc sinh trong céc ky kiém tra trong nim
hoc 2022-2023 cua hoc sinh I6p 12 dé tim va phan loai cac 18i cua hoc sinh di gip phai khi
giai cac bai toan giai tich.
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- biéu tra bang bang cau hoi: Sau khi phan loai cac 13i cua hoc sinh, t6i ding Bang cau
hoi dé tim hiéu y kién cua gido vién vé mac do thudng xuyén vé céc 13i caa hoc sinh.

- Béi tugng khao sat:

Hoc sinh: Hoc sinh 16p 12 trong ndm hoc 2022- 2023 thudc 4 trudng trung hoc phd théng.

Gi4o vién: 26 gi4o vién toan cua trudng trung hoc phd théng cd hoc sinh duoc khao sét.

Trudng Lép S6 bai
THPT Lwong Thé Vinh 12A, 12B, 12C, 12D, 12E 499
THPT Thanh Péng 12A, 12B 225
THPT Chu Vin An 12A, 12B, 12C 291
THPT Nguyén Du 12A, 12B,12C,12D 285

2.2. Két qua khao sit va ban luin

2.2.1. Két qua

V& hoc sinh

Qua qua trinh diéu tra khao sat thyc té bai viét caa hoc sinh & mot s6 truong trung hoc
pho thong trén dia ban thanh pho Hai Duong nhu da néu ra ¢ trén t6i nhan thay rang: nhiing
161 ma hoc sinh mac phai khi hoc tap giai tich 1a rat da dang. Bang 2 cho ching ta thay céac
loai 101 ctia hoc sinh va ti I¢ pham 1061 cta tung truong.

Bang 2: Két qua phiéu diéu tra hoc sinh

Truong | L -
rwong | LUONE | rhanh | chu | Nguydn

x The Pong | Vian An Du
Cac loai loi Vinh
1. Li do tinh toan sai. 14,1 41,3 51,5 31,6
2. }61 df) thi€éu dieéu kién hodc dat di€u kién 26,3 173 61.9 632
khong dung.
3. Loi do hiéu sai khai niém. 6,5 25,3 5,2 10,5
4. 1.5i do hiéu sai dinh Ii, hodc cong thirc 23,7 10,6 56,7 17,9
5. Lbi do nhé sai cong thire, quy tac va ky hiéu. | 12,8 58,7 46,4 54,7

6. Loi do khong thanh thao khi 4p dung cac

19,2 21,3 27,8 35,1
ky thuat co ban,giai cac dang toan co ban.

7. Loi do khdng biét dién dat chinh xac khi

T 11,5 18,7 13,4 21,6
trinh bay 101 giai

8. Loi do ghi sai de, khdng chu y gia thiét cua 13 26,7 103 12,6

dé bai.
9. Lbi do ngd nhan kién thirc. 9,6 5,3 8,2 13,7
10. L&i do xét thiéu truong hop. 11,5 17,9 20,6 25,3
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Vé gido vién

Bang 3: Tuwong thuit y kién ciia gido vién vé mirc d9 thuomg xuyén ciia hoc sinh trong tirng loai 16i

Mtre do
CA4c 16i cia hoc sinh khi hoc tap giai tich Thuong Thinh | Hau nhu khong
xuyén (%) | thoang (%) o (%)
1. L&i do tinh toan sai. 71,4 28,6 0
2. ALOI qo thieu dieu kién hoac dat diéu kién 214 78,6 0
khong dung.
3. Li do hiéu sai khai ni¢m. 35,7 60,8 3,6
4. Lbi do hiéu sai dinh If, hoac cong thirc 32,1 67,9 0
5. Lai do nho sai cong thuc, quy tac va ky hiéu. 39,3 60,7 0
6. IjOI do 7khor.u::]. th,anh thao lfhl ap ?ung cac ky 28,6 71.4 0
thudt co ban, giai cac dang toan co ban.
7.‘ Lo‘1‘dowk.hong biét dién dat chinh xac khi trinh 571 429 0
bay 101 giai.
EéiLOl do ghi sai d¢, khdng cha y gia thiét cua dé 143 67.8 17.9
9. L6i do ngd nhan kién thirc. 28,6 67,8 3,6
10. L6i do xét thiéu trudmg hop. 35,7 60,7 3,6
Céc nguyén nhan khéac 0 0 0

2.2.2 Ban luan

Théng qua két qua caa hai bang khao sét, ching ta thay 15i hoc sinh trong giai toan
giai tich 1a kha da dang va do nhiéu nguyén nhan khac nhau. Céc gido vién duoc khao séat
cling dong tinh cho rang céc 16i nhu vay xay ra gan nhu thuong xuyén ¢ hoc sinh. Ngoai ra,
két qua thu duoc cho thdy thuc tién pham I8i cia hoc sinh twong hop véi nhan dinh vé dac
diém caa Giai tich (Nguyén Phi Loc, 2010) va quan diém vé I15i caa M. Legutko 2008). Do
vay, dé nang cao hiéu qua day hoc mén Giai tich ¢ trudng phd thdng, trong qué trinh day hoc
gi4o vién can chu y ngin ngira va kip thoi sira 16i cho hoc sinh, ciing nhu huéng dan hoc sinh
cac cach han ché bi 15i khi giai toan giai tich.

2.3. Din chirng cac truong hop 16i cia hec sinh

2.3.1 Lbi do tinh toan sai

trich tir dé kiém tra tap thé 45 phiit chuong Nguyén ham - Tich phan va Ung dung cua
truong Trung hoc Phé théng Chu Vin An)

Nguyén ham F(x) caa ham f(x) c6 dang:

F(x)= I f (x)dx :j c0s3x cos5xdx =

%j (cos2x +cos8x) dx =

= 1(1 sin2x +lsin8xj +C
2\ 2 8
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M“F(Hj— 5 né 1(1. 2H+1| Srr)_l_c_ 5
aF(3)= nen —|osin—-+ osin— =

1+C 2 C L
— — = =} = = — =
4 2

Vay F(x) = %sin 2x + isinﬁx —%

[

Sai 1am hoc sinh d3 sai khi tinh € = —

2.3.2. Li do thiéu dit diéu kién hoic dit diéu kién khong ding
Vi du 2: Viét phuong trinh tiép tuyén cua dd thi y=x* —3x+2 , biét tiép tuyén song
song véi duong thang y = 9x+18.
Loi giai (trich tir dé kiém tra tap thé 45 phat chuong Ung dung dao ham dé khao sét va
vé d6 thi ham sé cua truong Trung hoc Pho thong Thanh Pong)
Goi (d) 1a tiép cua do thi (C) song song véi duong thang y = 9x+18. Phwong trinh tiép
tuyén d c6 dang: y = 9x+b
(d) 12 tiép tuyén cua (C) khi va chi khi hé phuong trinh sau ¢ nghiém
9x+b=x>-3x+2 X=-2
{9=3X2—3 Q{b=8
Vay cac phuong trinh tiép tuyén can tim Ia
y=9x-14 vay =9x +18
LAi: do hoc sinh khong dat didu kién 18 # b nén da khong loai dudng thang y = 9x +18.
2.3.3. L&i do hiéu sai khai ni¢m

Vi du 3: Tinh tich phéan sau: f;

xddx
V3xT+L
Loi giai: (trich tir & kiém tra tap thé 45 phiit chwong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Phd thong Chu Vin An)

Nguyén ham F(x) cta ham f(x) c6 dang:

Patt=v3x2+1=>¢t>=3x24+1
1
= 2tdt = 6xdx = xdx =§tdt

Pdicanix=1=t=2x=0=t=1

Khi do, ta co:
I_1 :rdr—ifdr—ir:Jrc— Lo
3, ¢ 3), 0 30,73

Sai 1am hoc sinh hiéu khéng chinh xac dinh nghia tich phan va nguyén ham nén da
nham Ian giira tich phan va nguyén ham.

2.3.4. L$i do hiéu sai dinh ly hosc cong thirc

Vi du 4: Tinh nguyén ham j(3x+1)5dx
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Loi giai: (trich tir dé kiém tra tap thé 45 phat chwong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Phd thong Lwong Thé Vinh)

3x+1)°
j(3x+1)5dx=((3)+C
Nguyén nhan dan dén sai 1am: Hoc sinh van dung cong thuc Ixadx:walJrc VOi
a+l

a#-1 ma khéng su dung cong thac

E (ax+b)a+l N

j (ax +b)*dx = C
a o+l
Loi giai ding
6 6
I(3x+1)5dx=1(3x+1) +C=(3X+1) +C
3 6 18

2.3.5. Ldi do khdng nhé chinh xac quy tic cong thic, ki hiéu

Vi du 5: Tinh nguyén ham f(2x—1)dx

Loi giai: (trich tir dé kiém tra tap thé 45 phut chwong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Pho thong Chu Vin An)

[(2x—1)dx = [ 2xdx — [ 1dx

:(x2 +C)—(x+C): X2 — X

Nguyén nhan dan dén sai 1am: Hoc sinh viét chung sé C cho moi cong thirc

Loi giai dung:

[(2x—1)dx = [ 2xdx — [1dx =

=(x*+C,)-(x+C,)=x"—=x+C (C=C,-C,)

2.3.6. Ldi do khong thanh thao khi 4p dung cac k§y thuat co ban, gidi cac dang
toan co ban

Vi du 6: Tinh tich phén sau:

T

f_ V14 3cosx - sinxdx
o

Loi giai: (trich tir dé kiém tra tap thé 45 phut chwong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Phd thong Chu Vian An)

Pit t = V1+ 3cosx = t* =1+ 3cosx = sinxdx = —Jtdt
Khi do:

z _____ g . F ,.z_s;: &

2 af 9 1 —_ —_ = Z = e I,
fc- V1 + 3cosx - sin xdx gfl} tedt 7 |, =

Sai 1am hoc sinh ding phuong phap d6i bién s6 nhung lai quén dbi can dan dén két
qua sai.

2.3.7. L&i do khong biét dién dat chinh x4c trong trinh bay |i giai

Vi du 7: Tinh tich phan sau:

K= f;s InZdx
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Loi giai: (trich tir dé kiém tra tap thé 45 phat chwong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Pho thdng Nguyén Du)
X 1
Pit {It = 111: . {du, = ;dx
dv = dx v=x

Ta duoc

X e 2 1
K=ln—-x —f,,_sx-—dx
2 = X

x 2 7a
= lnE - x‘ — f:_ 1.dx

-

el

x 5
—.'?{'|EE

=ln--x
2

-

1n§-2&—ﬂ— (2e — 2)

2Ze—2e+2=2
Sai 1am hoc sinh khong biét cach trinh bay 1oi giai.
2.3.8. Li do ghi sai dé, khong sir dung gia thiét caa dé bai
Vidu8:

Tinh tich phan sau: fl (x — 1) xdx

Loi giai: (trich tir dé kiém tra tap thé 45 phut chuong Nguyén ham - Tich phan va Ung
dung cua truong Trung hoc Pho thdng Nguyén Du)

-

Tacé:ff[x—ljfdx =ff[x:—2x+1]dx= (z—!—x:-l-x)‘ = —?—g

ol | ks

1

Sai 1am do hoc sinh chép sai dé nén dan dén sai

Trén ddy 12 mot s6 sai 1am ma hoc sinh mac phai khi tinh tich phan, d6 1a nhiing sai
lam kho phét hién dbi vai cac em hoc sinh. Nhiing sai 1am nay phan 16n xuét phét tir sy thiéu
chic chan vé kién thirc cong véi thoi quen 1am bai thudng gap nhitng “tinh hudng thuan loi”
dan toi tu twong cha quan, ndng voi, cau tha. Doi khi cling gap phai ¢ tinh hudng cac em bi ap
luc tam Ii khi 1am bai din t6i trang thai khéng kiém soat néi hanh vi cia ban than. Dé khic
phuc nhiing sai l1am d6, ngoai nhitng bién phap da néu, ngudi gido vién van can phai gilp cac
em hoc sinh rén luyén cac dac tinh can than, ti mi, kién tri va dac biét 1a khac phuc nhitng
diém yéu tam li khi lam bai. Gido vién ciing nén tao cho hoc sinh théi quen “ty van”, “ty phan
bién” khi lam bai dé phat hién va han ché ti da cac sai 1am méc phai.

2.3.9. L&i do ngd nhan kién thirc

2

Loi giai (trich tir dé kiém tra tap thé 45 phat chwong Ung dung dao ham dé khao sat va
vé& dd thi ham sé cua truong Trung hoc Pho thong Thanh Pong)

Vi du 9: Tim gia tri 16n nhat va gia tri nho nhat caa ham sé y =x*Inx trén doan [1;%

Ham s y = x? Inx lién tuc trén doan [1;6}
2

y'=2xl=2>0,VXe{1;e}
X 2

107



y(;) =i.ln(;); y(e)=¢

. 1 1 1
Maxy = y(e)=e’; Miny=y| = |==In| =
y=y(e) y y(zj 4 (zj

[

Ldi: do hoc sinh khong thudc quy tic tinh dao ham (u.v)' u'.v+ u.v' uv (vVéi u =u(x),
v=v(X) & cac ham s6 c6 dao ham tai diém x thudc khoang xac dinh) nén tir viéc tinh dao ham
sai dan dén két qua sai.

2.3.10. L§i do xét thiéu trwong hop

Vi du 10: Bién luan theo tham s6 m s nghiém ciia phuong trinh x°* —3x+2-m=0

Loi giai (trich tir dé kiém tra tap thé 45 phat chuong Ung dung dao ham dé khao sét va
vé& dd thi ham sé cua truong Trung hoc Phé théng Luong Thé Vinh)

Vay

Tacd x*-3x+2-m=0<x*-3x+2=m
Sb giao diém ctia do thi (C) y=x*-3x+2 va (d) y = m bang s6 nghiém cta phuong

trinh da cho

|
+) M <0 ¢c6 1 diém chung nén phuong trinh ¢6 1 nghiém

+) m = 0 ¢6 2 diém chung nén phuong trinh c6 2 nghiém
+) 0 <m < 4 c6 3 diém chung nén phwong trinh c6 3 nghiém
+) m =4 ¢6 2 diém chung nén phuong trinh ¢6 2 nghiém

Li: hoc sinh bién luan thiéu truong hop

m >4 : phuong trinh da cho c6 1 nghiém

3. KET LUAN

Tir cac két qua nghién ciru thu duoc nhu trinh bay trén day cho phép t6i két luan rang
trong qua trinh giai cac bai toan giai tich hoc sinh thuong gap nhitng 16i khac nhau. Do vay,
gido vién can c6 thai do tich cuc ddi véi sai 1am cuaa hoc sinh va xem nhiing sai l1am caa hoc
sinh nhu nhirng thdng tin phan hdi can dugc suy ngam dé c6 sy diéu chinh phuong phap day
hoc, ¢6 bién phap ngin ngira 15i cho hoc sinh, va xem d6 1a mot bién phap su pham nham gép
phan nang cao chat lwong gi4o duc ton hoc trong truong phd thong
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HAM MA TRAN MU e VA UNG DUNG
TRONG GIAlI PHUONG TRINH VI PHAN

ThS. Lam Thi Thoa !
1Khoa Toan va KHTN, Truong Pai hoc Hai Duong
Email: uhdthoalam.edu@gmail.com

Tom tit: Trong bai bao nay, ching t6i trinh bay vé ham ma tran mii e4® va ang dung
trong giai phuong trinh vi phan. Noi dung trinh bay cac dinh nghia v& ma tran, c4c ma tran
dac biét, ma tran chéo hod dwoc, ma tran luy linh, ma tran chuan Jordan, ma tran mii e va
cac tinh chit caa ching. Sir dung cac dinh 1i lién quan dén chéo ho& ma tran dé tim ham ma
tran mil trong cac truong hop ma tran A cd cac gia tri riéng phan biét, gia tri riéng boi, gia tri
riéng phac hay A 13 mot ma tran chuan Jordan. Phan cudi bai 1a ¢ng dung cia ham ma tran
mil trong viéc giai phuong trinh vi phan. Chang minh sy ton tai va tinh duy nhat nghiém caa
hé x'(t) = Ax(t) thoa man diéu kién ban dau.

Tir khoa: Ham ma trdn mii, ma trdn chéo hod dwoc, ma tran luy linh, ma tran chuan
Jordan.

1. PAT VAN DE

Phuong trinh vi phan 1la mét trong nhitng mén hoc quan trong trong chuong trinh toan
cao cap, n6 1a cau ndi giita toan cao cap va toan tng dung. Trong phuong trinh vi phén, chiing
ta quan tam dén su ton tai nghiém, cac tinh chat dinh tinh caa nghiém. Do d6, viéc tim ra céng
thire nghiém hoic mé ta duoc nghiém déng mot vai trd cot 18i trong phuong trinh vi phan.
Xuat phét tir bai toan: Tim nghiém cua phuong trinh vi phan tuyén tinh x'(t) = ax(t), trong
d6, x = x(t) 12 ham sé can tim, t 1a bién s6 doc l1ap, a € R. Khong kho dé chang minh dugc
ham s6 x(t) = Ce® la nghiém cta phuong trinh di cho. M& rong phuong trinh sang hé
phuong trinh vi phan tuyén tinh X'(t) = AX(t), trong d6, X = X(t) la ham vecto can tim, ¢ 1a
bién sé doc lap, A 1a ma tran hé s twong tmg. Khi d6, cong thac nghiém caa hé trén c6 cong
thire X () = Ce** twong tu nhu phuong trinh hay khong? Va lic do, ta s& hiéu e** giéng nhu
ham e hay khong? D6 1a cau hoi 16n, xuat hién tir dau thé ki X11X. Tuy nhién, toi tan nhiing
nam 1800, sau khi 1y thuyét vé ma tran xuat hién va phat trién thi dén nam 1883, Sylvester da
dua ra dinh nghia dau tién caa ham ma tran f(4) cho ham f tong quéat bat ki. Nam 1867,
Laguerre ! dua ra dinh nghia ham e”, véi X 12 mot ham c6 bac bat ki c6 dang hinh thuc 1a
tong cua chudi

2 XE

I+X+—
+ +1.2+

1237

trong do I 1a ma tran don vi.

Nam 1888, Peano? dat ki hiéu

R 1
¥ =1+R+ R+

1 =
e® =1+ Rt+ —(Rt)* + -
va khi do, 2!
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Nam 1938, khai niém ma tran co ban xuat hién va nhiéu tng dung cua phuong trinh vi
phan cho dong luc hoc nhan manh hon nita tam quan trong cua ham e“*. Nhu vay, ham ma
tran mi e** da duoc cac nha toan hoc trén thé giéi nghién ctu tir kha l4u, tuy nhién dén nay
chu dé nay van con rat nhiéu diéu thd vi. Vi mong mudn giéi thiéu cho cac ban sinh vién
khoa Toan ham ma tran e“* va tng dung cta no trong viéc giai phuong trinh vi phan, toi da
swu tam, dién dat lai va chi ra cach ap dung chi tiét vé ham ma tran mi.

2. KIEN THU'C CO BAN

Pinh nghia 2.1 ([4], tr 40). Cho K 1a mét truong tuy y. Mot bang gom m X n phan tau
a;; thuoc truong K c6 dang

@11 B2 - Gy
aﬂ- a’lﬂ LT aﬂ
21 22 2n
) (1)
1 Loz T

duoc goi la mot ma tran ¢d (m X n).
Ta thuong ki hiéu ma tran boi céc chir 4, B, ... Ma tran (1) c6 thé duoc ki hiéu don
gian boi: A = (a;;) . Khi d6 A 1a ma tran c6 m dong, n cot, hodc 4 c6 ¢ (m x n). Khi

mxn

m=nthi matrin A = (a;;) _ dugc goi 1a mot ma tran vudng cip n va duoc ki hiéu don

nxn

gian 1a A = (a;;) . Tap hop tat ca cac ma tran c& (m X n) véi cac phan tir thue truong K
mn

duoc ki hiéu 1a Mat(m X n, K) .

1 0 0
Vidu 2.1. Matran [0 7 D] la ma tran ¢ 3 x 3. Ngoai ra ma tran nay con dugc goi
0o 0 4

la ma tran c6 dang chéo (ma tran chi ¢6 cac phan tu trén duong chéo chinh la khac 0).

DPinh nghia 2.2. ([3], tr 250). Cho A la mét ma tran vuong. Pa thirc dac trung cua A dugc
xac dinh theo cong thiic det(AI — 4) ; trong d6 I 1a ma tran don vi cip n, 4 1a mot vo hudng.

S6 A duoc goi 1a gi4 tri riéng cia A néu n6 la nghiém cua da thac dic trung
det(Al — A) = 0. Mot vecto ¥ = 0 duoc goi 1a vecto riéng Gng Véi gid trj riéng A cua 4 néu
n6 thoa mén (A — A)x = 0.

Vi du 2.2. Xét ma tran A = E ;]

Phuong trinh dac truing cia ma tran A la
det(A—AN=0=1"—-41+3=0.

Khi d9, ta c6 nghiém cta phuong trinh trén la 4, = 1,4, = 3.
Ung véi gia tri rieng 4, = 1, ta c6

L 1] " 0
[l 1].[92]:[0]‘:'”14'”:=U‘=*v1=—p:_

s e 17,. 4 i "
Chon v, = —1thi v, = 1. Khi d6, vecto 1, = [_1] la mot vecto riéng (g véi 4.

Ung véi gié tri rieng 4, = 3, ta c6
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[—1 1].[u1]=[ﬂ]ﬁ{_”1+”::ﬂﬁv=u
1 -1l ] ol Tl v =0 1=

< 17, . A, .
Chon v, = 1thi v; = 1. Ta thu dugc vecto u, = [1] & mot vecto riéng ung véi 4,.

Pinh nghia 2.3. ([1], tr 84) Gia st ¢c6 ma tran A € Mat(n X n,K). Néu ma tran 4
ddng dang véi mot ma tran chéo B € Mat(n x n, ) thi A goi 1a ma tran chéo hoa duoc, tic
la tdn tai ma tran kha nghich P € Mat(n X n,IK) sao cho P *BP = 4.

Pinh i 2.1. ([2], tr 6) Cho cac gia tri riéng A,,4,, ..., 4,, cia ma tran 4 la cac gia tri
thuc, phan biét. Khi do, s& ton tai cac vecto riéng twong Gng vy, vs, ..., v, a0 cho ma tran
P = [v,v, ...v,] kha nghich va ma tran P"1AP c6 dang chéo véi cac phan tir trén dudng chéo
chinh la cac gid tri riéng 4. 45, ..., 4,,.

. . N A N Y S
Vidu 2.3. Xétmatran A = [1 2] de cap den ¢ Vi du 2.2.
Ta thu duoc

1 -1
_ _[1 1] p-1_|2 2
P=[u ”’f]_[—l 1]’F 1 1
2 2

. I o B

rd 5=PFP AP—[O 3]

day la mot ma tran chéo.

Nhu vay, Pinh 1y 2.1 néu ra diéu kién dé mot ma tran chéo héa duoc, khi d6 ma tran A
phai ¢ cac gid tri riéng thuc phéan biét. Vay khi cac gia tri riéng la nghiém phuc, hoac nghiém
boi ¢ sy thay d6i gi hay khdng? Boi 18 luc d6, ma tran s& khong chéo hoa dugc, khdng co
biéu dién A = PSP~!. Huéng giai quyét di tir viéc chia cac dang dac biét cua ma tran sau d6
tong quat hon 1én dang chuan Jordan cua ma tran. Cu thé nhu sau:

Pinh nghia 2.4. ([2], tr 33). Cho A la mot ma tran vudng cap n, ta co

n
A’ =1 wva A"=nﬂ=ﬂ><;1><...>u1.
i=1

Mot ma tran A dugc goi 12 ma tran luy linh néu ton tai s6 nguyén duong k sao cho 4% = 0.

S6 k nho nhat thoa man biéu thirc trén duoc goi 1 bac cua ma tran lity linh A.

Vi du 2.4. Ma tran M = [g 3

] Ia ma tran luy linh bac 2 .

binh i 2.2. ([2], tr 33) Cho cé&c gia tri riéng A,,4,, ..., 4,, cia ma tran 4 la cac gia tri
thuc tuong Gng véi boi cia ching. Khi d6, s& ton tai cic vecto riéng twong Gng vy, Vs, ..., Uy,
sao cho P = [v,v, ...v7,] kha nghich vamatran A =5 + N, trong d6 P 'SP c6 dang chéo véi
cac phan tir trén duong chéo chinh 1a cac gia tri riéng 1,,4,, ..., 4,,, matran N = 4 — S lama
tran lity linh cdp k, k < n va S, N giao hoan.

Pay la dinh ly rat hay, do sy khéng duy nhat cua P nén S, N khong duy nhat nhung
chic chan ching ta s& tim dugc S, N & 4p dung duoc dinh ly vao thyc té. Trong truong hop
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ma tran A chi gdm mot gi tri riéng boi thi chiing ta chon S chinh 14 ma tran duong chéo véi
phan tr ndm trén dudng chéo 1a gia tri riéng boi do.

Dé minh hoa cho 1ap luan trén, chang t6i dd ¢6 gang 1am vi du sau diy mot cach tong
quat dé c6 duoc S dang dic biét nhu nhan dinh trén.
2 1 0
o 2 D].

o -1 2

Vidu 2.5. Xét matran 4 =

Dau tién, ta tim nghiém cua da thtc dic trung
2—4 1 0
det(A—Al) =0 =

0 2—4 0 |=0

0 -1 2-4
S(2-Ai=0=i=2(hoi3)

Sau @0, ta tim vecto riéng twong wng voi gia tri riéng

0 1 0™ 0
(A—Alv=0<|0 0 o||v2|=]|0
0 —1 ollvs 0

=0

U"'l
ﬁ-{_uﬂ:ﬂﬁ-ug—ﬂ.

1 0]
Ta chon hai vecto v, = [D] va v, = Il] la co s cua Ker(A—AI) .
0 1

Tiép theo chung ta xét

—v, =¢
2 3
[Cq ]

v, €y
z v, = C.
(A—Alv=cv, + vy = D]: 0 <=:-{_ 1 ¢ = —c

nén chon v, =

1 0 1
0 [iv, =[1]|;v3 =|0| |2 cosdcla Ker(4 — Al
1 LO 04

Khi d6, ma tran P va ma tran nghich dao P~ twong ung la

1 0 1 0 0 -1
P=|0 1 o|lvaP?i=|0 1 o0

-1 0 0 1 0 1

2 0 0
Do d6, tathudugc S=P|0 2 o|P7?
2

o0 0 2
1 0 1 o o0jj0 0 -1 2 0 0
=[ o0 1 l:l] 0 2 D] 01 D]= [D 2 D].
-1 0 oo 0o 2111 0 1 0 0 2
0 1 0

0 0 u] la ma tran Iy linh cp 2 .
0 -1 0

Vaytacé A=S5S+N,voiN =

Twong ty nhu Dinh 1y 2.1 va dinh 1{ 2.2, ching ta tim hiéu sang Pinh Iy 2.3 sau:
Pinh 1i 2.3. ([2], tr 28) Cho cac gia tri riéng 4,,4, ciia ma tran 4 1a cap sé phirc lién
hop, phan thuc 14 a, phan 4o 1a b. Khi d6, s& ton tai vecto riéng phirc twong tng w, trong dé
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w =u+ivsao cho P = [v u]kha nghich vd ma tran P"1AP [ ma tran thuc c6 céc khdi
chéo cép 2 trén dudng chéo chinh, hay P~14P = [g _ab]

Vi du 2.6. Xét ma tran A c6 dang

a=f 7

1 1
Sau khi tinh toén ta thiy ma tran A c6 céc gia tri riéng phic 1a A, =1+ i, A, =1 — i,

day 14 hai s6 phuc lién hop. Ung véi gia tri riéng 4., ta c6 vecto riéng wy, = u, +iv, = [Il]

Khi d6, ma tran

B o n] _1_B n] - _[1 —1]
= |17 | = == - .
P=[v u [ﬂ B v ptar =[] 7

Qua trinh thyc hién vi du nay tuong tu nhu ching minh Dinh Iy 2.3. Trong vi du trén,
ta thay ma tran P~1AP |a ma tran c6 dang dac biét. Piéu nay dic biét c6 y nghia néu ap dung
Ménh dé 2.1 s& duoc trinh bay phan sau. Téng quét I&n nhitng ma tran phuc tap, ¢6 ca gié tri
riéng thuc, gia tri riéng phuc, tham chi ca boi ta can thém cong cu vé dang chuan Jordan. Cu
thé nhu sau:

Pinh nghia 2.5. ([3], tr 251) Khéi Jordan 1a ma tran ¢& n X n c6 tat ca cac phan ta &
trén duong chéo chinh biang 4, cac phan tir & phia trén dudng chéo chinh 1a 1 va tit ca cac
phan tir khéc 14 0 . Ta ki hiéu khéi Jordan dinh nghia nhu trén boi J; .

Pinh nghia 2.6. ([3, tr 251]) Mot ma tran duoc goi 1a ma tran dang chuan Jordan néu
c6 thé dugc phan tach thanh cac khdi chéo, mdi khéi 1a mot khéi Jordan.

21 0 o0
, R 0 2 0 X R i A LA ARdn 13
Vidg27.Matran=|, o, |lamatranJordan véi cac khoi cheo la
00 0 -1

[o 2lvera=[g J]

binh 1i 2.4. ([2], tr39) Cho A la ma tran thyc véi cac giatririéng thuc 1,7 = 1,2, ..., k

.I"‘"‘:

dapda

va cac gia tri riéng phuc A;=a; +ibs A, =a; —ib;, | = k+1,..,n Khido, ton tai mot co
Sé Ul, e g Uk_, Uk-l-l’ I-t-k_l_l, g U”, I't-” trén R:”_k: trong dé ujrj = 1_! LR ] k Va Wj!j = k + l! ey n
la cac vecto riéng cua 4,u; = Re[:w}-) va v; = Im[wj},j =k+1,..,n sao cho ma tran
P=[vy .« Vp Vpsy Ugsy o Yy Up]lakhanghichva

B,
PlAP =
B

r

V§i cac khoi Jordan co ban B = B,j=1,..,r c6 dang

A 1 0 .. 07
0 A 1 ... 0
BE=].. voi A la mot gia tri rigng thue
0 A 1
0 o0 i
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hoac c6 dang

D I, 0 0
0 D I 0
B=|.
0 w .. D I
o .. .. 0 D
wong do b =[¢ Pl =[; JJvao= [0 o véi 2=a+ib 1a gia tri rieng

phuc cua A.

O Pinh ly 2.4 , ta thay lai sy xuit hién cia ma tran D, day 1a ma tran dd xuat hién &
Dinh ly 2.3. Cho nén c6 thé néi rang Dinh ly 2.4 tong quat hon Dinh Iy 2.3 .

Phan cubi cling ciia muc nay, chiing t6i dé cap dén ham ma tran mi e“*. Noi dung cua
muc nay duoc dya trén tai lieu [1] gdm phan chuan cua ma tran, sy hoi tu cua ma tran va
chudi cia ma tran. Sir dung ching, ta xay dung dinh nghia sau:

DPinh nghia 2.7. ([1], tr 85) Ta goi ma tran dang hinh thuc ¥, % la ma tran md cua
ma tran A4, ki hiéu 1a e® hoic exp(4) .

Taco

Vi dy 2.8. Choma tran 4 = |

Tacodet(Al —A)=0=2 1 =0=1=0 (boi2).

. ... _J0 1] A _[III 1]I[III 1]_'0 u]
Talaico: A [ﬂ Dvax—l AxA o ol lo o | .

Khi do A™ =0,%Ym = 2,

Dodoed = Nio i = 1+A4+2a% 4 =1+4=|
a 0

o o)

Ap dung Vidu 2.1, ta cé

Vidy 29.Cho 4 = |

~ o0 a

X

SV (S B 4
nl =, pn 0 e

n=0 0

!
n=0 -

Tiép theo, ngudi ta chi ra mot vai tinh chat cia ham e®, tir d6 c6 thé gilp viéc tinh
toan e* don gian hon.

Ménh dé 2.1. ([1], tr 85) Gia sir P, 4, B thudc Mat(n X n, ©), P 1a ma tran khdng suy
bién. Khi do, ta c6

i) Néu B = PAP * thi ef = PedpL,
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ii) Néu AB  giao hoan thi eAtE = g4 . oF = oF . o4
i) =4 = (e4)71,

. £ _[a —b s 4_ alcosbh —sinb
|v)NeuA—[b a],ﬂ,,bE]Ethle =e [sinb msb}.

a

Vidu2.10.Cho A = [D

racsasfy G0 e aa

A, — o 10 ~ A N ads — 1 1 J4 5 -
ma et = e [D J (theo Ménh dé 2.1) va e _[D 1] (két qua Vi du 2.1).

Do Véy. ta co g = gfigds = po [é 3] [é jj:] = e° [3 1]

3. CACH TIM HAM e“f

Theo DPinh nghia 2.8, ta c6 v&i A la mot ma tran vudng, ham e* dugc dinh nghia bai:
4=14+4 ! A? = Al
e =I+4+ 5 + 5 +
Khi do,
1 . 1
et =1+ At + o (A7 + o (At)® + -

trong d6 I 1a mot ma tran don vi, £ 1a mot vo hudng. Ta s€ di tim ham nay trong cac truong
hop sau:
0 - u]
0 - 0
Ma tran gom toan sb 0 gilp viéc tinh toan truc tiép cac sé hang trong khai trién e“*

don gian. Dé cho van ban khong qua dai dong, ching toi ldy ma tran cap 2 . Khi d6, ham e“*
c6 dang

3.1. Matran khong 4 =

z 9 3
omf Gels eS8 TS el

Vay ed =1
3.2. Matran A la ma tran chéo

2 . L Z . 0
bé cho gon, ta xét ma tran chéo cap 2, cé dang 4 = [a’ ]

0 b
Khi @96, tinh toan ta c6

Ar=[“ ﬂ]t=[ﬂ't ﬂ]:[ﬁlt]:=tfﬂf=rf[“: ”]=[(“t): 0 ]:

0 b 0 bt 0 b GO
O P B [bﬂr)a]:(’“)j:tj’qi:tj 5 1'3*"]:[@5) [1’2]“"]'

Do d6
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a_[1 0], [at O i[(ﬂf): ﬂ] i[wf 0 1,..
© L0 1]+[n bt]+2! 0 (btjf+3! 0 (btj3_+
A L 1 ]
- 2, - 34 ...
_ l-l-at—l—z![atj +3![at] + 0
1 .
0 1+ bt + - (b6)* +-
='eﬁr' l:l:|
-ﬂ ebf‘
- Ag—_-Enr 0

3.3. Sir dung cac dinh Iy lién quan dén chéo hda ma tran dé tim ham mii e**

3.3.1. Ma tran A c6 céc gié tri riéng phan biét

Cho 4 l1a mdt ma tran chéo hoa dugc ¢ n gid tri riéng twong ung voi n vecto riéng doc
lap tuyén tinh vy, v,, ..., v,,. Pat S 1a ma tran duong chéo voi cac phan ti trén duong chéo
chinhn,,4,,..,4, vaP = [v;v, ..v,]. Do d6, theo Dinh ly 2.1, ta c6

A=PSP7!, suyra At= (PSP 1)t =P(St)P?
Khi d6, ham e®* ¢6 dang
At Bissyp~t

= = £

=1+ [P(SH)P7Y] +% [P(5t)P~1]? +% [P(S6)P']3 + -

1 1
— _ -1 _ 2p—-1 _ ip—-1
=PIP— 14+ [P(St)PT']+ o [P(5)*P71]+ 3 [P(St)*P ]+
— 1 2 1 3 -1
—P[I—F(St)—ka(sr) + 5 (50° + | P
= pe’tpt
Vay e®f = Pe** P! trong d6 S 12 ma tran duong chéo véi cac phan tir nam trén
duong chéo chinh Ia céc gia tri riéng ctia ma tran A4, cac cot caa ma tran P 1a cac vecto riéng
cua matran A.
Vidu 3.1. Xét matran 4 ¢ Vi du 2.2. Khi do,

EAE' — Fe_':-'rp—l

1 —1 gt —ef

_It 1][ef n]z 2 =[1 1] 2 2
-1 1llp e*|1 1 -1 u|e* e*
2 2 2 2

1 1
5 (ef + &%) > (e3 — et)

1 1 ’

B (e¥ —ef) > (ef + %)

3.3.2. Ma tran A c0 gia tri riéng boi

Ma tran A c6 céc gié tri riéng boi. Str dung Binh Iy 2.2 va Ménh dé 2.1, ta thay

A = oStN — oS N

eV nan eff = oStHNE St Nt

=g .
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Viéc tinh toan et, e duoc thuc hién tuong tu cac muc trude. BE minh hoa 16 hon, ta

Xét vi du:
2 1 0
Vidu 3.2. Xétmatran4A ={0 2 0| duoccho ¢ Vidu25.
o —-1 2
Taco 5,N lacac matran giao hoanva A =5 + N nén
ed =% - eV hay e = 5T,
. Tinh €™ : Vi ma tran N 1a ma tran liy linh cdp 2 nén
1 ¢t 0
e =14+Nt=|0 1 o0
0 —t 1

. Tinh e**: Vi

28 0 0
o 20 po|P?

S=Pp
0 o0 2°f
nén
28 0 0 1 0 1172 o o]0 0 -1 28 0 0
e*=Plp 2¢ of|Pt'=|0 1 o|llo 2¢t ollo 1 o|=lo 2¢f o
0 0 2t —1 0 ollp o 2¢1l1 0 1 0o 0 2f

Do vay, ta thu dugc

t 0 2t 0 2t
edt = u z* 1 o|l=]| o 0 0|
0 2* —t 1 —2t —2t.t D

3.3.3. Ma tran A4 c6 cac gia tri riéng phirc
Véi trudng hop ma tran A chi co cap 2 va c6 céc gid tri riéng phic thi sir dung Binh ly
2.3 va Ménh dé 2.1, ta c6 thé thiy ngay duoc

oAt — pg [at —bt]

ar [cos bt —sin bt] p-1
bt ﬂ-t .P__

gin bt cosbt

Vi du 3.3. Xét ma tran & Vi du 2.6, ma tran 4 ¢6 dang 4 = H _11]

, _ ) 1 —171 .
Tac6 A = PJP l,vé'IIZ[l 1]nen

pdt — poltp-l— [1 l]] [ercnst —ersint] [1 III] _ [e*cnst —efsin t]
0 1llefsint efcost 110 1 e‘sint efcost
3.4. Ma tran dang chuan Jordan
O Vi du 3.3, ma tran 4 chi c6 cip 2 . Khi ma tran A c6 cip phirc tap hon thi st dung
Dinh ly 2.4 , ta thay xuit hién ma tran B 1a cac khdi Jordan co ban. Luc d6 viéc tim ma tran
4 dugc thuc hién nhu thé nao? Ching t6i di nghién ctru va da tim thanh cong trudng hop
ma tran A c6 biéu dién 4 = PJP™*, véi J 12 ma tran dang chuan Jordan véi cac khéi Jordan co

ban dang
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0o 4 1 .. 0

B=]..
o .. .. 4 1
o .. .. 0 4

trong d6 A 12 gié tri riéng thuc cua A. Cu thé nhu sau:
A =I+tA t:Af taﬂa
e™ =TI+t +£ +5 +
L tf o P .
=1+tPfP™1 + % (PIP~1)* + 3 (PJP~1)3 + -

2z 3
=PP '+ P(t)P 1+ P (%,rf)iﬂ‘i + P(%jE)P"i + -

t? 2 t? 3 -1
=PI+ (tHh+=J"+=]°+- |P
21 3!
= peltp~1,
Nhu vay, khi ma tran 4 ¢ cac gia tri riéng phuc, viéc tinh ham e“* tr¢ thanh tinh e’*.
Phan tiép theo, chiing ta nghién ciru cach tinh e’*. Bé viéc tinh toan thuan loi, ching ta chon J
la ma tran Jordan c& 4 X 4 c6 dang

A1 0 0
= 0 A 1 0
0 0 A 1
0 0 0 A
Khi @96, tinh toan ta duoc
1 0 0 0 A 1 0 0 A2 24 1 0
fuznlﬂﬂflzuﬂ,luf:n Ao2a 01
0o 0o 1 of 0o 0o 4 1}’ 0 0 A% 2i
0 0 0 1 0 0 0 A 0 0 0 A2
A 317 34 1 A* 44 647 44 A% 5i* 104 1047
=0 A? 34 34 ja=10 AY 4% 647 j5=10 A* 53 104°
o o A 3% 0 0 AY  4a 0 0 A® SAt |
0 0 0o A° 0 0 0o it 0 0 0 A®

D& thiy cac s6 hang ¢ hang dau tién caa méi ma tran trén tring véi mot vai sé hang
dau tién trong khai trién (4 + 1)*.

Khi d6, sir dung cach biéu dién hé sb trong nhj thire, ching ta c6 hang dau tién caa J*

[# ()7 ()2 ()]

va cé4c hang lién tiép duoc tao thanh bang cach thém sé 0 vao bén trai. Cac phan tir
dué6i duong chéo chinh cia ma tran e/ déu bang 0 . Cac phan tir ndm trén duong chéo chinh

c6 dang:

cua ma tran e’* c6 dang:

elf =1+t +i (Ar)* +£(At)3 + -
2! 3!
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Tiép theo ta xét cac phan tur thuoc duong chéo phia trén caa duong chéo chinh. Cac
phan tir trong ma tran J* ¢ dang kA* ~. Khi d6 twong ng véi cac phan tir trong ma tran e’® 1a
1, 1 3972 1 k7 7k—1 A
0+ t+5t-21+5t 34° +"'+Et KA+ o = te’f,

Suy ra, e* s& c6 dang

et telt 7 77

0 et  pett 7

0 0 et telt|
0 0 0 et

Tuong ty V6i cac phan tir trong ma tran j* ma c6 dang (£)A*~2 s& tuong tng véi cac

phan tir trong ma tran e’® 1
1, 1 1, . 1 k(k—1) .,

2 3 a2 P i k=2
ﬂ+ﬂ+2!t +3!t 3;1+4!t 64 +5!t 104° + +k!t > A +

_t: 1 2 1 3
—E(1+ th+ - (t)* + 5 (tA) +)

t:
= —e',

2
Cudi cliing chiing ta s& thay céc phan tir & goc trén ciing bén phai cua ma tran 7¥ ma cé

dang (¥)2A*~* s& twong g véi cac phan tir trong ma tran e’* 1a

0+0+0+263+ 14240 + 2651027 4o 4 1 p¥ KD Jiems
_ta 1 2 1 3
——!(1+r.1 TGO +)
=ie’h.

al

Nhu vay, tong két lai ching ta c6

et telt g —e

21 31

#2

|

e_,r =l eAr te‘k _Edr

21
0 0 et telt
L0 0 0 gft

Véi nhitng khéi Jordan khac nhung c6 ciu trac tuong tu, ching ta van c6 cach lam
gidng nhu trén. Hang dau tién caa e’* c¢6 dang
2 3
t Ar t Ar }

[e"lr telt —eg —e
21 3!

Cac hang lién tiép duoc hinh thanh biang cach day céac s6 0 vao hang mét tir bén tréi.
Néu J 12 ma tran phic tap nhung van c6 dang Jordan chinh tac, téc 1a:
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J, 0 0 0
0 J, 0 .. 0
J=lo o0 J, .. 0
00 0 . J,

trong d6 mdi J; 1a mot khdi Jordan don gian. Khi d6, qua trinh tinh toan ciing duoc tién

hanh tuong ty trén va ta thu dugc

et 0 .. 0
0 ekt 0 .. 0
el =| o 0 ekt .. 0
0 0 0 .. eimt
2 1 0
Vidu 3.4. Xétmatran 6 Vidu 2.5, matranA=|0 2 0|
0 —1 2

Ta di tim duoc ma tran P va P~ ¢6 dang:

1 0 1 0 0 —1
Pp=|0 1 o|lwvaP'=lo 1 o]
-1 0 0 1 0 1
2 1 0
Khi @06, ta thu duoc A =PJP~ L v6iJ=|o0 2 0.
0 o 2l

Ma tran J 12 ma tran c6 mot khdi Jordan cap 2 va mot khéi Jordan cip mot. Khi do,

e = peltp~i=p ['9“ ?r] p-!
=

1 0 1][e* te®™® 0O —1 tE' 0
=10 1 o|jo e* n:n 0|
—1 0 0dLop 0 2 _te_r g2t

4. UNG DUNG CUA HAM MA TRAN MU

Phuong trinh vi phan déng vai tro quan trong, 1a cau ndi giira toan hoc ly thuyét va
toan hoc tng dung. Phuong trinh vi phan 1a nén tang cho nhém nganh Iy thuyét 6n dinh, ly
thuyét t6i wu diéu khién toan hoc - mang nghién ctu di va dang phat trién manh mé. Trong
phuong trinh vi phan, 16p phuong trinh don gian, c6 nhiéu tinh chat dep d& va quan trong la
hé phuong trinh vi phan tuyén tinh véi hé s6 hang, c6 dang

x'(t) = Ax(t) (1)

Viéc giai hé phuong trinh nay déng vai trd 16n trong viéc nghién ctu cac tinh chét
dinh tinh (bi chan, lién tuc, kha vi,...) cua nghiém, tinh diéu khién duoc, tinh én dinh hay 6n
dinh hoa caa hé. Dé giai hé (1) ta xem xét dinh Iy sau:

Pinh li 4.1. ([2], tr 17) Cho hé x'(t) = Ax(t), A la ma tran ¢& n. Khi d6, ham

x(t) = eIy,

la nghiém duy nhat cua hé (1) voi diéu kién x(t,) = x,.

Chizng minh:

DAu tién, ta chitng minh x(t) = e'*"%’4x_ a nghiém cua hé (1).
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Truéc hét, tinh dao ham cua e bang dinh nghia *

d " ELH?E]'A_E?A . erAehA_ErA ", ehA—I
—e=lim————— =lim ——— = ¢™lim
fat h—0 h h—0 h h=0 h

=et4 = 4e™

Néu x(t) = e**x, thi
’ d At At
x'(t) = I (e%'x,) = Ade“ x, = Ax(t)

véi moi t € . Mit khac, x(0) = e“x, = Ix, = x,.
Nhu vay, x(t) = e®* x, 1a nghiém cua hé (1).
Tiép theo, ta chung minh nghiém nay Ia duy nhat. That vay, x(t) la nghiém bét ky cua
bai toan gié tri ban dau (1) va dat
v(t) = e 4 x(t).
Khi d6, tinh dao ham cua y(t), sir dung tinh chat nghiém caa x(t) va tinh chat giao
hoén cua e ™4 va 4, ta thu dugc
v (t) = —Ae ¥ x(t) + e ¥ x' (1)
= —Ae ¥ x(t) + e Ax(t)

=0+0
=0,vVteER

Nhu vay, ¥(t) 12 1a mot hang s6. Cho t = 0 cho thiy rang ¥(0) = x, nén ¥(t) = x,
va do d6 moi nghiém cua bai toan gia tri ban dau (1) déu dugc cho boi
x(t) = e“y(t) = e*'x,
Dinh ly dugc ching minh.

] \ e . 201 e e !
Vidu 4.1. Tim nghi¢m cua h¢ x = [1 2] x voi dieu kién x(0) = [D]'
Theo Vi du 2.2, 2.3, 3.1 va Pinh ly 4.1, ta c6 nghiém cua hé ban dau la

1 1
_[er‘_i_ earj _[ear _ erj
_ A, _ 2 17 _
() =eTx =] 1 ol |1
E[ear—er] E[e*—l—ear] E(ear—e’]

1
> (ef +e3%)

la nghiém cua hé da cho.
Vidu 4.2. Tim nghi¢m cta hé

2 1 0
x=|0 2 0|x

o -1 2

1
x(0) = [D]
1

Theo Vi du 2.5, 3.2 va Binh ly 4.1, ta c6 nghiém cua hé ban dau 1

véi diéu kién
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o-crn[a o o[

Ia nghiém cua hé da cho.
Vi du 4.3. Tim nghiém cua hé

s=[} 11
voi diéu kién
x(0) = [é]

Theo Vi du 2.6, 3.3 va Binh ly 4.1, ta c6 nghiém cua hé ban dau 1a

x(£) = etx [ercost —efsin t] [1] _ [ercc-s t]
" letsint efcostllo 0

14 nghiém cua h¢ da cho.

5. KET LUAN

Bai b4o nay dd nghién ctu va mé rong tir phuong trinh vi phan tuyén tinh sang hé
phuong trinh vi phan tuyén tinh véi ham sé can tim ¢6 dang X(t) = Ce®f. Vay nén mau chot
clia bai toan 1a ta xac dinh duoc ham mii ef . Tir d6 gitip ta hinh thanh mot sé cach tim ham
mil va dong thoi ang dung nd trong viéc giai phuong trinh vi phan. Ngoai ra, ta da ching
minh duoc su ton tai va tinh duy nhat nghiém caa hé.
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NANG CAO HIEU QUA PHUONG PHAP GIANG DAY THEO HUONG TIEP
CAN NANG LU'C NGUOI HQC TRONG GIAO DUC NGHE NGHIEP TAl
TRUONG PAI HQC SU PHAM KY THUAT NAM PINH

ThS. Nguyén Pinh Thi !, ThS. Tran Quang Thinh 2

! Truong Pai hoc Su pham Ky thuat Nam Dinh,
Email: thispkt@gmail.com
2 Khoa Truong Pai hoc Su pham K§ thuat Nam Pinh
Email: thinhspktnd@gmail.com

Tom tat: Hién nay, dé dat t6i trinh d6 gi4o duc twong duong véi khu vuce cling nhu thé
gi6i thi phat trién gido duc nghé nghiép 1a yéu t6 then chét, duoc dinh huéng mé, co tinh linh
hoat va theo xu thé phét trién, hién dai, hiéu qua, hoi nhap. Hon nita, ciing can chi trong ca quy
mé, t6 chic dao tao; ddy manh hop tac quéc té. Thu tuéng Chinh phu da ban hanh Quyét dinh
s6 2239/QD-TTg phé duyét Chién lugc phét trién gido duc nghé nghiép giai doan 2021-2030,
tam nhin dén nam 2045, trong d6 xac dinh rd muc tiéu: "Phét trién nhanh gido duc nghé nghiép
nham dap tng nhu cau da dang cua thi truong lao dong, cua ngudi dan va yéu cau ngay cang
cao vé sb luong, co cau, chat lugng nhan luc c6 ky ning nghé cho phét trién dat nudc trong
ting giai doan". Truong Pai hoc Su pham Ky thuat Nam Dinh 1a truong dao tao cadc nganh
nghé k¥ thuat vi thé can bam sat nhu ciu cua thi truong lao dong gan két vai viéc 1am thoa
dang, an sinh xa hoi va phat trién bén viing, bao trum; phat huy téi da ning luc, pham chét cua
ngudi hoc; thuc day khai nghiép, doi méi séng tao. Bé dat duoc muc tiéu d6 gido duc Nha
trudng can nang cao chét luong giang day theo hudng tiép can ning luc ngudi hoc.

Tir khoa: gido duc nghé nghiép, phirong phdp giang day, tiép cdn nang luc.

1. Pit van dé

Phuong phap giang day theo hudng tiép can ning lyc ngudi hoc da ching minh dugc
su hiéu qua trong viéc phét trién nguon nhan luc chat lugng cao. Phuong phap nay khong chi
tap trung vao viéc truyén dat kién thic va ky ning, ma con dic biét cha trong vao viéc phat
trién nhitng k¥ nang mém, y chi, y thirc trach nhiém cua nguoi hoc.

Phuong phap giang day nay dwa ngudi hoc vao trung tam, lam chu thé cua hoat dong
giang day va hoc tap. Nguoi hoc dugc khuyén khich tu duy sang tao, tham gia vao céc hoat
dong thyc té, trai nghiém va tu hoc. Bng thoi, phuwong phép nay ciing tap trung vao viéc rén
luyén ning luc giai quyét van dé, k¥ nang xa hoi va ki niang nhan cach.

Thuc té cho thdy & cac trudng Cao ding, Pai hoc néi chung khéng it sinh vién con
chua xé4c dinh rd myc tiéu, 1y tuong, dong co nghé nghiép cua minh, kha ning thich ung voi
hoat dong hoc tap va rén luyén nghé con nhiéu han ché, hau hét sinh vién chua dugc trang bi
nhiing tri thirc can thiét dé hinh thanh va phat trién nang luyc nghé nghiép. Vi thé cac ban sinh
vién gap rat nhiéu kho khan trong qué trinh hoc tap va rén luyén, nhiéu ban con bian khoin
hoang mang véi su lya chon nghé ciia minh. Pidu d6 anh huong khong nho dén hing tha, két
qua hoc tap va rén luyén nghé nghiép cua céc ban.

Truong Pai hoc Su pham Ky thuat Nam Dinh véi triét 1y gido duc "Nhén van - Thucc
tién - Sang tao" va sir mang 1a co s& dao tao, bdi dudng nha giéo, can bo ky thuat co trinh do
dai hoc va sau dai hoc theo hudng ung dung thudc cac linh vuc ky thuat, céng nghé, kinh té;
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nghién ctru va trién khai cac nhiém vu khoa hoc, cdng nghé dap ang yéu cau déi méi giao duc
dao tao, phét trién kinh té - xa hoi cuia dat nudc, cudc cach mang cdng nghiép 4.0 va kha nang
hoi nhap qudc té. Trong khudn khé bai viét nay, ching tdi nghién cau viéc tim ra nhitng cach
thizc phu hop dé nang cao hiéu qua giang day theo huéng tiép can ning lyc (TCNL) tai
Trudng Pai hoc Su pham K3 thuat Nam Dinh nham thyc hién ting bude dap tng yéu cau cip
thiét caa viéc ddi mai trong gido duc.

2. Noi dung nghién ciu

2.1. Khéi niém ning lwc, ning luc nghé nghiép

Ning luc 1a mot thugc tinh tdm 1y phac hop, 13 diém hoi tu caa nhidu yéu té nhu tri
thuc, ki niang, k§ xao, kinh nghiém, sy san sang hanh dong va trach nhiém. Trong qua trinh
day hoc, ning luc duoc hiéu 1a su két hop tri thire, ki ning va thai d6. Muc tiéu bai hoc dugc
cu thé hoa théng qua cac ning luc duoc hinh thanh. Noi dung két hop véi hoat dong co ban
nham hinh thanh nén ning luc trong mdi mot mén hoc. "Nang luc" (competency)- 1a mot
trong nhitng thanh té quan trong trong ciu trdc nhan céch. C6 tac gia cho rang: "Ngudi ¢6
nang lyc (NL) 1a ngudi dat hiéu suat va chat luong hoat dong cao trong cac hoan canh khac
nhau". Theo tac gia Pham Minh Hac, NL néi 1én "ngudi d6 c¢6 thé 1am gi, lam dén muc nao,
lam va&i chét lugng ra sao. Thong thuong ngudi ta con goi la kha ning hay "tai"". Dudi goc do
GD hoc, ching ta c6 thé xem xét NL la két qua cua qua trinh GD, rén luyén caa cé nhan, thé
hién & nhiing kién thirc, ki nang va thai do pht hop dé ca nhan c6 thé tham gia hiéu qua vao
mét linh vyc hoat dong nhat dinh. Nhu vay, ¢ goc d6 nay, ngudi c6 NL ¢ linh vyc ndo thi
nhét dinh phai c6 tri thirc ki ning ki x40 trong linh vuc ay, c6 thai do tich cuc dé van dung tri
thirc ki niang hiéu qua vao cac hoat dong. Tuy nhién c6 tri thic, ki niang chua thé khang dinh
ca nhan c6 NL hay khong, bai tri thirc ki ning ay chua chic da duoc hién thyc hoa trong hoat
dong. Vay NL dudi goc d6 GD hoc dugc thé hién ¢ két qua hoat dong cua ca nhan, kha ning
van dung tri thirc, ki ning dé tham gia c6 hiéu qua trong mot linh vyc hoat dong nhat dinh.
NL ¢6 y nghia Iy luan va thyc tién to 16n boi "sy phat trién NL cua moi thanh vién trong xa
hoi s& dam bao cho moi ngudi tu do lya chon mét nghé nghiép phii hop véi kha ning ca nhén,
lam cho hoat dong caa ca nhan c6 két qua hon,... va cam thay hanh phac khi lao dong". Hién
nay, viéc phat trién nang luc thong qua day hoc duoc hiéu ddng nghia vai phat trién ning luc
hanh dong. Duéi day 1a mé hinh cau tric ning luc:

Ning luc chuy&n mén: La kha nang thyc hién cac nhiém vu vé chuyén mén ciing nhu
danh gia két qua mot cach doc lap, co phuong phap va dam bao chinh xac vé mat chuyén mén
(bao gdbm ca kha ning tu duy logic, phan tich, tong hop va triru twong; kha ning nhan biét cac
méi quan hé théng nhét trong qué trinh).

Ning lyc phuong phap: La kha nang ddi véi nhimg hanh dong cé ké hoach, dinh
huéng muc dich trong cong viéc giai quyét cac nhiém vu va van dé dit ra. Trong tam cua
nang luc PP 14 nhitng PP nhan thac, xir 1y, danh gia, truyén thu va gisi thiéu.

Ning lyc x& hoi: La kha ning dat duoc muc dich trong nhitng tinh hudng xa hoi ciing
nhu trong nhitng nhiém vu khac nhau véi su phdi hop chat ché véi nhiing thanh vién
khac.Trong tdm cua nang luc xa hoi la y thire dugc trach nhiém caa ban than ciing nhu cua
nhitng ngudi khac, tu chiu trach nhiém, tu to chtc; c6 kha nang thuc hién cac hanh dong xa
hoi, kha nang cong tac va giai quyét xung dot.
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Ning lyc ca thé: La kha ning suy nghi va danh gia duoc nhitng co hoi phét trién ciing
nhu nhitng giGi han caa minh; phét trién dwoc ning khiéu c4 nhan ciing nhu xay dyng va thuc
hién ké hoach cho cudc séng riéng; nhimg quan diém, chuan gia tri dao dirc va dong co chi
phéi cac hanh vi tng xtr. Cac thanh phan ning lwc "gap nhau" tao thanh ning luc hanh dong.

Ning lyc nghé nghiép 1 su trong tng gitra nhitng dac diém tam 1y va sinh ly cua con
ngudi véi nhitng yéu cau do nghé nghiép dit ra. Khong c6 su tuong tmg nay thi con ngudi
khong thé theo dudi nghé duoc. Ning luc nghé nghiép vén khéng co sin trong con ngudi,
khong phai la nhitng pham chét bam sinh. N6 hinh thanh va phat trién qua hoat dong hoc tap
va lao d6ng. Trong qué trinh 1am viéc, ning lyc nay tiép tuc duoc phat trién hoan thién. Hoc
hoi va lao dong khdng mét mai 1a con dudng phét trién nang luc nghé nghiép.

Day hoc theo dinh hudng phét trién ning lyc 12 phat trién ning lyc hanh dong tic la
kha nang thuc hién cd trach nhiém va hiéu qua cac hanh dong, giai quyét cac nhiém vu, cac
van dé trong nhing tinh hudng khac nhau trén co s hiéu biét, k§ xao va kinh nghiém ciing
nhu su San sang hanh dong. Nhu vay ning luc ngudi hoc can dat 13 co so dé xac dinh cac muc
tidu, noi dung, hoat dong, phuong phap .....day hoc ma nguoi day can phai can ctr vao dé dé
tién hanh cac hoat dong giang day va giéo duc ( |y ngudi hoc 1am trung tam)

Chuong trinh day hoc theo dinh huéng phét trién ning 1a day hoc dinh huéng két qua
dau ra, chi trong nang luc van dung tri thirc vao thyc tién.

Day hoc theo dinh hudng phat trién nang luc 1a mé hinh day hoc nham phét trién toi
da nang luc cua nguoi hoc, trong do, nguoi hoc tw minh hoan thanh nhiém vu nhan thirc dudi
su t6 chirc, huéng dan cia ngudi day. Qua trinh gido duc tir chu yéu trang bi kién thic sang
phét trién toan dién ning luc va pham chat nguoi hoc trén nguyén ly:

. Hoc di do6i véi hanh;
. Ly luan gan véi thyc tién;
. Gi4o duc nha truong két hop véi gido duc gia dinh va gido duc x4 hoi.

2.2. Khai niém tiép cin ning luc

Tiép can theo nang luc 1a huéng tiép can hién dai xay dung mé hinh gido duc, dao tao
theo nang luc thuc hién.

Theo d6, kién thtrc, ki ning, thai do tich hop trong cha thé dugc gido duc, dio tao
cling nhu bdi dudg. M hinh nay rat phi hop véi muc tiéu gido duc noi va dac biét, md hinh
nay rat pht hop véi cac truong dai hoc, co so dao tao nghé. Két qua dau ra phai duoc xem xét
danh gia qua nang luc cta nguoi hoc. Tur d6, doi hdi cac co so gido duc dao tao phai xac dinh
hé chuan dau ra dé c6 thé do dac, luong hoa chét lwong giéo duc, dao tao theo tiép can ning
lyc. Tiép can ning luc dwoc hiéu la nghién ctu va van dung mot sb Iy luan vé dao tao nghé
nhiam hinh thanh nang luc cho ngudi lao dong lao dong nhu mét triét Iy, nguyén tic, mot soi
day xuyén sudt qué trinh dao tao giup ngudi hoc timg bude co duoc nang lyc thé hién qua hé
thdng k¥ ning cot 16i, kK nang chung.

Tiép can nang luc giup nguoi hoc khdng chi hoc thudc, ghi nhd ma con phai biét lam
thdng qua cac hoat dong cu thé, st dung nhiing tri thirc hoc duoc dé giai quyét cac tinh huéng
gan vai thyc tién doi séng. Khi tong két cac ly thuyét vé tiép can dya trén nang lyc trong gido
duc, dao tao va phat trién. Nam dic tinh co ban caa tiép can nay, do 1a:

1. TCNL duya trén triét 1y nguoi hoc 1a trung tam.
2. TCNL thuc hién viéc dap uing cac doi hoi cua chinh sach.
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3. TCNL 1a dinh huéng cudc séng that.
4. TCNL la rat linh hoat va ning dong.
5. C4c tiéu chuan cua ning lyc dugc hinh thanh mot cach rd rang.

Nhitng dic tinh co ban ndy dan téi nhitng wu thé cua tiép can dya trén nang luc Ia:

- TCNL cho phép cé& nhan hoa viéc hoc: trén co s& mo hinh nang luc, nguoi hoc sé b
sung nhirng thiéu hut cua ca nhan dé thyuc hién nhitng nhiém vu cu thé caa minh.

- TCNL chd trong vao két qua dau ra.

- TCNL tao ra nhiing linh hoat trong viéc dat téi két qua dau ra: theo nhitng céch thirc
riéng phu hop véi dic diém va hoan canh caa ca nhan.

- TCNL con tao kha ning cho viéc xac dinh mét cach rd rang nhirng gi can dat duoc
va nhirng tiéu chuan cho viéc do ludng cac thanh qua. Viéc chd trong vao két qua dau ra va
nhiing tiéu chuan do ludng khéch quan cia nhitng nang luc can thiét dé tao ra cac két qua nay
1a diém duogc cac nha hoach dinh chinh sach gido duc, dao tao va phat trién nguon nhan luc
dic biét quan tam nhan manh.

Do nhimng dic tinh va vu diém cua tiép can dua trén nang lyc, cac mo hinh ning luc va
nhiing nang lyc duoc xac dinh da va dang dogc xay dyng, phat trién, va sir dung nhu 1a nhiing
cong cu cho viéc phat trién rat nhidu chuong trinh gido duc, dio tao va phat trién khac nhau
trén toan thé giai.

Nhu vay, TCNL 1a huéng di dung dan cho gido duc cia moi quéc gia. Muc dich 1a
gitip cho nguoi dugc gido duc ¢ cac kién thuc, ki ning, thai d6 co ban phd hop véi mic
nang lyc ma nguoi hoc can sau mot giai doan hay qua trinh giéo duc.

2.3. Bién phéap nang cao hiéu qua phwong phap giang day theo hwéng tiép can
ning lwe ngwai hoc

2.3.1. Poi véi co sé gido duc

- Pong bo héa chuong trinh ddo tao va xay dung chuan dau ra véi yéu cau cua thi
truong lao dong. Hang nim Nha truong ra soat chuan dau ra nganh dao tao dai hoc va sau dai
hoc dap tng yéu cau x& hoi va yéu cau PBCLGD va tiém can chuan chat luong khu vuc
ASEAN. Tir d6, khong ngirng cai tién, d6i méi chuwong trinh dao tao phu hop voi yéu cau xay
dung truong DPHSPKT Nam Dinh trg thanh trudng dai hoc trong diém cua khu vic Dong
bang sdng Hong, hudng toi dat chuan chat lwong québc gia va khu vuyc.

- Tang cuong t6 chirc cac hoat dong nghién ctu, giang day, hoc tap, boi dudng, hoi thao
khoa hoc gitip d6i ngii gido vién gido duc nghé nghiép nang cao ky ning nghé nghiép; dong thoi
¢6 chinh sach dong vién, khuyén khich doi ngii nha gido giao duc nghé nghiép tich cuc doi mai,
tng dung cong nghé sé va cac phuong phap giang day hién dai theo huéng tiép can nang luc
ngudi hoc dé to chuc cac hoat dong giang day ngay hiéu qua, nang cao chit luong gido duc
nghé nghiép. Nha truong thudng xuyén t6 chic cac budi hoi thao, toa dam nham dé xuat cac
giai phap thiét thyc, hiéu qua dé d6i mai cach thirc day hoc hudng téi nang cao ning luc va phét
trién phuong phap giang day cho giang vién. Cac budi hoi thao, toa dam da thu hat nhiéu bai
tham luan cua céc tac gia, dong thoi tao co hoi dé cac giang vién chia sé kinh nghiém cai tién
phuong phap giang day. Hé thdng cac phuong phép giang day duoc thé hién mot cach cu thé
trong dé cuong chi tiét hoc phan. Trong d6, cac phuong phap giang day duoc xay dung, lua
chon phi hop nhat dé chuyén tai timg noi dung don vi kién thire cua bai hoc.
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- Tao diéu kién cho hoc sinh, sinh vién tham gia cac hoat dong ngoai khoa, thuc tap va
hoc tap k¥ nang mém tir doanh nghiép. Mot nhan té quan trong trong nang cao chat lwong giéo
duc 1a tao lap, duy tri méi truong hoc tap. Méi trudng hoc tap tét co thé kich thich sy hing say,
yéu thich va su chu dong cia ngudi hoc, gitp ho khdm phéa va phét huy tét nhat nhitng kha ning
vbn c6 cua ban than. Y thte dugc tim quan trong d6, Truong PH SPKT Nam Dinh tir 1au da
dac biét xem trong viéc tao dung méi trueong hoc tap tich cuc nham hinh thanh, nudi dudng thoi
quen khéng ngirng hoc tap cho ngudi hoc, gidp ho dap tmg duoc nhitng yéu cau ngay cang khét
khe d6i vi ngudn nhan lec cia x4 hoi. Hang niam, Nha truong déu trién khai cac hoat dong cho
sinh vién kién tap, thuc tap gitra khod, thuc tap tdt nghiép tai cac doanh nghiép, cac co so san
Xuit giup sinh vién c6 diéu kién trai nghiém, tiép can thuc tién, bd sung kién thac, kinh nghiém,
lam quen véi méi truong lam viéc cia doanh nghiép va khich 16 dam mé nghé nghiép. Bén canh
d6, dé dinh hudng cho ngudi hoc vé cong viéc tuong lai, giup sinh vién thém hiéu biét vé co hoi
viéc 1am va thj truong lao dong, Nha trudng thudng xuyén té chuc cac budi toa dam tu van
huéng nghiép dé ngudi hoc ¢ dinh hudng lya chon cong viéc phli hop véi ning luc va nhu cau
ctia minh. Nha truong di ky két cac bién ban ghi nhé hop tac, két ndi véi doanh nghiép dé mo
rong co hoi viéc lam cho sinh vién. Nha truong ludn quan tam tao dung moi truong hoc thuat
cho nguai hoc, tao khdng khi hang khai trong hoc tap va nghién cau. Truong thuong Xuyén
phat dong, t6 chic cac phong trao, cudc thi nghién ciiu khoa hoc, sang tao ky thuat trong sinh
vién (Cuoc thi thiét ké video, Hoi thi sang tao ki thuat dién - dién tar, Hoi thi thiét ké mach in
trén may tinh, Cudc thi Olympic Toan hoc sinh vién, Cudc thi Pai st van hoa doc...) tao san
choi dé sinh vién thé hién nang luc sang tao va rén luyén cac k¥ niang trong nghién ciu. Bén
canh dé, cac cudc thi, cac phong trao vin ngh¢, thé thao do Poan Thanh nién Truong phat dong
cling dong gbp khong nho vao Viéc taoo dung méi truong hoc tap lanh manh, ting cuong sy gan
két va chia sé giira nguoi hoc.

- Phét trién mang ludi thu vién trong cac co sé gido duc nghé nghiép, bao dam mdi co
s& gi4o duc nghé nghiép c6 day dii va da dang cac tai liéu hoc tap cho hoc sinh, sinh vién va tai
lieu nghién ctu, giang day cho gido vién. Phét trién kho hoc liéu s6 & tat ca cac trinh do, nganh
nghé dao tao, dung chung trong toan hé théng va lién két véi quéc té. Pau tu nang cip cac
phong thi nghiém, xudng thuc hanh 4o, thiét bi 4o, thiét bi ting cudng ¢ nhitng nganh, nghé pha
hop, tao méi trudng giang day va hoc tap thuan loi phat huy ning luc cua ngudi hoc. Mdi nim,
Trudng déu c6 ké hoach b sung, 1am phong pht thém ngudn hoc liéu (gio trinh, khoa luan, d6
an, sach chuyén nganh, tai liéu tham khao, bao, tap chi...) va té chirc cac hoat dong, phat dong
c4c phong trao tao khong khi thi dua, hing say tu hoc va ty doc cho ngudi hoc (tuan 18 doc
sach) bién thu vién thanh trung tdm sinh hoat vin hoa va khoa hoc ciia Truong.

- Viéc dau tu, nang cap trang thiét bi, ki thuat hién dai theo cong nghé mai phuc vu
giang day ciing dugc Nha truong hét strc luu tam. Cac trang thiét bi phuc vu thuong xuyén dugc
stra chita, bao tri, nang cap hoic thay thé nham dam bao cac phuong tién ky thuat can thiét dap
g qué trinh day hoc hudng t6i dat C. . Hang nam, Nha truong déu ¢ ké hoach kiém ke tai san
va béo 4o sé liéu cin cr vao tinh trang thuc té cua cac thiét bi tir 46 c6 ké hoach d6i méi, nang
cap phu hop. Bén canh d6, Nha truong cling dua vao sir dung hiéu qua nhiéu phan mém hd trg
dao tao, giang day (phan mém thi tric nghiém truc tuyén tin hoc - ngoai ngit, cac phan mém day
- hoc truc tuyén, cac phan mém thiét ké, trinh chiéu bai giang...).

2.3.2 Poi véi giang vién

- Nang cao nhan thuc vé su can thiét cua viéc doi mai ndi dung va phuong phap giang
day. Trong 16 trinh d6i méi can ban, toan dién gido duc va dao tao, ¢d thé ndi rang giang vién
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la yéu t6 quyét dinh hang dau trong viéc thuc hién d6i méi phuong phép giang day. Gido vién
can c6 kién thac chuy@n mon va kién thire su pham vé cac dé tai thuc hién giang day, phai c6
kha ning truyén tai nhitng kién thirc vao chwong trinh giang day, vai 15i trinh bay gian di,
séng to, ap dung vao bai lam, vao bai 6n tap, vao su danh gia ciing nhu cac hoat dong khac
cua viéc giang day. Nhimng diéu trén két hop cing véi su nhiét tinh trong giang day chic chin
s& truyén dat kién thirc cho hoc sinh mét cach hiéu qua va thanh cong hon.

- Cap nhat kién thac méi, ap dung cac phuong phap giang day hién dai va ky ning cot
I6i trong giang day.

Giang vién phai xac dinh dugc nhiing vin dé can doi méi. Gido vién mudn ddi maoi
phuong phap day hoc thi phai xac dinh truéc muc tiéu, noi dung, phwong tién, hinh thic to
chtc va phuong thie danh gia gidgo duc. Xay dung ké hoach bai day theo huéng phét trién
pham chat, ning lyc cua ngudi hoc 1a mot sw ddi méi can thiét cho qua trinh d6i méi phuong
phép day hoc.

Dic biét, gido vién phai nam viing k¥ nang truyén dat kién thirc: nam viing yéu cau
noi dung gi4o duc, nam viing kién thirc va ki ning can truyén dat dén hoc sinh dé thiét ké dan
dat hoc sinh di tir dé dén khd, tir it d¢én nhiéu. Tai nghé cua giao vién trong cong tac giang day
cling can thiét khdng kém bat ca mot linh vuc sang tao nao khac. Néu nguoi gido vién khéo
Iéo phat huy tinh tich cuc, chi dong cta hoc sinh thi con nguoi dang chiu tic dong cua gido
duc sé tré thanh chu thé cua gido duc. Gido vién hién nay khong con 1a ngudi truyén thu kién
thac ma 1a ngudi hd trg hoc sinh tim chon va xt ly théng tin. Vi tri ciia nha gido khong phai
duge xac dinh bang su doc quyén vé thong tin va tri thirc co tinh déng cip, ma bang tri tué va
sy ting trai ciia minh trong qua trinh dan dat hoc sinh tu hoc

- Khuyén khich d6i mai va sir dung cng nghé sb trong giang day.

Giang vién chu déng khai thac va phat huy hiéu qua vai tro cia cong nghé théng tin vao
hoat dong day hoc. Kién thtrc co ban cua céc bai giang cho cac d6i twong ¢ thé dua 1én mang
internet noi bd va husng dan, gisi thiéu cho sinh vién nghién ciru. Khi thyc hanh giang bai trén
I6p, giang vién chi 1am ré nhitng noi dung kho cua Ii thuyét, danh nhiéu thoi gian tap trung cho
viéc mé rong, phan tich sdu phan van dung If luan vao giai quyét cac van dé thuc tidn dang dit
ra. Pa dang hoa céac hinh thirc day hoc, taing cuong hinh thirc day hoc hogp tac, day hoc theo
nhém, day hoc truc tuyén. Binh huéng hoc vién tich cuc tham gia hoat dong nghién cau khoa
hoc. Thong qua nghién ctu khoa hoc s& lam cho hoc vién hiéu rd hon ban chat ndi dung hoc
tap, kich thich ho phai ty giéc, tich cuc, chu dong, sang tao trong tim toi, nghién ctiu cac van dé
hoc tap. "Pay manh viéc van dung phuong phap day hoc tich cuc, hién dai, tng dung céng nghé
thong tin, ki thuat mé phong va cap nhat théng tin mai vao giang day".

Trinh d¢, nang luc su pham cia ngudi giang vién 1a yéu té quan trong, quyét dinh dén
chat luong, hiéu qua hoat dong giang day va co tac dong lén dén phat huy tinh tich cuc hoc
tap, rén luyén cua ngudi hoc. Ngudi giang vién véi vai trd cha thé hoat dong su pham, vira la
ngudi "Kién trac su” vira 13 ngudi "nghé si*, "dién vién", vira thiét ké, vira biéu dién tao sy
hdp dan, 16i cubén d6i voi nguoi hoc. Ngudi giang vién can phai gwong mau, tiéu biéu vé
pham chit dao dirc, 16i séng, tac phong va phuong phép cong tac, thuc su 12 tim guong séng
dé ngudi hoc hoc tap va noi theo.

Pé c6 dugc phuong phap giang day khoa hoc, hop li, nguoi day rit can dén kinh
nghiém, sy ting trai trong thuc tién giang day. Pay 1a yéu té quan trong giup cho ngudi giang
vién cd nhitng bai giang hay, kich thich dugc tinh tich cuc cua ngudi hoc. Kinh nghiém thuc

129



tién hoat dong don vi phao binh, thuc tién giang day va hoat dong xa hoi lam cho céc bai
giang tro nén sinh dong, thuc té va cé tinh thuyét phuc hon.Tranh dugc sy khd cing, nham
chéan nhit 1a ddi véi cac mon 1i luan, cac bai giang Ii thuyét. Qua trinh giang day, t6 chtc hoc
tap, ngudi giang vién con truyén thu kinh nghiém can thiét cho ngudi hoc, nhét 1a cac kinh
nghiém trong thuc hién cac tiéu chudn ki thuat chuyén nganh phéo binh, kinh nghiém trong té
chue, quan Ii va chi huy bd doi. Qua dé, tao niém tin, dong luc, cam huang can thiét dé nguoi
hoc tich cuc trong hoc tap, ren luyén.

2.3.3. Poi véi sinh vién

- Nam virng kién thirc chuy@n nganh va céc ky nang can thiét cho cong viéc.

Pay 1a mot trong nhitng yéu t6 quan trong nhim nang cao héu qua cia phuong phap
giang day tiép can ning luc ngudi hoc. Sinh vién khi ding ky theo nganh hoc, can dugc giang
vién chuyén nganh ndi riéng va Khoa chuy&n mén néi chung, truyén thu tsi sinh vién nam
duogc cac thong tin co ban vé nganh hoc nhu dinh huéng nghé nghiép, yéu cau chuyén mon,
thuan loi va kho khan trong qué trinh hoc tap ciing nhu ndi dung cét I18i cua nganh sinh vién
theo hoc.

Tir d6 sinh vién ndm dugc co ban vé thong tin nganh hoc va céc ki ning can thiét cho
cong viéc sau khi tét nghiép. Bén canh do, khi sinh vién nhan thiy dwoc sy can thiét cia cac
Ky nang ciing nhu kién thirc nganh hoc sé& gilp quéa trinh day va hoc dat duoc hiéu qua cao,
nang cao chat luong giang day va két qua hoc tap cua inh vién.

- Phét trién ky nang giao tiép, 1am viéc nhom va tu hoc. Pay 1a mét trong nhiing ky
niang mém ma Nha trudng chi trong phét trién, xay dung, hinh thanh cho sinh vién dat yéu
cau cua chuan dau ra khdng chi trong ting hoc phan ma cua ca chuong trinh dao tao. Viéc
phét trién t6t k¥ ning giao tiép, 1am viéc nhdm va tu hoc tir trong Nha trudng gidp sinh vién
tu tin, chu dong tiép can kién thirc trong qua trinh hoc tap va sau khi tét nghiép ra trudng.

Trong qua trinh hoc tap, k¥ nang lam viéc doi nhom sé gitip cho mai thanh vién cling
nhau déng gop ¥ kién, suy nghi méi vé nhiém vy dugc giao. Mdi nguoi cing 1am cung nghi
thi s& giup nhom c6 duoc nhiéu thong tin, ¥ tuéng hap dan hon dé co thé giai quyét bai tap
duoc giao nhanh chéng va dé dang hon.

MJi ngudi 1am mot phan nho ghép lai voi nhau dé hoan thanh bai tap 16n gidp moi
ngudi d bi stress va nang cao hiéu suat hoc tap. K¥ nang lam viéc doi nhém hiéu qua 1 gidp
nhau tao nén cam hing, hang tha Iy lai tinh than lam viéc, khudy dong tinh than moi nguoi
cung nhau cé gang dé vuot qua thir thach vé bai tap, du an nghién cau. Mdi ngudi mot y
nghia, mot cach hiéu rdi gop lai véi nhau sé tao ra duoc ¥ tuang 1én va hap dan.

Trong quéa trinh 1am viéc doi nhém, hoc sinh s& biét cach hd tro, gitip dd nhau lam viéc
t6t hon, cting nhau tién bo va hoc héi nhitng diéu hay, diéu tét cia moi nguoi xung quanh. Ky
nang 1am viéc doi nhém gidp madi sinh vién sé& biét duoc diém manh, diém yéu caa minh 12 gi
dé cung khic phuc han ché va phat huy diém manh cua minh dé dat duoc két qua chung cao
nhat. Trong khi lam viéc theo nhom, tat ca cac hoc sinh s& duoc dua ra ¥ kién, quan diém cua
minh vé bai tap, du &n hay hoat dong cua Nha trudng dua ra tir d6 ban s& nhan biét duoc minh
dang manh & dau, thiéu sot gi dé cai thién lai ban than tét hon.

Khi ¢6 ki ning 1am viéc doi nhom s& rén luyén cho minh duoc K ning tao 1ap moi
quan hé trong giao tiép. Giup sinh vién d& két ndi véi moi ngudi, hiéu nhau hon va ciing nhau
phdi hop nhip nhang giai quyét bai tap I6n chung véi nhau. K§ ning giao tiép ciing nhu tu
hoc dugc hinh thanh ngay trong d6i nhém théng qua cac budi thao luan, hop nhém, trao doi ..
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Sinh vién s& dugc bay to y kién cia minh va tich lily cach kinh nghiém, kién thtc giao tiép co
ban cho bé vé sau. Biét cach wng xir, giao tiép, thuyét trinh truge dam dong hiéu qua.

- Xac dinh muc tiéu hoc tap dung dan va tu rén luyén phuong phap hoc tap phu hop
véi nang luc ban than.

K¥ nang xac dinh muc tiéu la kha nang nhan biét, xac dinh va thiét lap muc tiéu cuy the,
c6 thé do luong, co thé dat duoc, phi hop véi ban than va cé thoi han. K§ ning nay rat quan
trong trong viéc gitip sinh vién dinh huéng, tao dong luc dé phan déu va dat duoc thanh cong.

Hon nita, viéc xac dinh muc tiéu hoc tap dang din gidp sinh vién d& dang lén ké
hoach, dinh huéng tt cho qué trinh trau doi kién thirc, bd sung ki ning, kinh nghiém cho ban
than. Dé co thé tap trung tét cho viéc hoc, nang cao tinh than tu chu, phat trién téi da tiém luc
ctia ban than thi ching ta can phai xac dinh va thiét 1ap ré muc tiéu dua vao mong mudn, nhu
cau caa chinh minh.

Dbi véi sinh vién cao ding, dai hoc thi viéc dat muc tiéu hoc tdp mang y nghia quan
trong gap nhiéu 1an so véi nhimg nam hoc trude. Ciing boi, moi trudng nay doi hoi cac ban
sinh vién phai c6 su cha dong, tu giac trong viéc hoc tap, tiép thu kién thuc, trau ddi k§ ning,
kinh nghiém. Néu trong giai doan nay cac em hoan toan khdng c6 bat ky du dinh, muc tiéu
nao cho ban than thi rat kho cé thé hoc tap tét, tham chi nhiéu trudng hop con cé thé chan
nan, bo hoc gitra chirng. Thiéu muc tiéu hoc tap ¢ giang duong dai hoc chinh 1a ly do 16n nhat
lam cho sinh vién cam thay chénh vénh, khéng thé tiép tuc thuc hién tét chuong trinh hoc va
kho dat dugc nhirng thanh cong trong tuong lai.

Duéi day 1a mot s6 cach hiéu qua dé gip cho sinh vién d& dang thiét lap va duy tri
muc tiéu hoc tap cua ban than tir d6 c6 phuong phap hoc tap phu hop véi nang luc ban théan:

. Xac dinh vé nhitng mong muén, ky vong cua ban than;
. Liét ké danh sach cac muc tiéu can thuc hién;

o Néu ra nhirng ly do kém lgi ich khi dat muc tiéu;

. Lén ké hoach thuc hién cu thé, chi tiét;

o Thuc hién mdi ngay, ghi chép lai tién trinh;

o Tu thudng cho ban than;

o Tim sy ho tro.

Phuong phép giang day theo huéng tiép can nang luc trong gido duc nghé nghiép duoc
ap dung trién khai giup sinh vién dat dugc nhiing k¥ niang, muc téu trén va cé nhiéu co hoi
tham gia, trai nghiém, tu hoc, tu nghién cru, tu khdm phé s& cho phép ho c6 thé linh héi dugc
nhiing tri thire, hinh thanh tu duy d6i méi, sang tao, su tu tin va ngay cang phat trién toan dién
nhan cach. Pay ciing chinh 1a trong nhitng muc tiéu can dat duoc dé phat trién gido duc nghé
nghiép, phéat huy tdi da niang luc, pham chét cia ngudi hoc; thiic ddy khai nghiép, doi moi
séng tao, nang cao chat lugng ngudn nhan luc dap tng yéu cau phat trién dat nudc trong giai
doan mai.

3. Két luan

Phuong phap giang day theo hudng tiép can nang luc khdng chi chi y dén tinh tich cuc
hoa cho ngudi hoc vé hoat dong tri tu¢ ma con chl y rén luyén ning luc giai quyét van dé gan
vé6i nhitng tinh hudng cua cudc sdng va nghé nghiép, dong thoi gan hoat dong tri tué vai hoat
dong thuc hanh, thyc tién. Phuong phéap giang day nay ¢ uu diém nhan manh vao nang lyc van
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dung tri thic, kién thirc cua ngudi hoc tiép thu duoc tir nguoi day vao thuc tién; nguoi hoc chi
dong hon trong hoc tap, ¢6 thé kham pha nhiing tri thire mai ngoai kién thic tir nguoi day, hinh
thanh thai do ty hoc tap, tu nghién ctu, phét trién k§ ning, nhét 12 k§ ning mém, dap ung nhu
cau ngay cang cao cua xa hoi. Bong thoi, viéc tang cuong hoc tap theo nhom, trao d6i, twong
tac gitta ngudi day - ngudi hoc c¢6 ¥ nghia quan trong nham phat trién ning luc xa hoi, phét trién
nang luc giai quyét cac van dé phic hop, dap (ng yéu cau, nhu cau ctia xa hoi trong nhiing tinh
hudng thuc tién. Két qua nghién ctru trén ddy tao co sd thuan loi dé thuc hién cac tac dong phu
hop va hiéu qua muc tiéu nang cao hiéu qua caa phuong phéap giang day theo huéng tiép can
nang luc cia nguoi hoc tai Truong Pai hoc Su pham Ky thuat Nam Dinh.
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DAY HQC TICH HQP LICH SU PHAT TRIEN LY THUYET TAP HQP
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Tom tit

Ban béo céo trinh bay mét sé kinh nghiém trong viéc day hoc tich hop lich sir phat
trién ly thuyét tap hop va cac hé thdng s trong hoc phan Giai tich 1.

Tir khéa: tdp hop, hé théng sé, sé thuc.

Pit vin dé

Mot trong nhiing cach bdi dudng tinh yéu, niém dam mé véi mon Toan 12 hiéu duoc
lich str, nhitng &ng dung thuc té caa ching. Vi vay, trong qué trinh day hoc, viéc tich hop
Lich st phat trién tap hop va céc hé théng sé trong noi dung tap hop va tap hop sé thuc thuoc
hoc phan Giai tich 1 c6 thé 1a mot cach hiéu qua dé gilp sinh vién hiéu sau hon vé céac khai
niém todn hoc co ban va thém hang thi vai moén hoc. Pay 1a mot phuong phap giang day tich
cuc, két hop gitra kién thtc lich str va cac khéi niém toan hoc, gidp sinh vién khong chi hiéu
rd vé mat ly thuyét ma con thay dugc qua trinh phat trién va ang dung cua cac khai niém nay
trong lich sir Toan hoc.

N@i dung chinh

1. Mt s6 kién thirc lich sir vé tap hop va cac hé théng sé trong chwong trinh Giai
tich 1

1.1. Tap hop

Tir thoi ¢6 dai, con ngudi da bat dau c6 nhitng nhan thac vé tap hop, mac du chwa phat
biéu duoc mot cach day du, chinh xé&c. Vi du, cach ho so sénh sé luong caa mot ddi tuong nao
d6 véi mot tap hop chuan ma ho da biét rd s6 luong nhu Mt trod, déi mat, cac ngon tay trén
mot ban tay, ... hay cach ngudi Hy Lap ¢6 dai di st dung cac dbi tugng nhu soi hodc da dé
dém va nhdm ching lai thanh cac tap hop.

Ly thuyét tap hop duoc sang lap boi Georg Cantor trong nhitng nim 1874 dén nam
1897. Thay cho thudt ngit "tip hop", ban dau 6ng di st dung nhimg tir nhu "biéu hién"
(inbegriff) hodc "su da dang" (Mannigfaltigkeit)...

Ngoai Cantor, Richard Dedekind 1a mot nha tién phong quan trong cua 1y thuyét vé 1y
thuyét tap hop. Ong dd ndi vé cac "hé thong" thay vi tp hop va phat trién mot cau trac 1y
thuyét tap hop ctia cac sd thuc vao nim 1872 va tién dé héa 1y thuyét tap hop cac sb tu nhién
nam 1888.

Sau d6, ngay tir naim 1889, Giuseppe Peano, miéu ta tap hop 1a cac tang 16p, di xay
dung cac phép toan tap hop, cung véi tién dé& Peano, tao co sé cho bd mén sé hoc. Ong chinh
13 nguoi di tao ra co sé cho ngdn ngit cong thire ngay nay cua 1y thuyét tap hop va giéi thiéu
nhiéu biéu twong duoc phd bién ngay nay, dic biét 1a ky hiéu €€, duoc doc 1a 1a "phan tir

ctia". Trong d6, € chinh 1a chir viét thuong cua e (epsilon) cia tir goti (tiéng Hy Lap ¢

nghia 1a "[a")....
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Ctr nhu vay, 1y thuyét tip hop ngay cang duogc phat trién va hoan thién cho dén ngay nay.

Ngbn ngit cta 1y thuyét tap hop duoc dung trong dinh nghia cua gan nhu tit ca cac ddi
tuong toan hoc, nhu ham s6, va cac khai niém ly thuyét tap hop dugc dua vao nhiéu chuong
trinh giang day toan hoc. Cac kién thirc co ban vé tip hop va phan tir trong tdp hop co thé
duoc gioi thi¢u tr cép tiéu hoc, cung vdi so dd Venn, dé hoc vé tap hop céc ddi tuong vat ly
thuong gap. Sau do, cac phép toan co ban nhu hop, giao céac tdp hop dugc hoc trong chuong
trinh THCS va THPT. Cac khai niém cao hon nhu luc lugng cua tap hop sé dugce gidi thiéu
trong chuong trinh todn hoc cua sinh vién dai hoc.

Nhu vy, 1y thuyét tp hop, duoc hinh thire hoa bang 16gic bac nhét (first-order logic),
1a phuong phép toan hoc nén tang thuong dung nhit dé xay dung céac 1y thuyét khac. Ngoai
viée st dung né nhu mot hé thong nén tang, 1y thuyét tip hop ban than né ciing 1a mot nhanh
cua toan hoc, véi mot cong déng nghién ctru tich cuc. Cac nghién ctru maoi nhét vé ly thuyét
tap hop bao gom nhiéu loai chu dé khac nhau, tir cdu trac cua dong sé thuc dén nghién ctru
tinh nhét quan cta ban sd 1on.

Trong chuong trinh Giai tich 1, sinh vién dugc nhic lai cac kién thic co ban vé tap
hop, cu thé 1a cac khai niém vé phan tir thudc tap hop, cac cach xac dinh tap hop, so do Venn,
mdi quan hé giira cac tap hop, cac phép toan tap hop va cac tinh chét cua chdng.

1.2. Phép dém va cac hé thong sé tw nhién

Phép dém va cac hé thdng sb da xuat hién tir rat l1au va phat trién qua nhiéu giai doan
lich str khac nhau. Khéng ai ¢6 thé noi dugc dich xac tir khi nao loai nguoi biét dén cac con
s6. Nguoi ta tim duoc mot vian ban ¢6 khic trén dé cach day khoang 6000 nam trong dé cac
con sb biéu thi bang cac dau cham va gach. Ta khéng thé tuong tugng dugc ra mot xa hoi
phét trién ma khong c6 nhitng con sd. Con sé chinh 1a mot san pham cua tri tué loai ngudi,
dugc dat ra dé giai quyét nhitng nhu cau bire xdc thyc té cia con ngudi.

Céc con s6 khong phai ra doi ngay ciing mét ltc. Ban dau, nguoi ta chi biét ¢én nhiing
con sé nhé 1, 2, 3, ... Dan dan, do nhu cau cua cudc séng, ho dit ra cac sb lén hon. Bac biét,
s6 0 lai 12 s6 ra doi sau cing, vao thé ky thtr IX. Va dén tan thé ky tha XVII, s6 0 méi dugc
xép ngang hang veéi cac sb khac.

Khi méi ra doi, cac con s ciing chua ¢6 hinh dang nhu ngay nay. Cach ghi sé hién
nay do nguoi Hindu (An Do) phat minh vao thé ky tha VI va thi IX, sau d6, dugc ngudi A
Rap truyén sang chau Au. Trudc d6, co nhiéu cach ghi sé khac nhau, tiéu biéu nhu hé ghi sé
Ai Cap (tir khoang 3400 nim TCN), hé ghi s6 Babilon (ra doi ciing khoang thoi gian voi hé
ghi s6 Ai Cap), hé ghi s6 Maya (khoang 2000 nam TCN) va hé ghi s6 La M4, van con duoc
sir dung cho dén ngay nay.

1.3. Su phat trién cia cac hé théng sb

S6 ty nhién ra doi do nhitng yéu cau thuc tidn doi sdng va san xuét. Nhung sé tu nhién
dan khong du dap tng nhitng yéu cau cua xa hoi loai ngudi ngay cang phét trién.

S6 am duogc dé cap trong cac cong trinh cua cac nha Toan hoc An Do vao dau thoi ky
Trung c6 va chi dén thé ky thir XVI sau Cong nguyén, ngudi ta méi hét nghi ngo vé gia tri
thuc sy caa nd. S6 4m ra doi dau tién 1a dé giai quyét cac van dé Toan hoc thuan tay, dé dam
bao rang moi phép trir ludn thuc hién dugce, sau d6, dugc tng dung rong réi trong thuc té doi
sbng, dé biéu dat cac dai luong c6 hai chiéu nhu nhiét d6 trén 0 va dudi 0, 6 cao trén muyc
nudce bién va dudi muc nudce bién, 13i va 13...
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S6 hitu ty dwong ra doi tir rat sém, trudc ca s am, vao khoang nam 1550 TCN, do cac
nhu cau btrc bach caa doi séng san xuét vé do dac, phan chia... Mt khac, do yéu cau nai tai
cua Toan hoc, dé dam bao cho moi phép chia cho mét sé nguyén khac 0 déu thyc hién duoc,
tap hop s6 hitu ty ra doi. Tap hop s6 hitu ty cuing vai phép cong va nhan 1ap thanh mét truong,
goi 1a trudng sb hitu ty.

Tuy nhién, tip hop sb hitu ty vin chwa dap Gmg dugc ddy du cac yéu cau cua thyc tién.
Tir xa xua, ngudi ta da thiy c6 nhitng doan thing khong co do dai 1a sb hitu ty, vi du nhu
dudng chéo cua hinh vudng c6 canh bang 1. Vi vdy, xuit hién nhu cdu mé rong s6 hiru ty. SO
v ty duge coi nhu duge nhic dén dau tién trong "Kinh dién Sulba" tir nhitng nim 600 TCN.
Khéi niém vé sd vo ty cling dugc cac nha toan hoc An Do diu tién ch'c”ip nhan mdt cach ngﬁm
dinh tir nhitng ndm 750 - 690 TCN, khi ho nhén thic duoc rang cin bac hai ciia mot sb sd
nhat dinh nhu 2 va 61 khong thé duoc xac dinh chinh x4c. Khoang 500 TCN, cac nha toan
hoc Hy Lap do Pythagoras lam lanh dao nhan ra su can thiét ctia cac sb vo ty, dic biét 1a su
v0 ty cua can bac hai cua 2.

Tap hop bao gdm cac sb hitu ty va sb vo ty duoc goi 1a tap sé thuc. C6 nhiéu hudng
xay dung ly thuyét vé tap hop s thuc. Phuong phap duoc gidi thiéu trong chuong trinh Giai
tich 1 sir dung dinh Iy vé nhat cat Dedekind. Phuong phap nay dua trén hinh anh truc quan
nhu sau: ta da biét, mdi s6 tu nhién, sé nguyén am hay tham chi sé hitu ty déu cd thé biéu dién
dugc twong tng véi mot diém trén truc s6. Nhung, mot diém bat ki trén truc s6 c6 phai 1a dai
dién caa mot s6 hitu ty hay khéng? Néu khong, thi n6 1a loai s6 nao? Tir 4o, ta co dinh Iy vé
nhét cat Dedekin va xay dung dugc truong sb thuc.

2. Phwong phap day hoc tich hep Lich sir tap hop va cac hé théng so trong
chwong trinh Giai tich 1

Khi day vé tap hop va tap hop s thuc trong Giai tich 1, viéc tich hop lich sir ¢6 thé
duoc thuc hién nhu sau:

- Giéi thiéu lich s va sy phat trién cua ly thuyét tap hop, tir nhitng budc dau tién
trong lich str toan hoc ¢6 dai dén cac méc phat trién qua céc thoi ky, dén su phat trién day dua
cua ly thuyét tap hop hién dai nhu ngay nay.

- Gigi thiéu cac nha toan hoc ndi bat, ¢ cong I6n trong viéc phat trién va xay dung ly
thuyét tap hop nhu Georg Cantor, ngudi da phat trién Iy thuyét tap hop hién dai vao cudi thé
ky 19, Richard Dedekind, mot nha tién phong quan trong cua ly thuyét vé ly thuyét tap hop,
1a nguoi dau tién tao ra cdng thirc tién dé Axiom of extensionality caa ly thuyét tap hop;
Giuseppe Peano, ngudi xay dung cac phép toan tap hop va dé xuét ra ki hiéu “thudc” €, ...

- Gidi thiéu vé lich sir phét trién cac hé thdng sé: Trude khi bat dau giang day vé tap
hop va tap hop sé thuc, giang vién cd thé gisi thiéu vé lich sir phat trién cac hé thdng sé, tir hé
théng s6 c6 dai dén hé thdng sé hién dai; thao luan vé cac hé dém cua cac nén van minh cd
dai, chang han nhu cac hé dém cua ngudi Ai Cap, Babylon, Maya, La M&; gidi thiéu hé thdng
s6 ty nhién va su phét trién cia nd qua cac nén van minh khac nhau; giai thich sy ra doi cua
cac sd nguyén, sé hitu ty, sb thuc va nhu cau str dung chiing trong doi séng hang ngay, bao
goém céc vi du lich st

Phép dém va cac hé thdng sb da xudt hién tir rat lau va phat trién qua nhiéu giai doan
lich sir khac nhau. Viéc hiéu vé lich sir phat trién ctia cac hé théng sb s& gitp sinh vién:

+ Nhan thtre dugc tam quan trong cua cac khai niém toan hoc.
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+ Hiéu rd hon vé ly do va cach thirc ma cac khai niém nay duoc phét trién va tng dung.

+ Thay duoc su lién két giira toan hoc va céc linh vuc khéc trong doi séng.

- Gidi thiéu cac nha todn hoc noi bat, c6 cdng Ion trong viéc phat trién va xay dung ly
thuyét sé thuc nhu Pythagore, Simon Stevin, ngudi tao ra co s& cho ky hiéu thap phan hién
dai, Descartes, nguoi da gidi thiéu thuat ngtr "thuc" dé mo ta nghiém cua mot da thuc, phan
biét ching véi nhitng nghiém "ao", Evariste Galois (1832), nguoi di tao raly thuyét
Galois; Georg Cantor (1873), nguoi dd dua ra dinh nghia day du dau tién vé sé thuc, Richard
Dedekind va Karl Weierstrass véi nhitng dong gop to 16n cua ho trong viéc phat trién Iy
thuyét sb thuec.

- Lién hé gitra lich st, thuc tién va cac khai niém toan hoc: Khi giang day vé cac khai
niém nhu tap hop, sé thuc, sé hitu ty, va sé vo ty, giang vién cé thé lién hé véi céc vi du lich
str dé sinh vién thay rd hon vé tng dung va su phat trién caa cac khai niém nay, dua ra cac
g dung thuc tién caa cac khai niém toan hoc trong cudc séng hang ngay va khoa hoc.

- Str dung céc bai tap va vi du lién quan dén lich st Giang vién c6 thé sir dung cac vi
du, thiét ké céc bai tap ma sinh vién phai nghién cau va giai quyét cac van dé lién quan dén
lich st phét trién cua cac khai niém toan hoc dé minh hoa va cang c¢é kién thic.

- Sur dung tai liéu va tai nguyén lich st: Sur dung céac tai liéu va tai nguyén lich s,
chang han nhu cac ban thao ¢ dai va cac bai viét ciia cac nha toan hoc noi tiéng, &é minh hoa
cac khai niém toan hoc.

- Phuong phéap lién mén: Tich hop cac noi dung lich sir va todn hoc dé tao ra céc bai
giang phong phu va hap dan.

- Hoc qua du an: Khuyén khich sinh vién tham gia vao cac du an nghién ciu vé lich sir
toan hoc, tir d6 kham pha sau hon vé sy phat trién caa cac khai niém toan hoc.

KET LUAN

Day hoc tich hop Lich sir phét trién phép dém va cac hé thdng sé trong noi dung tap
hop va tap hop sé thuc thudc hoc phan Giai tich 1 khdng chi gidp sinh vién nam viing kién
thire toan hoc ma con gilp ho hiéu rd hon vé bdi canh lich str va sy phét trién cua cac khai
niém nay. Diéu nay lam cho viéc hoc toan trg nén th vi va co ¥ nghia hon, khuyén khich sinh
vién kham pha sau hon vé mén hoc.
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DAY HQC MON GIAI TICH CHO SINH VIEN NGANH SU PHAM TOAN
PAP UNG CHUONG TRINH GDPT 2018

TS. Vii Qudc Tuin'?
tKhoa Cong ngh¢ thong tin, Truong Pai hoc Hai Duong

MO PAU

- Ngi dung chinh c#a béo céo la gi ?

Mot cach tiép can xay dung noi dung mén Giai tich dé giang day cho sinh vién nganh
su pham toan cua Pai hoc Hai Duong.

- Cdn cik vao dau dé c6 cach tiép cgn trén ?

Duya trén muc tiéu dao tao; ning lyc dau vao, chuan dau ra va nghé nghiép cua phan
I6m sinh vién nganh su pham toan sau khi tét nghiép.

- Phwong phdp tiép can dé xay dung ngi dung mon Gidi tich nhw thé nao ?

Tim hiéu noi dung Giai tich trong chuong trinh GDPT mén toan 2018, tim hiéu SGK
mon toan tir 16p 6 dén 16p 12 (cua cac 3 bg sach gido khoa hién hanh: Canh Diéu, Két ndi tri
thizc véi cude song, Chan troi sang tao) va thyc tién day hoc ¢ phd thong. Trén co sé tim hiéu
cac noi dung trén, bao cao dé xuat co so dé xay dung nodi dung mon Giai tich sao cho phd hop
véi thuc tién giang day.

I. KET QUA TIM HIEU

1. Ngi dung Giai tich trong chwong trinh GDPT mén Toan 2018

T 16p 6 dén 16p 10: Hoc sinh chua hoc Giai tich.

Lop 11:

- Gidi han caa day s6. Phép toan gigi han diy so. Tong caa mot cap so
Gigi hgn. Ham sé | nhan I0i vo han.

lién tuc - Gigi han ctia ham s6. Phép toan gidi han caa ham sé.
- Ham s lién tuc.

Yéu cdu cdn dat:
- Nhan biét dugc khéi niém giéi han cua day sé.
- Giai thich dugc mot sb giéi han co ban nhu: lim ikz ok N9, limg"=0(qk 1),

n®+¥ N n® +¥

limc = ¢ véi ¢ la hang sé.
n® +¥

- Van dung dugc cac phép toan gigi han day sé dé tim gidi han caa mot sé day sé don gian (vi
o+l . An?+1
du lim , lim ).
n® ¥ n n® ¥ n
- Tinh dugc téng cua mot cap sé nhan 10i vo han va van dung dugc két qua do dé giai quyét
mot sb tinh hudng thyc tién gia dinh hoic lién quan dén thyc tién.

- Phép tinh liiy thira voi s6 mil nguyén, s6 mii hitu ti, s6 mii thyc. CAc
tinh chat.

Ham so mii v | _ppgn tinh 1agarit. Céc tinh chit.

ham sé l6garit o
- Ham s6 mii. Ham so6 l0garit.

- PT, Bat PT mii va logarit.
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Yéu cdu cin dat:
(Chuong trinh GDPT 2018, mon Toan 11)

- Khai niém dao ham. Y nghia hinh hoc cua dao ham.
Dao ham - Céc quy tic tinh dao ham.

- Pao ham cap hai.

Yéu cau cin dat:
(Chuong trinh GDPT 2018, mén Toéan 11)

Lép 12

- Tinh don diéu cua ham sb.
Ung dung dao ham d@é | - Gia tri 16n nhat, gia tri nhé nhét cua ham so.
khdo sat va vé dé thi | - Khao sat va vé db thi ciia ham sé.
ham so - Ung dung dao ham dé giai quyét mot sé van dé lién quan dén thyuc
tién.

Y&u cau cin dat:
(Chuong trinh GDPT 2018, mon Toan 11)

Nguyén ham. - Nguyén ham. Bang nguyén ham caa mot s6 ham s so cap.
Tich phén - Tich phan. Ung dung hinh hoc cua tich phan.

Yéu cdu cin dat:
(Chuong trinh GDPT 2018, mon Toéan 11)

2. Ndi dung Giai tich thé hién trong cac b§ SGK hién hanh

B sach Lép 11 Lép 12
Tap 1: Tap 1:
- Gi6i han. Ham sb lién tuc - Ung dung dao ham dé khao sat va
Canhdidu | Tap2: V& db thi ham s6

- Ham sb mii va ham sé ldgarit Tap 2:

- Dao ham - Nguyén ham. Tich phan

Tap 1: Tap 1:

- Gi6i han. Ham sb lién tuc - Ung dung dao ham dé khao sat va

Két néi tri thic

o Tap 2: V& d6 thi ham sé
Vo1 cugc song o , Co R
- Ham s6 mii va ham so l6garit Tap 2:
- bao ham - Nguyén ham. Tich phén
Tap 1: Tap 1:
o - Gi6i han. Ham sb lién tuc - Ung dung dao ham dé khao sat
Chan troi N
, Tap 2: ham so
sang tao o a A
- Ham s6 mil va ham s6 16garit Tap 2:
- bao ham - Nguyén ham. Tich phan

Nhdn xét chung: Tht tu siap xép ndi dung thdng nhat; b sach nao ciing ¢6 wu, nhuoc diém
riéng (tir goc nhin cua giéo vién). Can két hop uu diém cua ca 3 bo sach.
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3. Kinh nghiém tir thuc tién day hoec & phé thong

Phan 16n hoc sinh ¢6 niang lyc va pham chat chua tét, thé hién qua:

+ Thdi do hoc tap: chua cham chi, chua tu giac, luoi dong ndo, thiéu dong co hoc tap.

+ Kién thic: bap bdm, mat goc, khong c6 hé thdng; dic biét 1a khong hiéu ban chat
cua bai hoc.

+ Ky nang gidi toan: cham; khdng biét cach phan tich, trinh bay 10i giai; dac biét kém
& k¥ ning bién d6i biéu thie dai s6, phan biét cac tap hop sb, tinh nham,...

IL. PE XUAT CO SO PE XAY DUNG NQI DUNG MON GIAI TiCH

1. C4u trac mdi bai day (ti 1& % theo thoi luong)

50% giang vién chuyén tai kién thirc va huéng dan

20% giér]g Vien | 1§ ning cho SV, trong do: 30% gidng vién

gi&o duc ve thai do cho sinh vién rén

hoc tap cho sinh k§ nang va thao
Vién luan

* 30%: gan lién véi nghé nghiép ¢ phé thong.
* 20%: dinh hudng, néng cao ¢ dai hoc.

(con lai giao nhiém v cho SV tur hoc)

2. Co sé xay dung ngi dung mon Giai tich

Xay dung dua trén nén tang nghé nghiép cua sinh vién sau khi tét nghiép, bam séat
chuong trinh GDPT mén Toan 2018, cac bd SGK hién hanh va nhiing thay dbi trong qué trinh
trién khai thuc hién chuong trinh.

I11. MINH HQA CAU TRUC MOT BAI DAY
Tén bai: GIOI HAN CUA DAY SO
Thoi lwong dur kién: 3 tiét
I. MUC TIEU
1. Thai d6: Su kién tri (Cau chuyén ctua danh tha bong da CR7)
2. Yéu ciu can dat;
- Nhan biét dugc khai niém gioi han caa day sb.

- Giai thich dugc mot sb gigi han co ban nhu: lim ikz okl N9 ,
n® + n

limg" = 0(lq|< 1), limc= c véi ¢ la hang sé.
n® +¥ ne+¥

- Van dung duoc céc phép toan gidi han ddy sé dé tim gigi han caa mot sé ddy sé don
t1 o YAnely
n ¥ p

- Tinh duogc tong cua mot cap sé nhan 10i vd han va van dung dugc két qua do dé giai
quyét mot sé tinh hudng thyc tién gia dinh hoic lién quan dén thuc tién.

- CLO1. Trinh bay duoc khai niém gisi han hitu han cia day so.

- CLO3. Ap dung ly thuyét gigi han vao tinh gigi han caa day sé.

- CLO12. Phét trién k¥ ning giai toan so cap ¢ truong pho thong.

- CLO14. Phét trién k¥ nang str dung ngdn ngit toan hoc trong hoc tap va giang day
toan & truong phé thdng.

Il. CHUAN BI

ca o . 2n
gian (vi du ,!!JQ
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Chuong trinh mon Toan 2018, SGK Toan 11, Gido trinh Giai tich 1 (Iuu hanh ndi bg),
may tinh, may chiéu, ...

I1l. TIM HIEU NOI DUNG BAI HOC O TRUGNG PHO THONG

1. Giang vién yéu cau sinh vién tim hiéu noi dung gii han caa ddy sé trong chuong
trinh GDPT mo6n Toan nam 2018, trong SGK Toan 11

2. Giang vién yéu cau SV tong két kién thirc co ban cua bai hoc + thao luan

3. Huéng dan sinh vién giai bai tap trong SGK, SBT

IV. NGHIEN CUU VE GIOI HAN CUA DAY SO (bai hoc)

1. Khai niém co ban 2. Phép toan cac day hoi tu
3. Tinh chét 4. DAu hiéu hoi tu cua day sd
5. Hai b @& quan trong 6. Gigi han trén va gisi han dudi

V. NHIEM VU VE NHA

1. Hoan thién giai bai tap trong SGK va SBT.

2. L& mot gido vién toan trong twong lai, anh/chi s& to chtc day hoc bai Gigi han cua
day s cho hoc sinh 16p 11 nhu thé nao ?

3. Céc yéu cau, nhiém vu vé tu hoc, bai tap nang cao (& dai hoc).
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ON ASYMPTOTIC 1-PERIODIC POLYNOMIALLY BOUNDED SOLUTIONS
TO FRACTIONAL DIFFERENTIAL EQUATIONS

ThS. Nguyén Ngoc Vién !, PGS.TS. Nguyén Dwong Toan ?

1Khoa Toan va KHTN, Truong Pai hoc Hai Duong
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Abstract

We study the asymptotic behavior of solutions of fractional differential equations of
the form DZu(t) = Au(t) + f(t) (¥), where Dfu(t) is the derivative of the function u in
Caputo's sense, 4 is unbounded closed linear operator, f is n-asymptotic 1-perioidc, i.e. it is

Fle+i—Fe)

O 0. We will prove that equation ( *) has n-

polynomially bounded and lim

asymptotic 1-perioidc solution if and only if it has a bounded uniformly continuous
asymptotic solution on ¥, The results in this paper will extend and improve results in V.T.

Luong and N.V. Minh (Semigroup Forum, 2021). The obtained result extends known results
on periodicity of solutions to fractional equations.

Key word

Key words and phrases. Asymptotic behavior, polynomial boundedness, stability,
spectrum of a function on the half line.
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1. Introduction

Let us consider the following linear fractional differential equations the form

Diu(t) =Au(t) + f(t)hu(0)=x,0<a =1 (1.1)

where DZu(t) is the derivative of the function u in the Caputo's sense, 4 is a linear
operator which may not be bounded and f is n-asymptotic 1-perioidc that is defined above.

We deal with the asymptotic behavier of solutions of equation 1.1 by looking for conditions in
which some or all solution u(.)aren - asymptotic 1 periodic. As is well known, a theorem of

Massera [3] will showed as an analog of this theorem. Since these equations enable us to
simulate complex systems, fractional differential equations have attracted the attention of
many academics in recent years. Nonlocal relations in both space and time can be taken into
consideration in the model created utilizing these equations. Fractional differential equations
have been widely used in engineering as a result of these characteristics. For a description of
applications in physics and engineering, we recommend the reader to the monographs
[18,23]. For general results and concepts in abstract spaces the reader is referred to [5,13,14].

In recent years the asymptotic behavior of mild solutions of fractional differential equations
are extensively studied. Among many results we would like to mention [16,20,24,25] that

deal with existence, uniqueness of mild solutions as well as their asymptotic behavior. Due to
N.V. Minh and V.T. Luong [22] studied on stability of C,-semigroups which is extended a
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famous result [1,26] in the general unbounded case. In this paper, we would like to extend a
famous result of the Massera Thoerem by using new concept that we call n - asymptotic 1 -
periodic. The main results say that A to be closed linear operator which generates a C,-
semigroup, {1%:Red = 0} = p(4) and e=“*’\ {1} is closed, and f is asymptotic 1-
periodic. Then, if Eq.(3.4) has an asymptotic 1perioidc solution if and only if it has a bounded
uniformly continuous asymptotic solution on &* (Theorem 3.6). Moreover, if ¢(P) < {1},

then every asymptotic mild solution in BUC, (R*,X) of Eq.(1.1) is asymptotic 1-periodic. In

[22], to have results on strong stability of solutions to fractional equations it is provided that
the spectral set (4, e) N iR is countable, where (4, a) is defined to be the set of complex

numbers £ such that A%~ (A% — A)~! is analytic in a neighborhood of ¢, and u satisfies some
ergodic conditions with zero means. If we assume that A generate a exponentially stable
semigroup and {A%: Re 1 = 0} < p(4),e%4=)\ {1} is closed, and f is asymptotic 1-periodic
in the sense lim, _, . (f(t +1) — f(t)) = 0. Then, if Eq.(3.4) has an asymptotic 1-periodic
solution if and only if it has a bounded uniformly continuous asymptotic solution on R*. In
this paper, we just asume A to be closed linear operator which generates a C,-semigroup
{T(t)};=o bouded. The result obtained maybe new and it is an analog of Massera Theorem for
this class of equations based on the technique of decomposition.

2. Preliminaries and Notations

2.1. Notations. Throughout this paper we will denote by R, R¥, C the real line (—co,o0),
half line [0,+c0) and the complex plane. We denote by BC({R+,X) the space of all bounded
continuous functions from R + to a Banach space X with supremum norm and BUC(R+,X) is
its subspace consisting of all uniformly continuous functions. Below we denote

e—1
gﬁ(t] = ﬁ,f =0,a=0
For a complex number z, Rez denotes its real part. In this paper the single valued
power function A% of the complex variable 4 is uniquely defined as A% = |A|*e *=&ld) ith

—m < arg(d) < m.

For a fixed integer n = 0 we denote

I FCE)
BC ]E+,K:={ e C(R",X): — <
n( ):=1{f €C( ) U T+ o)
equipped with the norm

I fll,:= sup 17®1

2.1
teR* [1 + I‘]” [: :]

Definition 2.1. We say that a function f: R* — X is n-uniformly continuous if it is
continuous and

, I f(t+h)—F(ON
lim sup =0

2.2
hlD — (1+I—j?! [: :]

Then, putting
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BUC,(R*,X):= {f € BC,(R*,X): f is n-uniformly continuous function }

Lemma 2.2. [22]
i) BC,(R*,X) with norm || f Il,, becomes a normed space.

ii) The normed space (BUC, (R*,X), lIll,,) is complete, so it is a Banach space.

2.2. Fractional differentiation in Caputo's sense. Leta = 0,t = a, and a is a fixed
number. Then, the fractional operator

t
Jgu(®):= (ga*0(®) = | ga(t=Du()ds (23)
is called fractional Riemann-Liouville integral of degree c. The function
Joeu (1) = @ dr, n—1<a<negN*
DZu(t):= Fn—a)) (t—1)*tn "
u™ (1), a=n¢chN’

is called the fractional derivative in Caputo's sense of degree a. By this notation we
havefor0 < a <1

JEDZu(t) = u(t) —u(a)
2.3. Cauchy Problem. For a fixed 0 < & < 1, consider the Cauchy problem
DZu(t) = Au(t),u(0) =x (2.4)
where A is generally an unbounded linear operator.

The well-posedness of (2.4) is equivalent to that of the problem
t

u(t) =x+ f g, (t —s)Au(s)ds (2.5)

o

The reader is referred to the monograph [31] for an extensive study of the wellposedness
of this kind of equations when A is generally an unbounded operator. Recent extensions for

more general equations can be found in [20] and their references for more details.
Let us consider inhomogeneous linear equations of the form
Dfu(t) =Au(t)+ f(t),t =0 (2.6)
Definition 2.3. A mild solution u of Eq.(2.6) on E¥is a continuous function on
R*such that, for each t € R*,J%u(t) € D(A4) and

u(t) = Af%u(t) +JF(t) + u(0)
Example 2.4. [22] Let f € BC,(R¥,X). If its derivative f' is also an element of
BC, (R*,X), then, f € BUC, (R*,X)
Lemma 2.5. [22] For each t = 0, we have
Is(e) = (1+1)" (2.7)

2.4. A Spectral Theory of Polynomially bounded Functions. We note that for every
function f € BUC, (R*,X) its Laplace transform

[=a)

Lf(A):zf e M F(t)dt

o
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exists for any Hid = 0, so the definition of the spectrum Sp.(f) as the set of all reals
&g such that its Laplace transform has no analytic extension to any neighborhood of i, as in
[2] can be formally extended to f € BUC, (R*,X).

The problem is how this spectrum can control the asymptotic behavior of the function
f on the half line R¥is not clear due to the unboundedness of polynomially bounded functions

f. In what follows we will discuss an approach to the concept of spectrum of £ and how under
some further "ergodic" conditions it controls the behavior of the functions f € BUC, (R*,X).
We will begin with the translation semigroup (S(t)..,) in BUC,(R".X) , ie,
S(t)f:= f(t+) foreach f € BUC,(R",X).

Let D denote the differentiation operator d /dt in BUC, (R*,X) with domain
D(D)= {fe BUC”[:]FR‘*,K): ar', f' e BUC”[]E,K]}

Lemma 2.6. [22] The following assertions are valid:

i) The translation semigroup (S(t)..,) in BUC, (IR¥,X) is strongly continuous;

i) The infinitesimal generator G of (5(t)..o) is the differentiation operator D in
BUC,(R*,X).

Operator D. Throughout the paper we will use the following notation
Con (R*X) := {f € BUC,(R*,X):lim 1 f(2) I//(1 + )" = 0}
t—+oa

It is easy to see that Cp,, (R™,X) is a closed subspace BUC, (R*,X), and is invariant
under the translation semigroup (S(t)..,). In the space BUC,(R*,X) we introduce the
following relation R :

fRgifand onlyif f — g € C,,(R¥,X) (2.8)

This is an equivalence relation and the quotient space ¥:= BUC, (R*,X)/R is a
Banach space. We will also denote the norm in this quotient space ¥ by II-ll,, if it does not
cause any confusion.

The class containing f € BUC,(R*,X) will be denoted by f . Define © in
¥ = BUC, (R*,X)/R as follows:

D(D):={f €eY:3u€ f,u e D(D)} (2.9)

If f € D(D), we set

bf:=Du (2.10)
for some u € f. The following lemma will show that this D is well defined as an
operator in .

Lemma 2.7. [22] With the above notations, T is a well defined single valued linear

operator in Y.

For each given f € BUC, (R*,X) consider the following complex function f{4) in 4
defined as
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fD:i=(@A-D)f (2.11)

Lemma 2.8. [22] f(A) exists as an analytic function of 4 in the region 4 € €\ iR.
Moreover, the following inequality is valid

eRE'"ll"[n—l- 1, Re d)

l(a—p) 7Nl < ReZ) 1 I £1l,,forallRe >>0 (2.12)
l(A—D)Fl < % forallRe < 0 (2.13)
n e

where

T(a,x):= J t*letdt,a,x =0
E 3

Definition 2.9. Let n be a fixed natural number, and let f € BUC, (R¥,X). The set of
all points &, € R such that £(1) has no analytic extension to any neighborhood of i&; is
defined to be the spectrum of f, denoted by &,,(f)

Circular spectra of functions on the half line. Many of the concepts and results in this
subsection are discussed and proved in [21].

Consider the translation operator 5 in BC, (R*,X) defined as
[SFI):=f(1+8), §=20,f €BC,(R".X)

Then, 5 induces operators in ¥ that will be denoted by S. It is well known that § is an
isometry, so g(§) c T

For each f(-) € BC,(R*,X) let us consider the complex function Sf(4)inA e C\T
defined as

Sf(A):=R(LS)f, AeC\T

where R(4,5):= (A—5)~%.

Lemma 2.10. We have the following estimate:

I SF(A) NI= H.”—fﬁ’ [A] #= 1 (2.14)

Definition 2.11. The circular spectrum of a function f(-) € BC, (R*,X) is defined to
be the set of all £; € I" such that §f(.A) has no analytic extension into any neighborhood of £,
in the complex plane. This spectrum of f(-) is denoted by o(f). We will denote by g(f) the
set 'Y a(f).

The following lemma justifies the introduction of these concepts of circular spectra.

Lemma 2.12. Let f(-) € BUC, (R*,X). Then, for each f(-) € BUC,(R*,X),
a(Qf) € o(f)
provided that @ is an operator in ¥ that commutes with § and leaves Cy,, (R*,X) invariant.

Proof. The proof can be taken from that of [21, Lemma 2.5].

In the same lines as in [27] the following version of a Gelfand's Theorem can be
obtained:

145



Lemma 2.13. Assume that i is any point in ¥, and the complex function $x{4) has the
point A = &; € T as an isolated singular point. Then, &, is either a removable singular point or
a pole of first order.

Below we will show that the spectrum of a function f € BUC,(R*,X) can be
determined as the spectrum of a linear operator. Let us define A, as the closure of the linear

space spanned by the set {S(t)f:t € R} © ¥. Obviously 5(t) leaves M invariant for every

t € . We consider the Cy-group of isometries { ,tE ]H&}. The generator of this group will

§|Jr'f'f
be denoted by D .
f

Lemma 2.14. For each f € BUC,(R*,X), we have

i-sp(f)= a(ﬁ|mf) (2.15)
In the same way as [11, Lemma 2.7] we can show that
Lemma 2.15. For f € BUC, (R*,X), the following is valid

o(F) = o (S0, ) (216)
Corollary 2.16. For f € BUC, (R*,%X) we have
g(f) = el (2.17)
where the overlining means the closure in the topology of the complex plane.
Proof. Since $(t),t € Ris a Cy-group of isometries, by the Weak Spectral Mapping
Theorem (see e.g. [11, Theorem 3.16 , p. 283]) the identity (2.17) is valid.
3. MAIN RESULTS

Definition 3.1. Let p be a given real number in [0,27) and n = 0 be a fixed integer, we
say that a function g € BUC, (R¥,X) is an asymptotic Bloch 1-periodic function of type p if

. g(t+1)—ePg(t)
lim =
= oo [:l+t]”

If p =0, an asymptotic Bloch 1-periodic function g of type p will be called an

0

asymptotic 1-periodic function. When p = m we call the function asymptotic anti 1-periodic.

In [36] it is proved that a function g € BUC(R*,X) is an asymptotic Bloch 1-periodic
function of type p if and only if ,,(g) = {ef“}. In the following another characterization is
given in term of spectrum sp(f) as in many circumstances it is easier to estimate this
spectrum than o, (f).

Theorem 3.2. Let g € BUC, (R*,X). Then,

i) If £, is an isolated point in @,,(g), then i&, is either removable or a pole of g(4) of
order less than n + 1,

") If r:l'” [Q’] = IEI, then g = Cl},n (R+,Kj;
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iii) o,(g) is a closed subset of K;

iv) Let g € BUC,(R*,X). Then o, (g) c {e'?}if and only if g to be an asymptotic
Bloch 1-periodic function of type p.
Proof. For the proofs of (i), (ii) and (iii) see [22]. For (iv) note that g to be an asymptotic
Bloch 1-periodic function of type p, this means

_g(t+1)—e®g(t)
lim =
£ —vom (1 + tju

0 (3.1)
We have to prove o, (g) c {e?}. Indeed, from (3.1), we have Sg — e’?g = y where

y € Cy,,(RF,X). Therefore,
(1—e®)R(ALS)g=R(LS)y+g (3.2)

Because of ¥ € Cy,,(IR*,X) so that o, (v) = 0. As A = e'?, equation (3.2) becomes

R(A4,5)g = (g + R(A5)y)

A—elf
Thus, R(4,5)g is analytic for all 1 € €\ {e?}. Therefore, o,(g) = {e?}. Next,
assume that o,,(g) < {e¥}. Using (3.2), we obtain
R(A,5)y=(A—e®?)R(A,5)g — g, wherey = Sg—e'Pg (3.3)
Since e'? is an isolated singular point of B(4,5)g by Lemma ?? the complex function
C3A—R [1,5][:55; — e"“g) is extendable analytically at 1 = e'F, so it is an entire function.
By definition, as ¢(Sg — e g) = © by Part (ii), or Sg — eF g € Cy,,(R+,X). In other words,
(3.1) is valid.

3.1. Asymptotic behavior of solutions of fractional differential equations. We are
going to apply the spectral theory of n-bounded functions in the previous section to study the

asymptotic behavior of mild solutions to fractional differential equations of the form
Dfu(t) = Au(t) + f(t),u(0) ==x (3.4)
where a is a fixed number, 0 < @ < 1,4 is a closed linear operator in a complex

Banach space X, f is an element of BUC, (R*,X). Recall that a mild solution u on B is
defined to be a continuous function u on B¥such that, for each t € R, J%u(t) € D(4) and

u(t) = AJ%u(t) +J°f(t) + x (3.5)
forall t € R™.

Definition 3.3. A function u € BUC, (IR, X) is said to be an asymptotic mild solution
of Eq.(3.4) if there exists a function €(+) € C,,,(R¥,X) such that u is a mild solution of the

equation
Dfu(t) = Au(t) + f(t) + e(t).t =0 (3.6)

Now we consider the formulas of 5, and P,, which are given in [13,37] :
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5.(t) = J. & (s)T(t%s)ds

F.(t) = CIJ- s®_(s)T(t%s)ds

o
where &, is a probability density function defined on (0,20}, that is, ¢ _,(t) = 0 and
f: $_(t)dt = 1. From Lemma 3.2 in [37], we get that 5.(t) and E,(t) are linear and

bounded operators. By the subordination principle (see [13]), 5, and P, & € (0.,1], exist if A
generates a Cy-semigroup {T(t)},-p.

Thus, we assume that 4: D(4) = X — X is a closed linear operator which generates a
Cy -semigroup {T(t)},., in X and {A":Rei > w} c p(4) . Next, taking the Laplace
transforms of both sides of (3.4) gives

(1) = $.(Dx + ((OTP)D) - F(A) (3.7)

where (- a® 1B, (1) = (A" — 4)"L, S, (%) = 2°1(a* — 4)~1. The inversion of the
Laplace transform shows that u(t) has the following form

u(t)=5,(t)x+ j (t —s)* ', (t —s)f(s)ds (3.8)

Hence, asymptotic mild solutions of (3.4) are defined as functions u € BUC, (R*,X)
satisfy

u(t) = S, (£)x + f (t— )" LB (t — 5)(F(s) + €(s))ds,t = 0 (3.9)

3.2. Estimate of the spectrum of an n-bounded solution. Below we will denote by
p(A, &) the set of all £, € C such that (£§ — 4) has an inverse (£§ — A)™* that is analytic in a
neighborhood of £, and by E,(4, a): = iR\ p(4, a).

We state the following lemma that is the key tool for our study in this paper.

Lemma 3.4. For each function u € BUC, (R*,X) as a mild solution of Eq. (3.4) on k¥, and
f € BUC,(R*,X) the following estimate is valid:

ig,(u) cL,(A a)Vio,(f) (3.10)

Proof. Putting Ff(t):= f;(t —5)* 1P (t — 5)f(s)ds then we will proof F is
actually commutative with 5. Indeed,
(SFf)(8)=Ff(t+1)
t+1
=J (t+1—5)"'P(t+1—s)f(s)ds
o

t+1 1
= J (t+1—5)"'P(t+1—s)f(s)ds —I-J- (t+1—5)""'P,(t+1—5)f(s)ds
1 o
=F,Sf(t) + h(t),
where h(t) = f: (t+1—5)""'P (t+1 —s)f(s)ds. Note that, 4 is the (unbounded)
linear operator which generates a strongly continuous semigroup {T(t)},., in a Banach space X
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then E, (.) is linaer and bounded operator (see [37, Lemmas 3.3 and 3.4]). Hence,

I h(t) Il =

1
J- (t+1—5)""P(t+ 1—s)f(s)ds
0
=MIf IIJ (t+1—35)"tds
0

= C%[(t+ 1)% —t7]

it means that h € Cy,, (R*,X) and F commutes with §. By Lemma 2.12, o(Ff) < o(f).
From (3.7) and by [22, Lemmas 4.1 and 4.2], the lemma is proved.

The main results of this paper are the following:

Theorem 3.5. Assume that Z,(4, &) © 2irZ(Z,; (4, @) = (2Z + 1)im, respectively )
and o, (f) © 2nZ(o,(f) = (2Z + 1)m, respectively). Then, every asymptotic mild solution

of Eq.(3.4) is an asymptotic 1 -periodic solution (an asymptotic anti 1 -periodic solution,
respectively).

Proof. By Lemma 3.4 for every asymptotic mild solution u € BUC, (R*, R) has the
property that
i-o,(u) cE (A a)Vi-g,(f)

Therefore, o, (1) © 2xZ if both E,(4, @) Ui - a,(f) are parts of 2iwZ, so by Theorem
3.2, u is asymptotic 1-periodic. The case of asymptotic anti 1-periodicity is treated in the
same manner.

Theorem 3.6. Assume that A closed linear operator which generates a Cy-semigroup,
{2%:Red = 0} = p(4) and e='4*?\ {1} is closed, and f is asymptotic 1-periodic. Then, if
Eq.(3.4) has an asymptotic 1-perioidc solution if and only if it has a bounded uniformly
continuous asymptotic solution on B¥.

Proof. Consider the operator

Li:= 1 — (Af=a + J°f)

It is clear that u € BUC, (¥, X) is an asymptotic mild solution of Eq.(3.4) if and only
if Lii = 0. Set A: = eZil4®) y {1}, A, = £%il42)\ f1}and A,: = {1}. Then, by the assumption
Ay and A, are two disjoint closed subset of the unit circle I'. By Lemma 3.4 and Corollary
2.16, a(u) © A. Moreover, by [36, Assertion (iii), Proposition 3.4] there exists a projection
P:¥, — ¥,_that commutes with any bounded operator that commutes with 5. therefore, as
SL=LS, we have PL = LP. Consequently,

0=PLi

=LPii
= pii — (AJ°Pa + ]*f)
That means, Pi contains an asymptotic mild solution of Eq.(3.4). Since Pit € ¥, ,

therefore, o(Pii) = {1}. By Theorem 3.2, this solution is asymptotic 1-periodic and
polynomially bounded.
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Remark 3.7. The above theorem is an analog version of the famous result in [3] for
fractional differential equations. Another analog for asymptotic anti-1-periodic solutions can
be obtained by using the set {—1} instead of {1} in the statements of the theorem.

3.3. Examples

Example 3.8. Consider the initial value problem

Diu(x,t)=au,(xt)+f(xt), xeEN=(0,m),t =0
u(0,t) =u(m,t)=0,t>0 (3.11)
u(x,0) =uy(x).x €}

where Dfu(x,t) is the fractional derivative in Caputo's sense in t of degree a €
(0,1),u(x,t), f(x,t) are scalar-valued functions such that f(-.t) € L*(©1) for each
te RY, f:RY 3¢t f(-,t) € L*(Q)is uniformly continuous and bounded, and and a = 0 is
given. We define the space : = L*(Q1) and 4: X — X by the formula

{ Ay =ay” 3.12
D(4) = H(@) NH>(2) (3:12)
Problem 3.11 can be rewritten in the form of an evolution equation

Dfu(t) = Au(t) + f(t),t € BY, u(0) = u, (3.13)

where u(t) € X, A is defined as above. As is well known the spectrum of A consists of
eigenvalues that satisfy this equation

du 1
dxZ E’h‘ in0
u(0) =u(m)=10
This implies
A, =—an® u, = Csin(nx),n €N

Furthermore, A generates a Cy-semigroup S(t) with

| 5(t) 1< M,vt=0

According to the subordination principle, 4 generates the subordinated resolvent
S.(t),a € (0; 1) such that IS (t)Il <M, vt = 0 (see [37, Lemma 3.2 and 3.3]). By definition,

E.(A a) ={1 € iR: (A — A)~! does not exists as a bounded operator }

As

AT Eg(d) = A% = —an®*,n=1,2,.

we have
A% = |*‘1|ﬁ ,e:’:mrg.l
A% = —an® = an®e™,n=1,2,..

this is equivalent to

. 1 2

|A]® = an~,n=1,2,.. 1| = aene,n=12,..
T = T

ar g.rl = — Hrg‘l [
& o

— 33 .
4= Vms we get:

| b

If the choices are & =
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3m

i ,
E]TE'- = = I

drn=12,.

A, =n

Therefore

.(A4,2/3)={-in*mr,n=12,.}

and

eZild2/3) — {1}u{-1}

If £(-,t) is asymptotic 1-periodic in t, then ¥/} = {1}. Therefore, by Theorem 3.5,
there is an asymptotic 1-periodic solution u of (3.13) if and only if there exists an asymptotic
mild solution to Eq.(3.13). Similar conclusions can be made if f is asymptotic 1-anti-periodic.
This is an analog of Massera Theorem for the fractional differential equation (3.13).

Example 3.9. We consider Problem 3.11 again with different values of « to illustrate a
Katznelson-Tzafriri type result. We will assume that « is a number that satisfies

LY

- F = m

a 2

for a certain k = 1,2, ... For instance

2
2k +1

where k is a positive integer. Then

a F

Ik+1
2 ) 2k+1

A?zi((zﬁjﬁ'nj) ) 'Ei. z "

A, # 2mim,
where m € M*,

Therefore, assuming that f(-) is asymptotic 1-periodic, then Z,{A,a) na, (f) = ©. By
Theorem 3.6, if u € BUC, (R, X) is an asymptotic mild solution of Eq. (3.13), then Eq.3.11
has mild solution w such as a,,(w) = a,(f), w must be asymptotic 1-periodic.
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ON ASYMPTOTIC PERIODIC SOLUTIONS OF DELAY EVOLUTION
EQUATIONS ON THE HALF LINE
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Abstract
We establish necessary and sufficient conditions for the existence of asymptotic
periodic solutions of delay evolution equations on half line. These conditions are determined
by the spectrum of forcing term and spectrum of evolution semigroups associated with the
equations. Our goal is to exten on Massera's theorem by recalling a new concept of solutions,
namely, asymptotic solutions for evolution equations in Banach spaces, which have potential
applications to partial differential equations as well as abstract functional differential
equations.
Key word
Functional differential equations, mild solutions, asymptotic periodicity solutions,
Massera's theorem.
1. Introduction
In this paper, we consider the asymptotic behavior of solutions to equations of the form
dx(t)
dt
Where A is possibly an unbounded linear operator, which generates a strongly
continuous semigroup, x, € C,. = C([—r,0],X) is defined by x,.(8) =x(t+8),r =0 1is a

= Ax(t) + F(t)x, + f(t), xeX t = 0 (1.1)

given positive scalar, F(t)e = f_[’,,drp(r,s]gu(sj for @ €C.n(t,):[-r, 0] = L(X) is
periodic and continuous in t, of bounded variation, and f is a X-valued asymptotic 1-periodic
function on the half line.

Asymptotic behavior of solutions of differential equations is an essential topic in the
qualitative theory of differential equations and dynamical systems. In particular, the
periodicity of solutions of abstract differential equations has been the subject of research for
many mathematicians. We refer the reader to well-known results exploited by Massera [2] or
Katnelson-Tsafriri [3]. Recently, some interesting extensions of [2,3] to general classes of
evolution equations in Banach space X are obtained in [9.21,23]. In this paper, we attempt to
extend the Massera's theorem by recalling a new concept of solutions, namely, asymptotic
solutions that were recently discussed in [23] for evolution equations in Banach spaces with
potential applications to partial differential equations as well as abstract functional differential
equations. Roughly speaking, a function (-} is an asymptotic solution to Eq. (1.1) with initial
condition u, = ¢ € C,. if there is a continuous function (-} such that lim._, _e(t) = 0 and
i(t) = Ax(t) + F(t)x,.+ f(t) + (t) for all t = 0. We say that a bounded and continuous
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function £(-) on R*is asymptotic w-periodic if lim, . (f(t + @) — f(t)) = 0. This property
has a close relation with a property related to classic results discussed by Katznelson-Tzafriri
(see, e.g., [3]). More specifically, for a contraction mapping T: X — X with o(T)n T < {1},
one has lim, . (T™!' —T™) =0. This means that the sequence {x,},cx = {T"},cn IS
"asymptotic 1-periodic”, that is, lim, . (x,., —x,) = 0. After recalling the concept of

circular spectrum of a function, which was first introduced in [19, 21] for functions on the
whole real line and further studied in [21] on the half line, we will characterize this
asymptotic 1-periodicity in terms of the spectrum of functions on the half line.

The main results obtained in this paper are Theorems 3.18, 3.19 and Theorem 3.20,
where sufficient conditions for the asymptotic periodicity of solutions are given in terms of
spectral properties of the input f and the monodromy operator associated with the periodic

homogeneous equations x(t) = Ax(t) + F(t)x,, where we will show that a bounded and
continuous function g: R* — X, where X is a Banach space, is asymptotic 1-periodic if and
only if its spectrum «(g) satisfies o(g) = {1}. Therefore, the existence of asymptotic 1-
periodic solutions is reduced to that of solutions x(-) such that o(x(-)) = {1}. Lemma 3.10 is

a key for us to connect the concept of asymptotic mild solutions with the evolution
semigroups. By the spectral decomposition, that was first used in [16], we can extend it to the
induced evolution semigroups to separate an asymptotic mild solution of a bounded uniformly
continuous asymptotic mild solution with precompact range that is again an asymptotic mild
solution with spectrum as part of {1} (Theorem 3.18). Equation (1.1) has no asymptotic 1-

periodic mild solution with precompact range if f is of precompact range and «(f) contains
any point A, #= 1 (Theorem 3.19). Theorem 3.20 shows that Eq. (1.1) has a mild solution
u € BUC-(R*,X) and the set o-(P) \ a(f) is closed then there exists a mild solution w of
Eq. (1.1) in BUC-(R*,X) such that o(w)  (f). Moreover, such a solution is unique up to a
function in C,(R*,X). In the last section, we give two examples to illustrate the obtained
results.

2. Preliminaries

2.1. Notation. In this paper, &, R*and C stand for the real line, its positive half line and
the complex plane. If X denotes a (complex) Banach space, then L(Z) stands for the space of all
bounded linear operators in X. The spectrum of a linear operator T in a Banach space is denoted
by a(T) and p(T) = CY\ o(T). We denote by BC(R*,X) the space of bounded continuous
functions from R* to a Banach space X with supremum norm, BUC(R*,X) is its subspace
consisting of all uniformly continuous functions. We also use the notations BUC(R*,X) and
C,(R*,X) to denote the sets {g € BUC(R*,X) : range of g is precompact } and
{g e BUC(R™,X) : lim,__g(t) = 0}, respectively. Clearly, BUC.(R*,X) is a closed
subspace of BUC(R*,X), so it is a Banach space as well. We denote €, = C([—r,0].X). If
x(-) is a function defining on the interval (a, b), then x.(6) = x(t + &), ift + 8 € (a, b). In
this paper, T' will stand for the unit circle {z € C: |z| = 1}.

2.2. Circular spectra of functions on the half line. We first recall here the translation
operator S in BC(R*,X) defined as
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[Sx](&):=x(1+¢&), £ = 0,x € BC(RT,X)

Throughout this paper, we consider the quotient spaces ¥ and ¥ corresponding by
BUC(R*,X)/Cy(R™,X) and BUC-(R*,X)/C,(R*,X). Then, S induces operators in ¥ and
¥ that will be denoted by S. It is well known that § is an isometry, so o(5) < T.

For each x(-) € BC(R*,X), let us consider the complex function $§x(4) inA € C\ T
defined as

Sx(A):=R(ALS)x, AEC\T

Lemma 2.1. [21, Lemma 2.3]. We have the following estimate

x|l
Sx(d) |l ——, 4] =1 (21
15e () 1S T Al =1 G

Definition 2.2. The circular spectrum of a function x(-) € BC(R¥,X) is defined to as
the set of all £, € T such that §x(4) has no analytic extension into any neighborhood of &; in
the complex plane. The circular spectrum of x(-) will be denoted by &(x). We also denote by
p(x) theset 'Y o(x).

The following lemma justifies the introduction of these concepts of spectra.

Lemma 2.3. [21, Lemma 2.3]. For any x(-) € BC(R*,X), we have

o(Qx) € a(x)
provided that @ is an operator in BC(R*,X) that commutes with S and leaves C,(R*,X)
invariant.

Similar to [15], the following version of a Gelfand's theorem can be obtained.

Lemma 2.4. Let & be an arbitrary point in ¥ and assume that the complex function
Sx(A) admits A = &, € T as an isolated singular point. Then, &, is either a removable singular
point or a pole of first order.

As a consequence of Lemma 2.4, we have the following result.

Lemma 2.5. Let £, € T be an isolated singular point of §x(4) = R(4, 5)x with a given
i € Y. Then, this singular point &, is removable provided that

lim (A—&)R(A,x =0 (2.2)

3. Main results
3.1. Asymptotic periodic functions and their spectral characterization

We begin with the concept of asymptotic 1-periodic functions on the half line. It is
noted that our definition of asymptotic periodicity is slightly different from the concept used
in many previous works.

Definition 3.1. A function f € BUC(R*,X) is said to be asymptotic 1-periodic if
lim (f(t + 1) — f(8)) =0 (3.1)

Remark 3.2. The concept of asymptotic 1-periodic presented in Definition 3.1 may not
be equivalent to the following definition of asymptotic 1-periodicity which has been widely
used in the literature f is asymptotic 1-periodic if and only if
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f(t) = al(t) + b(t) (3.2)
where a, b are continuous functions such that a is 1-periodic and lim, _, _b(t) = 0.

There are many examples and some sufficient conditions for the asymptotic
periodicity in the sense of our Definition 3.1 that can be found, for example, in [18, Example
3.3] shows that f € BUC(R™,R) defined as f(t) =sin+/t,t € R is an asymptotic 1-
periodic function but it cannot be expressed as (3.2).

If ¥ € ¥, then we define its spectrum in the same way as in Definition 2.2. For an
element £ € ¥, we denote as M the closed space spanned by {$"x,n € Z}. Note that M is
invariant under 5.

Proposition 3.3. The following assertions hold.
i) Let xe BC(R™,X) . Then, o(x)=0 if and only if xe C,(R"X)
i) Let » € Rand x € BC(R™,X). Then o(x) < {e*?} if and only if

lim (x(t + 1) — e®x(t)) =0 (3.3)

t—*oa

iii) Let A be a closed subset of I and ¥, = {¥ € ¥*: (%) = A}. Then, ¥, is a closed
subspace of ¥¢.

iv) If (%) # @, then o (%) = (51, ).

v) Let A= A, UA,, where A, A, are disjoint closed subsets of I". Then,

¥y =T, & Yy,

Moreover, the projection associated with this direct sum commutes with any operator
that commutes with the shift operator 5.

vi) Let f € BUC(R*,X). Assume that £ exists and also belongs to BUC(R¥,X).

Then,

o(f)ca(f)

Proof. The proof is similar to that of [23, Proposition 3.4]. We omit it here.

3.2. Existence of asymptotic solutions

Definition 3.4. A function u(-) € BUC(R*,X) is said to be a mild solution of Eq.
(1.1) with initial condition uy, = ¢ € C,. if it satisfies the integral equation

u(®) =T+ | 7= HIF@u+F@]de € B

If A generates a Cy-semigroup and F(t):C, — X for each t and depends continuously
and periodically on t with period 1, then the homogeneous equation
du = Au(t) + F(t)u
dt i

Generates a 1-periodic evolutionary process, denoted by (U(t s)...) in the phase
space C,.. In fact,
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U(t,s):C,3¢p—»u,€C,

U(t,s)p(0) = u, (f)=u(t+ &),ve € [—r,0]

where u is the mild solution of Eq. (1.1) with f = 0 and u, = ¢.

We now recall the concept of periodic evolutionary processes and their properties.

Definition 3.5. Let (U(t, s)),.. be a two-parameter family of bounded operators in a
Banach space X . Then, it is called an evolutionary process if
i) U(t,t) =Iforall t € R;

i) U(t,s)U(s,r)=U(t,r)fort = s = r;

iii) The map (t, s) = U(t, s)x is continuous for every fixed x € X;

iv) and || U(t,s) < Ne“'*~% for some positive N, e independent of t = s.

An evolutionary process is called 1-periodic if
Ut+1,s+1)=U(t,s), forallt = s

Recall that for a given 1-periodic evolutionary process (U(t, s))..., the operator

P(t)=U(t,t—1),teR

is called a monodromy operator. Thus, we have a family of monodromy operators. We

will denote P = P(0). The nonzero eigenvalues of P(t) are called characteristic multipliers.

An important property of monodromy operator is stated in the following lemma whose proof
can be found or modified from similar results in [11, 13].

Lemma 3.6. The following assertions hold.

i) P(t + 1) = P(t) for all t and characteristic multipliers are independent of time, i.e.

the nonzero eigenvalues of P(t) coincide with those of P,

i) o(P(t)) \ {0} = a(P) "\ {0}, i.e., itis independent of ¢.

i) If A € p(P), then the resolvent R (A, P(t)) is strongly continuous.

iv) If P denotes the operator of multiplication by P(t) in space BUC(R*,C,.), then

o(P)N{0} c o(P) \ {0} (3.4)

Definition 3.7. A function u(-) € BUC(R*,X) is said to be an asymptotic mild
solution of Eq. (1.1) with initial condition u, =¢ € C, if there exists a function
() € Cy(R*,X) such that of

u(®) =T + | = DIF@u+F@) + @ldst Rt (35

We introduce a function '™ defined by
nemn _ (M8 +1) —1/n=6=<0
()= {IJ 8<—-1/n
where n is a positive integer and I is the identity operator on X. An explanation of the
function T™f(s) as an element of C.. is in order. By our definition,
N N _((m8+1)f(s), —-1/n=6=0
£ (s): [-7,0] 3 8 = T*(O)f (s) = | o
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Since the evolutionary process (U(t,s))... is strongly continuous, the C, -valued
function U(t,s)T™f(s) is continuous in s € [—r,t] whenever f € BUC(R™,X) .

The following theorem, whose proof can be found in [17], is a variation of the
constant formula for solutions of (1.1) in the phase space C,.

Theorem 3.8. The segment u.(s,¢; f) of solution u(-, s, ¢, f) of (1.1) satisfies the
following relation in C,.

u(s ¢; f) = U(t,5)¢ + lim fr Ut, )T F(§)dE, t= 5= 0 (3.6)

Moreover, the above limit exists uniformly for bounded |t — =|.

We denote the function t — wu, by the symbol w., the following Lemmas will be proved.

Lemma 3.9. The following assertion holds

g(u) c og(u.)

Proof. Putting v():.= u. in C,.. If 4 € p(v) then R(4,5)% has an analytic extension in
a neighborhood of 4, where

R(AS5)u,:53 [—r;0] = u.(s) € C,.

This shows that R(A, S)v(t)(s) = R(A S)u.(s) has an analytic extension in a
neighborhood of A, for all s € [-r,0],t e R* and so does R(4 S)u(t+s) for all
t + 5 € [—r,+o). Therefore, R{A, 5)u(t) has an analytic extension in a neighborhood of 4
forall t = 0. This means A € p(u).

Denote o-(P) by o(P) nT and using the variation of constant formula (3.6) we will
prove the following estimate of spectrum that will be the key tool for our study in this paper.
Lemma 3.10. For each function w.€ BUC(R*,C,), which is a mild solution of Eq. (1.1) on
R* and f € BUC(R™,X), the following inclusion holds

ag(u.) ca-(P)Ua(f) (3.7)

Proof. By the formula (3.6), for t = 0, we have
t+1
U,y =U(t+ 1, t)u, + lim J- U(t+ 1,s)T"f(s)ds (3.8)
n—oa £

and the limit exists uniformly in t that belongs to a bounded interval. Define an
operator F), as below

t+1
[E.fl(t) = f U(t+1,s)T"f(s)ds, f € BUC(RY,X),t = 1
t
Note that F,, commutes with 5, so a(F,f) © a(f). Next, if we set
t+1
[FF](t) = lim j U(t+1,5)T*f(s)ds
m—oa £

then, due to the uniformity of the limit, o(Gf) = a(f) as well.
At this point we can easily see that for each A € C such that [A] # 1
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[(A=35)w](t) = Au, —U(t + L t)u, + lim F f
= Au, — P(t)u,+ Ff o

Let us consider the operator of multiplication by P(t), denoted by 2. The periodicity
of the evolution process (U(t, s))... yields that P(t) is 1-periodic, so it commutes with the
translation 5. Obviously,

(A —3)ii.= (A— P)i.+Ff

This means that

R(AS)u.=R(AP)u.—R(AP)R(ALS)(Ff)

whenever 4 is within a small neighborhood of &; € (a(P) U a(f)). This shows that
R(A,P)u. has an analytic extension in a neighborhood of ¢, and so does R(4,5)it. This

proves (3.7).

From the Lemma 3.10, we can get the following result which is analogous to
Katznelson-Tsafriri's theorem.

Theorem 3.11. Let o-(P) © {1} and u € BUC(R™,X) is a mild solution of Eq. (1.1)
on the half line BR*. Assume that f € BUC(R¥,X) is asymptotic 1-periodic. Then,

}1_{1; (u(t+1)—u(t))=0

Proof. Since f € BUC(R*,X) is asymptotic 1-periodic, by Lemma 3.10, we have that
a(f) € {1}, and hence () © {1}. By Lemma 3.9, the spectrum of u is contained in {1}.
The proof is then completed by utilizing Proposition 3.3.

3.3. Uniqueness of asymptotic solutions

Let us consider the following linear evolution equation
dx _ Ax+ f(t) (3.9)
dt
where x € X and A4 is the infinitesimal generator of a strongly continuous semigroup
(T(t))ezp ON K.

Definition 3.12. The following formal semigroup associated with the given strongly
continuous semigroup (T(t)).=q

(Thu)(t) =T(h)u(t — h), t e BT (3.10)

where u is an element of some function space, is called an evolution semigroup associated
with the semigroup (T(t)).=o.

We are now discuss the relation between this evolution semigroup and the following
inhomogeneous equation

x(t) =T[t—s]x[s]—|—j T(t—&)f(&)dE, t =5 (3.11)

associated with the semigroup (T(t))..o. A continuous solution wu(t) of Eq. (3.11)

will be called a mild solution to Eq. (3.9). We denote
L£:D(L£) € BUC(R*,X) - BUC(R*,X), where D(L) consists of all mild solutions of
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Eq.(3.11), u(-) € BUC(R*,X) with some f € BUC.(R¥,X), and in this case Lu(-) = f. This
operator L is well defined as a single-valued operator and is obviously an extension of the
differential operator d/dt — A.

We will denote by F the operator acting on BUC(R*,X) defined by the formula

Fu(&):= F(§)ug, u € BUC(RF,X)

For bounded uniformly continuous mild solutions x(-), the following characterization
is very useful.

Theorem 3.13. x(-) is a bounded uniformly continuous mild solution of Eq. (1.1) if
and only if Lx(+) = Fx(-) + f.

We have the following

Lemma 3.14. [9, Lemma 2.3] If the evolution semigroup (T"),., is a Cy-semigroup in
BUC.(R*,X), then, for the infinitesimal generator G of (T"),., in the space BUC.(R*,X),
one has Gg = —Lg if g € D(G).

Lemma 3.15. The evolution semigroup (T"),., is a Cy-semigroup in BUC.(R*,X).
Moreover, G is the generator of its induced semigroup (T%),., in ¥°.

Proof. See, for example, [23, Lemma 3.8].
Lemma 3.16. [23, Lemma 3.9] Assume that M(t),t € B¥, is a family of bounded
linear operators in X that satisfies

i) The function R* x X 3 (t,x) = M(t)x € X is continuous;
i) M(t+1) = M(t) forall t € R¥;
i) suppe,oy | M(t) 1< +0o0.
Then, for each x(-) € BC(R*,X), we have
o(Mx()) € a(x())
where M denotes the operator in BC(R*,X) defined as
[Mx()](0): = M(D)x(8), t € R?
In particular, for each h = 0 and x(-) € BC(R*,X), the following assertion holds
a(T"x()) € a(x(-)) (3.12)
Lemma 3.17. Let f € BUC.(R*,X). If Ep.(1.1) has mild solution with precompact
range u(-) € BUC. (R*,X) then
a(f) c ﬂ[u(.]) (3.13)

Proof. We have F(.) is 1-periodic. Hence,
SFu($) = Fu($ + 1)

=F({ + Dugsy = F(Hugyy

= F(f)Su; = (FSu)(<).
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Then, F induces operators in ¥ and ¥ that will be denoted by F. Therefore, F
commutes with § so that o(Fit) © o(it).

]."hu—u

Since, for each h = D,a( )c a(u), by (iii) of Proposition 3.3, Theorem 3.13

yields that

_ _ Thu—a  _
a(f) =ﬂ(—f]=ﬂ(lhiﬂ;1 i +F'II)
C o(il)

Consequently, the relation (3.13) holds according to a(—f) = o(f) = a(f).

Theorem 3.18. If the function f(-) € BUC.(R*,X) in Eq.(1.1) is asymptotic 1-

periodic, then EQ.(1.1) has an asymptotic 1-periodic mild solution whenever it has an
asymptotic mild solution in BUC.(R*,X) provided that 1 is either not in or just an isolated

point of o (P). Moreover, if o..(P) {1} then every asymptotic mild solution in BC(R*,X)
of Eq.(1.1) is asymptotic 1-periodic.

Proof. Let x be an asymptotic mild solution of Eqg.(1.1). By Lemma 3.10,
g(x)C o (P)Ua(f+¢€), where ()€ Co(R*,X). By o(f+e)c o(f)Uo(e) and
o(€) = O, therefore, o(x) © a-(P) U a(f). Since f is asymptotic 1-periodic, o(f) < {1}. If
we define A= o.(P),A;:={1} and A, = o (P)\ {1}, then A, and A, are closed and
disjoint.

Next, consider the induced evolution semigroup (T"),,., in ¥. With the notations of
the statement of Proposition 3.3, x € ¥, = ¥, & ¥, . Let us denote by @ the projection of
¥, onto ¥, along ¥, . Then, @ is commutative with the evolution semigroup (T*),., since
the translation 5 is commutative with (T7),_.,. Next, since x(-) € BUC.(R",X) is an
asymptotic mild solution of Eq.(1.1), there exists a function (-) such that the integral
equation (3.5) is satisfied. In addition, since f(:) + (-} is in BUC-(R*,X), by the strong
continuity of the evolution semigroup in BUC.(R*,%X) and Lemma 3.15, we have

Thx —x
f+e=—§:x—.‘Fx=—lhi?[;1 - — Fx
Therefore,

_ . Trx—x% __
=Gx-Fr=dm—— 7%

R QT " —Qx _ __

f=of =-lim———— - 0%

_ ThQx—Qx  _ _

T R R
=—4Qx — FQx
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With the description of § (see, e.g., [6, p. 61]), this means there exists a representative
uw € D(G) in the class @ such that Gu + Fu =—g € f. Thus, u is an asymptotic mild
solution of Eq.(1.1).

If o.(P) c {1}, every asymptotic mild solution x(-) has spectrum o(x(-)) = {1}
according to Lemma 3.10. Therefore, by Proposition 3.3, every asymptotic mild solution is
asymptotic 1-periodic.

Theorem 3.19. Let f(+) € BUC.(R*,X). Then, Eq. (1.1) has no asymptotic 1-periodic
mild solution with precompact range if f has precompact range and o () contains any point
Ay # 1.

Proof. If u is an arbitrary mild solution of Eq.(1.1) with precompact range and
Aq E a(f) for some A, = 1, then, according to Lemma 3.17, we have that A, € a(u(-)).
From this and Proposition 3.3 (ii), we conclude that i is not asymptotic 1-periodic. The
theorem is proved.

Theorem 3.20. Assume that Eqg.(1.1) has an asymptotic mild solution
u € BUC.(R*,X) and a-(P) % a(f) is closed. Then, the following assertions are valid:

i) There exists an asymptotic mild solution w of Eq.(1.1) in BUC.(R¥,X) such that

a(w) ca(f) (3.14)

i) In particular, if

a(P)ne(f)=0

then, the asymptotic mild solution w(-) mentioned in the part (i) is unique in the sense
that if w, is another asymptotic mild solution in BUC.(R*,X) with o(w,) = a(f), then
w—w, € Cy(R*,X)

Proof. (i) Let u be an asymptotic mild solution of Eq.(1.1). By Lemma 3.10,
g(u) co . (P)Ua(f +€)=a.(P)Ua(f). We define A =a.(P)U o(f),A, =a(f) and
A, = o (P)N\a(f), then A; and A, are closed and disjoint. According to Proposition 3.3, the
spectral sets A, A, and A; induce semigroups that leave the corresponding spaces ¥, %, and
¥,, invariant. With the notations defined as in Proposition 3.3, we have
weY, =¥, @Y, . Let IT be the projection of ¥, onto ¥, along ¥, . Then, IT is
commutative with the evolution semigroup (T"),., and F. In addition, using the fact that
u(-) € BUC.(R*,X) is an asymptotic mild solution of Eq.(1.1) if and only if u € D(£) and

Lfu=Fu+fte

by Lemma 3.15, we have

Lu=—Gu

This leads to

—Gu=Fu+f+e

Therefore

—Gu=Fu+f
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We have
0&a = —m 1 Thi—u
—Mgu = —11 lim 5
T i — i
= — lim e —
h—0" h
= —Gu

Since ITf = £, and IT commutes with F, the following identities hold

—GNii=Flli + f

This means that there exists an w € D(§) which belongs to the class ITit such that

Gw+Fw=—gE€ f

Thus, w is an asymptotic mild solution of Eq.(1.1) and w = Iit € ¥, that has circular
spectrum a(w) = o([lii) c A, = a(f).

(i1) In particular, if

o-(P)No(f) =0

then, assuming w, € BUC.(R*,X) is another mild solution of Eq.(1.1) with
ag(w,) c a(f), we see that u(-):= w(-) — w, () is an asymptotic mild solution of Eq.(1.1)
with f =0, so by Lemma 3.10 (for f =0 ) o(u(-)) € o-.(P) no(0) = o(P). Therefore,
o(u(-))ca(P)na(f)= © . Consequently, by Proposition 3.3, this yields
u(:)=w()—w, () € Cx(R*,X). The proof is completed.

Remark 3.21. Theorem 3.20 can be regarded as an analogous version of the main
result of [8] (see also [1,13,17]) in the case of evolutions equations on the half line R*.

As a consequence of Theorem 3.20, we have the following result.
Corollary 3.22. Assume that 1 &€ o-(P).f is an asymptotic 1-periodic function and

Eq.(1.1) has an asymptotic periodic mild solution. Then, Eqg.(1.1) possesses an asymptotic 1-
periodic mild solution w(-) that is unique up to a function in C,(R*,X).

4. Examples
Example 4.1. Consider the following equation
w(x, t)=w, . (xt) —aw(x,t—r)+ f(xt), x€(0,m),t =0

where w(x, t), f(x,t) are scalar-valued functions, and a is a constant. Assume that for each
x € (0,m), f(x,) is 1- periodic and continuous in t. We denote X = L*(0,7) and define
operator A: ¥ — X by the formula

A=y"
The domain of 4 is given as
D(A) = {y € X:y,v" are absolutely continuous, ¥" € X, y(0) = y(m) = 0}.

In addition, F:C, — X is defined as Fo = —a@(—r),g(t):= f(.t)EXt ERT.
Then, Eq.(4.1) can be written in the form
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dx(t
# =Ax(t) + Fx, + g(t), x(t) eX, t e R (4.2)

As is shown in [24], the operator A4 is the infinitesimal generator of a compact
semigroup (T(t))..o in X and the delay equation (4.2) generates a Cy-semigroup ($(t))..q in
the phase space C([—r,0].X) that is also compact. Moreover, the operator &{1) is the
operator P mentioned in our Theorems 3.20. Since (&(t)),. IS compact, by the spectral

mapping theorem the spectrum o (P) is determined by

or(P) = or(5(1)) = e

where Z; is the set of all eigenvalues of the generator G of (5(t)).~, on the imaginary
axis. As the eigenvalues of 4 are —n*,n = 1,2, ..., the set of all eigenvalues of the generator G
consists of all imaginary roots of the characteristic equation (see [24])

Adtae™ =—n% n=12,.. (4.3)

We will choose a so that Eq.(4.3) has no imaginary root. In fact, Let A = ia be an
imaginary root of Eq.(4.3). Then, substituting it into the equation gives
—n?, n=12, .. (4.4)

—iar —

ix +ae
This implies,
a =asin(ar) (4.5)
—n* =acos(ar) (4.6)
so, if ¢ # 0 and |a| < 1/r, then,
|a| = |asin(ar)| < |ar| - |a| < |a| (4.7)
This contradiction shows that if |a| < 1/r, there is only possibility for Eg.(4.3) to

have an imaginary is @ = 0. If we use EQ.(4.6) we can see that @ = 0 leads to 0 = a.
Therefore, if we choose

1
0<a<-— (48)
T

then, Eqg.(4.4) has no root for all = = 1,2,---, Therefore, under Condition (4.8), o-(P) = @, so
a-(P)no(g) =0.

By Theorem 3.20, if there exists an asymptotic mild solution to Eq.(4.2), then,
Eq.(4.2) has an asymptotic 1-periodic mild solution that is unique.

Example 4.2. Consider the following evolution equation

dI:iEtj = —Au(t) + B(t)u, + f(1), £ 20 (4.9)

where 4 is a sectorial operator in X, B(t) from C([—r,0],X) — X is 1 -periodic and

continuous in t. For an example, we may choose such an operator
i)
B(t)u, = sin(t) f eu,(s)ds
.

where 1, is defined as usual and f is a E-valued asymptotic 1-periodic function on the
half line. Moreover, we assume that the operator A4 has compact resolvent with domain D (4)
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dense in X. Then, it well-known that —A generates a strongly continuous analytic and
compact semigroup of linear bounded operators in X. Hence, for this class of equations, all
assertions of this paper under assumption that a-(P) \ a(f) is closed, are applicable. This is
because that - (P) consists of only finitely many points, and (f) = {1}. We also note that

some important parabolic partial differential equations can be included in the class of
evolution equations given in (4.9).
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